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Abstract

Recently, computer scientists have considered the use of second order differential equa-
tions [1] in order to provide a dynamic search trajectory to train neural networks [2], [3].
They are based on the heavy ball method of B.T. Polyak [4]. Previous research focused
on using Polyak’s method in order to speed up the convergence rate to a local minimizer
compared to simple steepest descent. We focus here on the glabal optimization aspect and
weaken the requirement on the objective to Lipschitz continuity instead of twice continuous
differentiability [2]. We analyze theoretically the non-smooth but convex case where the
ODE generalizes to an Ordinary Differential Inclusion (ODI). We show numerical results for
implementation of what we call Savvy Ball method which was referred to as TOAST in [5],

using the parallel programming environment OpenMP.

Key Words: ANNs, ODI, Heavy Ball, MNIST
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Resumen

Actualmente, cientifos computacionales han considerado el estudio de ecuaciones diferenciales
de segundo orden, para brindar una trayectoria de btisqueda dinamica al entrenamiento de re-
des neuronales artificiales. Estas estan basadas en el método de B.T. Polyak. Investigaciones
pasadas se han enfocado en el uso de este método para acelerar la tasa de convergencia a un
minimo local comparado al método steepest descent. Esta tesis se enfoca en el aspecto de op-
timizacién global y asume a la funciéon objetivo como Lipschitz continua en vez de dos veces
Lipschitz diferenciable. Analizamos teoreticamente los casos no continuous y convexos donde la
EDO se generaliza como una Inclusién Diferencial Ordinaria. Mostramos resultados ntiimericos
de la implementacién de nuestro método Savvy Ball mencionado antes como TOAST a través

de la region paralela dada por la libreria OpenMP.

Palabras Claves: Redes Neruronales, ODI, Heavy Ball, MNIST
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1 Introduction and Motivation

Reproducing the human learning process is a study of almost thousands of years ago. The
first step to reinforce this insight appeared in 1943 with the model of a simple neural network
with electrical circuits [6]. So far the most significant transition happened with the Perceptron
Algorithm in 1958 by Rosenblatt, a neurobiologist from Cornell. He proposed the oldest neural
network capable of being trained with datasets [6]. The basics of the Perceptron Algorithm has
been extended to the so called Artificial Neural Networks (ANN).

Prediction models such as ANNs and Machine Learning (ML) algorithms solve a learn-
ing problem through steps such as: training, validating and testing the input datasets. Namely,
the objective function depends on a set of parameters and a known dataset called samples.
These functions are nonsmooth and nonnegative. Considering a non-smooth optimization prob-
lem, ANNs can be studied as a globally minimization problem for piecewise smooth objective
functions [7]. The most common approach is to neglect the non-smoothness applying a stochastic

gradient and to hope that it works with a global optimality.

In the context of ML, especially supervised learning, ANN looks for a prediction func-
tion (i.e. predictor) to fit the training sample and then to predict data based on the parameters
adjustment. Here, computer scientists named the average fitness error Emprirical Risk (ER),
which is the value to minimize as a non-smooth optimization problem. For example, we may
consider the single-layer case with the most used activation function for ANN, the Rectifier with

constant output weights p € {—1,1}%. For this case, the prediction function is defined as follows

F(W;2) = p" max(0, Wa + b) with W = (W, b) € RI"*D

where the feature vector x € R™ and the corresponding label y € R comes from the training set.
The predictor has parameters such as the weights W € R%(+1) including the inhomogeneous

shift b € R%. Hence, the optimization problem is stated as follows,
m ~
minp(@) = o 3 If(Wsw) =l for qe{1,2)
i=1

given a training sample set of m pairs (x;,y;)/",. Here, ¢ is the empirical risk and the objective

function of our learning task. [8]. Later on in describing optimization algorithms we will denote
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the optimization variables W as x as customary when no confusion is possible.

In a neural network, the activation function transform the summed weighted input
from the node, i.e. the activation of the node for that input. In general, the most popular

activation function is the rectified linear activation function

z ifx>0
Re(x) = (1)
0 ifz<0

It has become the default activation function because of its performance and training profi-
ciency, even tough it is not differentiable at the origin, which turns the learning problem into a

nonsomooth optimization task.

Moreover, as observed before by Griewank and Rojas in [5], classical optimizers such as
Stochastic Gradient Method (SGM) and Steepest Descent(SD) also known as back-propagation
may be stumped at saddle points or local minima. Moreover, they assumed that the standard
gradient exists and is available at all iterates. As they already stated in [8] we should consider

the following

Proposition 1.1. For g = 1 let’s assume that the locally Lipschitz continuous function ¢ : R™ —
R has a non-empty bounded level set {x € R™ : p(x) < p(x0)} for some xg € R™. Then, ¢ is not

differentiable at all geometrically isolated local minimizers and at least one global minimizers.

Mathematician 9
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Here, we consider the generalized gradient dp(x) defined by Clarke [9] whose existence
follows from the assumption that the objective function ¢(x) is everywhere locally Lipschitz

continuous. Then the steepest descent differential inclusion

—x(t) € dp(x(t)) from x(0)==x9eR" (2)

has at least one absolutely continuous solution trajectory z(t) according to the theory developed
by Filippov (see [10] and [11]). According to the theorem of Picard-Lindel6f the solution z(t)
is unique for the smooth case i.e. when dp(z) is equivalent to the singleton {Vy(z)} and the
gradient V(x) is Lipschitz continuous. Moreover, uniqueness of x(t) by (2) can also be assured
if ¢ is not everywhere differentiable but globally convex [12][8]. Moreover, it can then also be
proven that the limiting point x, = lim;_,o x(¢) exists and is a global minimizer, unless ¢ does
not attain its global infimum, possibly because it is unbounded below. However, the minimizing
trajectory x(¢) may have kinks and is in general difficult to follow unless ¢ is piecewise linear as

shown in [13].

Although that is not really needed in the convex case, one may try to increase the
chances of approaching a global or at least low local minimum by following the second order

differential inclusion

—&(t) € dp(x(t)) from x(0)==x9 with z(0)€ dp(xp) . (3)

In the smooth case, this equation models the motion of a body in a potential field given by ¢(x)
which motivated its naming by Polyak [14]. Hence methods that are based on this equation and
its discretizations are called heavy ball methods. In terms of global optimization this method has
the advantage that the momentum of the balls motion makes it to achieve an optimal convergence
rate. This is the idea behind the method of Snyman and Fatti [15] who developed a complex
optimization scheme involving random restarts and local minimization runs. In [16] they did a
detailed numerical comparison with differential evolution and other currently popular derivative
free methods. Global optimization methods are notoriously difficult to compare, especially if
nonsmoothness is allowed, see for example the survey [17]. Thus we will refrain from any claims
of empirical efficiency and instead emphasize theoretical properties. However, we note that
practically all objectives in machine learning are piecewise smooth in a way that allows the

evaluation of gradients or rather their piecewise linearization [18].

Mathematician 10 Thesis



School of Mathematical and Computational Sciences YACHAY TECH

2 Derivation of the Savvy Ball Trajectory

As already argued in [2] the drawback of the heavy ball motion is that it picks up speed and
momentum when going down hill and slows down when climbing up hill. It may thus race by
an attractive local minimum near the bottom of a valley but settle down in a dent on top of a
mountain. This is exactly the opposite behavior of what one wants in global minimization. We

therefore prefer the savvy ball equation

d { i(t) } —e dp(x (1)) (4)

L I G N _ 3[1]
dt [ (p(z(t) —c)°] ~ (p(x(t) =)t " [(p(x(t) —c)°] |

It can be rewritten as a first order system of one vector differential equation and one vector

inclusion

w(t) = v()(p(x(t) — ), ()

—e 0p(x(t))
(o(a(®) — )+ ©)

Now we prove that the conditions of the Filippov theorem [11] are satisfied, namely the values
of the multi-function on the right hand side are convex and outer semi-continuous(o.s.c) by

definition of the Clarke differential.

Definition 2.1. A set-valued mapping F : X33Y is outer semi-continuous (osc) at xg if

limsup F(z) < F(zo)

T—To

Proposition 2.2. Let dp be the gradient of a Lipschitzian function. Then, the multi-valued

function

— xr)—c)v _—eg
F(z,v) = [(@( ) — o), (p() —C)e“Leaso(w)

has conver images and is outer semi continuous.

Proof. 1t is well known that the Clarke gradient is outer semi-continuous, i.e., for any sequence

Ti — Ty (7)
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with w; € dp(x;) such that

W; — Wy (8)

we have

Wy € 0p(T4)

Now, let’s consider a double sequence
(xiavi) - (:1;*7 U*)

and

si = [vi(p(xi) — ), (

(ol — et o)

Since ¢ is continuous, from (7) and (8), we have immediately

vi(p(2i) = )" = val(p(r4) =€)

Similarly, it follows that
—ew; —ewy
(plzi) =)t (p(ms) — )

We know that w# € dp(x*), so that

Sy € F(xy,vy)

i.e., F is also outer semi-continuous.

Since ¢ is a convex set, we have for

—edp(z)

and Zaizl with «; =0
i

Z ai(v(p(x) — )% gi) = (v(eo(z) - c)e,Z ;i)

—edp(x)

= (v(p(x) —c)g) where ge€ W

which means that the image of F is convex. O
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Hence there exists (at least) one absolutely continuous solution (z(t),v(t)) for t = 0
and obviously the tangent #(¢) has the same property. Since v(t) is the integral of its almost

everywhere existing derivative 0(t) we get the integrated form

ot) = x(t) . Z B Jt edp(z(T)) dr

[p(a() = e~ Tolwo) I Jo Tpla(r) — =1 ®)

Definition 2.3. Given k points x1, ...,z € R a conic combination of these k points is a vector
of the form Ax1 + Aoxo + ... + ... + Mg where {\;}; € Ry. As k tends to infinity we can

generalize the sum to an integral with a positive weight function.

Thus we see that the tangent 2(t) is a conic combination of its initial value and negative
generalized gradients along the solution trajectory z(7) for 7 € [0,t]. To get a better feel how
the trajectory behaves it is good to look at the second order expression for the acceleration Z(t),

namely

[2@®)> | [p(x(t) —c]et!

which can be obtained by differentiation of (9). This formulation was derived directly in [2]

(1) e [I—Jb(t) w)T] ledp@O] _ in o)) =1. (10)

for the smooth case where we have a proper gradient dp(x) = {Vp(z)}. As we can see the
tangent length is normalized such that ||(¢)|| = 1, which means that ¢ represents an arc length
parametrization of the trajectory z(t). Now we can get a better feel for the role of the two
constants ¢ called the target value and e > 0 the sensitivity parameter. Since the projection in
front of the right hand side merely serves to normalize the tangent length |z(¢)| = 1, we have
essentially the heavy ball equation (3) for the transformed potential log(¢(x)—c)¢. The choice
of the two method parameters e and c is critical, as is typical for global optimization schemes,
which very often require many more than two more or less intuitive parameter choices. The
attribute savvy ball suggests that the method knows what it is doing as specified by the two

hyper parameters.

The target c indicates at any stage what range of function values we are looking for;
it should always be below the values p(z) already obtained at previous points = during the
optimization of the current objective. Once we have reached the current target value c it can be
lowered to a lower level unless we are already happy with what has been achieved. In machine
learning the objective is frequently a nonnegative empirical risk that one wants to push down as

close to zero as possible. Then a successive halving strategy makes sense until we reach a level
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that might be too ambitious.

As long as the actual function value p(x(t) is much larger than the target ¢ the recip-
rocal 1/[p(z(t))c]®™! and thus the second derivative #(t) is small so that the trajectory moves
more or less straight ahead, hopefully ignoring smaller wiggles in the objective function. When
o(z(t) comes closer to the target value ¢ the reciprocal grows and the second derivative & (t)
corrects the tangent @(t) towards the local direction of steepest descent or at least one element of
the negative generalized gradient —e dp(x(t)). In the limit as ¢(z(t)) converges to ¢ the second

order trajectory (10) reduces the first order trajectory (2) with a different parametrization.

The sensitivity parameter e is also very important but not quite as variable as ¢. At
least in the convex case e should be selected equal to 1, which we consider as its default value.
In general the ideal value of e would be the reciprocal of the growth rate of ¢ towards infinity

so that for some reference point &

p(x) = p(d) ~ o —2]"°.

Of course such an exponent is hard to come by, but for smooth and essentially quadratic functions

a value e € [%, 1] can be recommended. In our numerical experiments we have used the default

value e = 1 throughout.

The thesis is organized as follows. In the following Section 3 we show some results
from non-smooth analysis which is the background needed to avoid the optimizer’s house of
horrors showed in [5], in Section 4 we bring further details for the convex case and show some
conditions where convergence is guaranteed. We develop some mathematical properties of the
Savvy Ball trajectory in the convex but not necessarily smooth case. In particular we show
that the inclusion (10) reaches the target level if that is not empty. We also establish rates of
convergence in terms of the parameter ¢, which represents the arclength of the search trajec-
tory. In the subsequent Section 5 we consider the case where the objective is non-convex but
homogeneous in the catchments surrounding some local minimizers. There we can show not
only convergence to desirable local minimizers below or at the target level but also divergence
from undesirable local minimizers above the target level. In Section 6 we show that on affine
functions with a proximal term the search trajectory is a circular segment, which allow us to
integrate piecewise linear functions in abs-normal form exactly. In Section 7 we introduce the

generalized abs-normal form and its abs-linear approximation at a given reference point. In
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Section 8 and 9 we consider various numerical integration options and show numerical results

on the standard MNIST problem. .

3 Fundamental Results of Nonsmooth Analysis

Since the prediction function and the loss function are Lipschitz continuous we can assume that

the empirical risk satisfies the same condition. Then we can apply the following theorem

Theorem 3.1. Let U be an open subset of R™ and ¢ : U < R™ — R is locally Lipschitz
continuous. Then ¢ is differentiable almost everywhere (with respect to the Lebesgue measure
A). That is, there is a set E < U with A\(U\E) = 0 and such that for every x € E there is a

linear function V(z) : R" — R with

i W) — (@) = Vo()ly —2)| _
y—o ly — =

At the exceptional points z € U\E the so called limiting gradient can be defined as

Definition 3.2. At all points x € U we set

gedtp(x) « { lim Veo(z,) = g: 20 — 2 and z, € B}

n—o0

Then, we can define the Clarke’s geralized derivative as follows [19]
() = conv (A (x)

So now we can take a look into another known definition for generalized derivative which is

defined by the Hadamard derivative or directional derivative.

Definition 3.3. Let’s consider ¢ : U — R. The Hadamard derivative in the direction h € R™

at x € U is denoted by
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For merely Lipschitzian ¢ the Hadamard derivative may not exists in some directions
h. But it does always exist in the convex case, where we may alternatively define the so-called

sub-gradient of ¢ by:

Definition 3.4. Let’s assume that ¢ is convezx, we define the sub-gradient 0 through ¢'(xo, ),

dp={ueR":u'h < (xo;h), for heR"}

which s identical to the set

{ueR": o(x) = p(z0) + u' (z — x0), for z € R"}

Remark 3.5. The definition of Clarke’s generalized derivative is equivalent to the concept of

subgradient when ¢ is Lipschitz continuous and convez [20)].
Remark 3.6. Let’s show an example where the subgradient can be empty for a Lipschitz function.
Let’s consider the real-valued function

z?sin(l) ifx#0

f(@) = (11)
0 ifz=0

Here an important result from convexr analaysis states that since f is no the upper envelope of

the set of all its affine minorants, we have the subgradient is empty. [21]

4 Analyzing the convex case

Practically all convergence proofs for gradient descent methods (see e.g. [22] and [23]) assume
that in some vicinity of a stationary point the objective function is convex. To show an asymp-
totic linear rate, which is sometimes called exponential in the machine learning literature, one
typically assumes strict convexity. Certainly the convex case is interesting in its own right for
both theoretical and practical reasons. We conjecture that in the convex case the system (5),
(6) has only one solution, but our attempts to prove that have so far failed. As it turns out in

the convex case we should use e = 1 and since |z(t)|| = 1 is enforced automatically we get the
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slightly simplified differential inclusion
with — 2(0) € adp(xg) 20 (12)

where 0 < a € R can be selected such that ||£(0)|| = 1. Notice that, if dp(zo) does include the
zero vector 0 the convexity already ensures that xg is a global minimizer so that then nothing
remains to be done. Otherwise, we can take —z:(0) to be any element of dp(zg) positively scaled
to a unit vector. While such &9 = #(0) needs not be a descent direction with respect to the
objective function ¢(x), it is well know that for any differentiable path z(¢) from x(0) = o with

initial tangent ¢ and any € R™ the Euclidean distance function r(t) = |z(t) — | satisfies

roro = £ir(t)? o~ (zo—1) g

€ a(E—0) dp(wo) < alp(t)—¢(x0)) - (13)

where the last inequality follows again by convexity. Hence we see that the distance to any point
z with ¢(z) < p(xg) is strictly decreasing for all small ¢ > 0. That applies especially to any

global minimizer z if they exist.

Proposition 4.1 (Convergence in the convex case).
Suppose ¢ : R™ — R is globally convex. Then we have for almost all t in the mazimal interval

[0,t4) < [0,00) on which the denominator ¢(x(t))—c is positive

(i) For any reference point & the distance r(t) = |z(t) — Z| satisfies

7 (t)r(t) Toro . ¢ dr
o < e [ T (14)
(ii) If the level set {x € R™ : p(z) < ¢} is non-empty the trajectory converges s.t.

o(xy) =c for mye€ tlir{l x(t)
—lxk

provided 7(t) < 0 at t = 0 as assumed in (13) or sometime later along the way.
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(#i) If (ii) holds with x, not being a global minimizer then t, < o0 and
limsup{—2(t)} < {v e adp(zy)| [v] =1,a >0} .
tﬂt*

where limsup denotes the outer limit of an ordered family of sets.

(iv) If ¢ is strongly convex at its unique global minimizer x, = T in that
o) —p(rs) = Gz — z|?  for some o >0
and ¢ = p(xx) we get exponential convergence in that for all t € [0, 00)
|x(t) — z«l| < |xo— 24| exp(—6t) for some & >0.
except in the highly unlikely case where x(ty) = x4 for finite t, < co.

Proof. For later reference we let e be general in the beginning. First we note that by definition

of v(t) in (9) and its absolute continuity for almost all ¢

i |G | = i leO-o70]

(p(z(t))—c) (p(x(t)) — c)ett
_ () + e(@x(t) Op(x(t))e
T ) - o 19)
< Wi_c) if e =1 and ¢ convex (16)

Integrating with respect to ¢ we obtain (14), which completes the proof of (i).

To prove (ii) let 2 be any point in the level set. Then the second term on the right

hand side of (14) is nonpositive and we get the simple bound

r(t)r(t) < —[p(x(t)) —c][-roro/(p(x0) —c)] < 0 for te[0,ty). (17)
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where the last inequality follows form 79 < 0 as guaranteed by the choice of #y. This means
that the distance r(t) = |z(t) — | is monotonically decreasing for all  with ¢(z) < ¢, which
implies in particular that x(¢) stays within a convex compact subset of R™. By definition of
the supremal ¢, we must have liminf; +, ¢(x(t)) = ¢ or tx = oo or both. If both conditions
hold z(¢) must have a cluster point z, with ¢(z,) = ¢ and since for £ = z, the distance r(t)
is monotonically decreasing x, must in fact be a proper limit of x(¢) as asserted. If the liminf
was not zero and thus ¢, = oo the negative right hand side of (14) would be bounded away from
zero and the squared distance r(¢)? would go to zero in finite time for any & in the target level.

This is obviously a contradiction, which completes the proof of (ii).

To prove the third assertion (iii) we note first that due to z, not being a global mini-
mizer the generalized gradient dp(x,) cannot contain zero and the same is by outer semiconti-
nuity true for all x in some neighborhood of z,. Moreover, we can assume that the convex hull
Ts of all dp(x) with |z — x«]| < d does not contain zero and we have limsups_,o 15 = 0p(z4).
Then there is a supporting vector v € R™ such that for § sufficiently small and some v > 0 we

have v'g > v for all g € Ts. Moreover we may rewrite (9) to

0 & oy e = | e 18)

which shows that —z(t) is a conic combination of —z(0) and vectors in Ty with the weight of
—2(0) going to zero as z(t) converges to x,. Since the vectors in Ts are bounded the correspond-
ing multipliers a are bounded below by some ay so that for all &(t) with ¢ larger than some

to <ty

gT(—w(t)) = a*gTv = QplV = Vg

= g (~a(t) + x(t)) = wa(t — to) .
No since by (ii) x(t) — z4 the last inequality yields the bounds
t <ty <to+g (—xs+ 2(t))/vs < 0,

which completes the proof of (iii) as the limiting set inclusion was already shown.
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Finally to prove (iv) we note that by (14) and the strong convexity assumption
r(t)r(t) < —%TQ(t)[—f“Q’I“o/((p(xo) —¢c)] < 0 for te|0,ty). (19)

so that division by r(t) > 0 and integration of the differential inequality yields the asserted

exponential decline. ]

The proposition says essentially that we loose nothing compared to steepest descent
provided we know an upper bound ¢ on the infimal value inf{y(z)|z € R™}, which might be minus
infinity. The trajectory has a finite length t, if ¢ is a strict upper bound, but unfortunately this
does not mean that it is easy to follow. In particular the curvature Z(¢) may tend to infinity so
that classical path following strategies may result in excessively small step and possibly infinitely
many drastic changes of direction. So far we have not found an example where this is actually

the case, so the question remains to be explored.

While for a strict upper bound ¢ the trajectory will approach the limit point =, along
a convex cone we might get a spiraling convergence if ¢ exactly equals the global minimum.
Of course that is rather unlikely to happen in practice, except if we know that a residual or
empirical risk can be driven exactly to zero. For the special case ¢p(x) = r and ¢ = 0 we get
7 = 19 < 0, which defines a spiral of finite length. Actually, we are sofar also lacking an example,

where the spiral is infinitely long.

Unfortunately, Proposition 3.1 does not address the thorny question what happens if
the target set {x € R"|p(z) < ¢} is empty and thus not reachable. Then one would want the
trajectory to run off to infinity, but that does not always need to happen. For example when

2 one can easily see that ¢ < 0 and |rg| < 1| leads to a trajectory that circles around

p(x) =r
the origin infinitely often. In such situations we can either lower our expectation by gradually
increasing the target value c or reduce the sensitivity e to enable the trajectory to climb the wall
around a given undesirable minimizer £. Of course the latter makes only sense if sufficiently
far away from & the function attains other local minimizers, some of them hopefully below or
at the actual target. Naturally, this cannot happen when ¢ is convex as we have assumed in
this Section 4. Since for a global optimization method getting away from undesirable stationary

points or local minimizers is very important, we consider in the next section the nonconvex case

with homogeneous center points.
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5 Properties in the homogeneous case

In this section we assume that for some reference point € R™ and all € R"

o(&+ plz — ) — (&) = [p(x) —(@)]p? for p>0 (20)

which means that ¢ is positively homogeneous of degree d with respect to the center point x.
That holds for example if p(x) — ¢(z) is equal to its piecewise linearization Ap(Z;z — Z) as
defined in Section 7 and the latter is homogeneous. Notice that we do not assume & to be a

stationary point, let alone a minimizer.

Proposition 5.1. Let & € R™ some reference point. For every x € R™, from (20), fixing p = 1,

we have

dp(a)(z —2) = {d(p(r) = p(2))} - (21)

which means that all elements in dp(x) have the same inner product with r — .

Proof. By first differentiation (20) with respect to p, since ¢ is positively homogeneous of degree

d with respect to  we have that

(@ + plx — 2))(x — &) 3 d[p(x) — (&) p*

with equality holding if & + p(x — Z) € E so that the generalized gradient is a singleton. Taking

p=1,
Op(x)(x — ) 3 dlp(x) — ()] (22)
From the other hand, consider any g € 0%p(x), then we have
g = lim Vo(z;),z;,€ E
1—00
Then,
Vo(zi)(z; — &) = d(p(x:) — ()
Mathematician 21 Thesis



School of Mathematical and Computational Sciences YACHAY TECH

which implies in the limit when ¢ — o

Clearly, this property is then also true for any convex combination of limiting gradients and

thus all elements of the generalized gradient dy. O

In other words Proposition 5.1 says that the difference between various elements in
0p(z) is orthogonal to the radial direction x — x. Then it follows from equation (15) that the

distance r(t) = |x(t) — x| satisfies

A @i p(@(t)+ e — 2(t) TPp(a(t) — ¢

dt [(QP t ] (p(z (1)) — o)+ (23)
(1 - ed)p(a(t) - p(@)] + (p(#) — )

B [p(x(t) — cJett (24)

Integrating with respect to ¢ we get

r(t)r(t) Foro (1 — ed)[p(x(1)) — p(E)] + (p(&) — c)
[o(z(t)) — c]¢ [o(20) — c]° +JO dr . (25)

- [p(x(r) — ]

Now if we choose e = 1/d it is clear that the right hand side is monotonically growing or
falling depending on whether the constant (&) — ¢ is positive or negative, respectively. For any
trajectory that moves at some time ¢ towards & in that @(¢) "(x(t) — zq) = 2¢(t)r(t) < 0 we thus

get the following result.

Proposition 5.2 (Convergence/Divergence in homogeneous case).

Suppose (21) holds with e = 1/d and 7(t) <0 for any t = 0. Then x(t) must approach the level
set {o(x) < ¢} if () is desirable, i.e. at or below the target level c. If () is undesirable, i.e.
above the target level ¢, and e < 1/d then the trajectory either diverges monotonically towards

nfinity or reaches the target level somewhere else.

Proof. Let us first consider the case ¢(2) < ¢, where z is a desirable local minimizer. If the level
set was not reached r(¢) would by (25) be negative and bounded away from zero, which leads to
a contradiction since r(t) cannot become negative. Thus we are left with the undesirable case

©(z) > ¢ but with e < 1/d. If the trajectory stays clear of the feasible set the trajectory z(t) is
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well defined for all positive ¢ > 0 . If 7(¢) was nevertheless bounded above the integral on the
RHS of (25) would diverge. Hence 7(¢)r(t) in the numerator of the left hand side would also
grow unbounded, which is impossible. Hence r(¢) must be unbounded and its derivative 7(t)
must be positive at some ¢; and thus by (25) all subsequent ¢ > ¢;. This completes the proof as

we must have monotonic divergence towards infinity. O

The Proposition ensures that, once the search trajectory z(t) enters a ball of radius rg
about some z in which ¢(z) is homogeneous with respect to & in the sense of (20) and e = 1/d
then x(t) does the right thing, i.e. it must reach the level set if p(z) < ¢ and otherwise, it
either finds another point in the ball below the target level or leaves the ball altogether. The
last possibility cannot occur if £ minimizes ¢ locally. Hence we see that, provided e = 1/d,
the local homogeneous minimizers repulse the trajectory if they are undesirable and attract
it if they are desirable, i.e. above the target level . Irrespective of the local minimality of &
the undesirable possibility of the trajectory circling within the ball forever without reaching
the target has been excluded. Unfortunately, when e > 1/d or ¢ does not satisfy the rather
stringent homogeneity assumption (20) this may still happen. Nevertheless, since all piecewise
smooth functions have homogenous local approximations one can be optimistic that the selective
behavior of the trajectory will work in many situations for e = 1. In the piecewise linear case
to be considered later we will add a quadratic regularization term %H%]P, makes the trajectory
turn back towards zg when the quadratic term dominates the piecewise linear components,
which for e = 1 will effectively limit the search domain. We will indicate the presence of this
regularization term by the prefix prox and thus refer for example to prox-linear or prox-piecewise-

linear functions.

6 Closed form solution in prox-linear case

No we reconsider the task of computing the savvy ball trajetory to the sum of an affine function

and a proximal term in the Euclidean norm of the form

o(r) =p+ gTac + %Hx”z with ¢=0 . (26)
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Obviously this kind of simple model is both convex and homogeneous. The latter property holds
if ¢ = 0 with degree d = 1 with respect to all £ € R™ and if ¢ # 0 with degree d = 2 with respect

to its unique global minimizer x, = —g/q.

Theorem 6.1. For p(x) as above (xq, T) with ¢ < ¢o = @(xo) and Lol = 1 the solution of the

initial value problem for the ODE

Ve (z(t))

i) = — I —2(t) &) | —ti— o7
0 =-[r-50:07| o 27)
1s given for small nonnegative t by the circle
(1) = o + iy + (28)
where
° [ 00] (p0 —©) %o (29)

If w and thus Ty vanish because Tq is colinear with the gradient g+qxg, then the circle degenerates
to the straight line x(t) = xo + tg.

Moreover the function value along the trajectory is given by

p(w(t) = o+ (g +geo) o | D + [ — Wiy — )| Lmegen) (30)

In the straightline case w = 0 the trigonometric coeffcients on the RHS reduce to t and %tQ
Proof. Assuming w # 0 we get differentiating x(t) twice
(t) = cos(wt)do + Lsin(wt)iy and i(t) = cos(wt)iog — wsin(wt)iy , (31)

which obviously ensures that the initial conditions ©(0) = &g, (0) = #¢ hold and that |z(t)]| = 1,
|Z(t)|| = w as well as @(t)"#(t) = 0 for all £ = 0. When &y = 0 the trigonometric quotients
reduce continuously to ¢ and 0, respectively as claimed so that z(t) = o and Z(t) = o = 0. To

get the function value we apply Taylor’s theorem for the quadratic function ¢(x) with Hessian
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ql so that

p(z(t) = o+ Vlwo) (z(t)zo) + 3]z(t)zol?
T [sm wt) (1 cosgwt)) xo]

w

N %|:(smwt) (coswt) geostet) | 1 }

= o+ (g+qzo)'d bm(wt) + [(9 + qzo) o + 6]]

= o+ (9 +qzo)

(1—cos(wt))

w2
This implies the asserted equality since by definition of g
. . + qx
(g+qzo)'dg = —(g+qxo)" [I — xoxo] M (32)
(po0 —¢)
.. .. + qx
= —(g+qzo)’ [I - xoxg] [I - l’ol’g] (500300)) = —w’(po — ) -

The remainder of the proof consists in substituting the expressions for x(t),2(¢t) and @(x(t))

into the right hand side of

aft) = = [1-a®(t)7][g + ga(t)] / [p(a(t) — ] (33)

and checking that the resulting acceleration a(t) is indeed identical to Z(¢) as given in (31).

Firstly we note for the numerator on the right hand side that

(g9 + qz0) = (o — ¢)[Fod (9 + qz0) — Fo] € span(o, Fo)

and hence

g+ qu(t) = (g + gmo) + 2 g + ¢ U= 5 € span(ig, &o) (34)

Thus we see from (34) that the vector a(t) like #(¢) and Z(t) is always an element of the two
dimensional subspace spanned by %o and Zo. For every t > 0 the pair (&(t), Z(t)/w) forms an
orthogonal basis of this plane so that a(t) = #(t) is equivalent to @(t)T#(t) = 0 = @(t) " a(t)

and #(t)"#(t)/w = w = #(t) Ta(t)/w. All but the very last equality are obvious. To show it we
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compute using again (32) to eliminate &g

#0)T (9 + qr(t))
— [cos(wt)iow sin(wt)io)]T[(g + qro) + Lsin(wt)ig + % (1 - cos(wt))jjo]
= —w(g + qxo) o sin(wt)+ (g + qxo) Fo cos(wt) —q cos(wt) (1 —cos(wt)) — g sin? (wt)
T

= —w(g + qwo)

= —(p(z(t) — )

o sin(wt)w?(pg — ¢)(cos(wt) — Dw?(goc) — q(1 — cos(wt))

where we have used the expression (37) for the function value. Thus we get finally

i) a(t)w = —E(t) (g + qz(®))/[w(p(z(t) = ¢)] = w
which completes the proof. O

When the function (26) is valid on all of R™ we get a full circle except in the special
case where it degenerates to a straight line due to zy pointing exactly along or against the
the negative gradient —V¢(zp). The last radial escape possibility is the only case where the
trajectory runs off to infinity, whether or not the target can actually be obtained. Provided

q > 0 the target level set is always the ball

T = {eeR" |z +g/al* < 2a(c—b)/a+g/al?} (35)

which may of course be empty. The unconstrained minimizer of the prox-linear function is then
given by

Te = —g/q with @(zs) =0 — 59+ qzol* = p— %]gl*. (36)

when g = 0 so that ¢ is in fact linear the ball becomes the hemisphere
T = {xeR”:ng<c—u}

which is always nonempty if g # 0. In the rather uninteresting degenerate case g = 0 the target
level set is empty if ¢ < b and equal to the whole of R™ otherwise. Whenever T is nonempty

and we do not have radial escape as defined above, all other trajectory reach the target, i.e.

Mathematician 26 Thesis



School of Mathematical and Computational Sciences YACHAY TECH

the boundary 07T in a perpendicular fashion. Strictly speaking the ODE (27) has a singularity
where () = ¢ so that the solution can be extended in a continuos fashion into the interior
of the target level in several ways. One of the infinitely many ways is the continuation of the
circle, another one is the transition to steepest descent & = —Vp(x)/|Ve(z)|, which would in
this special case simply follow a straight line to the global minimizer z, = —g/q which is the
center of the target ball. When exactly ¢(z4) = ¢ all circular trajectories contain the global
minimizers directly, so that no continuation is necessary. In the case of a hemisphere with
r(, > 0 the straight line would run off to infinity with ¢ becoming arbitrarily negative. These

observations are of course consistent with the Propositions 1 und 2 in the previous two sections.

If T is empty because ¢ < ¢(z4) the trajectory will be a complete circle with the
undesirable global minimizer in its interior, except in the highly unlikely radial escape case. We
will have to design heuristic measures to detect this unproductive circling and reduce the target
to a more realistic level. Whenever T' is nonempty and we do not have radial escape there exists

a value tg that solves the trigonometric equation

(1 — cos(wtp))
2

T ] sin(wtg) N [

c = o+ [(g + qxo) To q—w?(po — C)] (37)

if w # 0 and otherwise the simple quadratic
c = [(9 + Wo)Tifo] to + 443 .

Most of the time the point z(tg) will lie outside the current polyhedron as defined in the next
section and we can use £y as an upper bound in searching for the exit point in the next subsection.

If either equation from has no positive solution we set tg = c0.

7 The Generalized Abs-Normal and Abs-Linear Forms

All objective functions in machine learning and other applications are evaluated by a sequence
of smooth intrinsic functions, arithmetic operations, and the nonsmooth element abs, which

can be used to represent min and max as well. Such an evaluation procedure can be formally
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interpreted as the generalized abs-normal form
Minf(z,2z) s.t. z=F(z,z,h) and h=|z| (38)

where

f . Rn+s+s — R and F: RnJrSJrS — RS )
Here we must require that the matrices

oF oF
M = — e R%*¢ L = — e R%*¢
P € and ah €

are strictly lower triangular. That means we can compute for any x the piecewise smooth

functions z(z), which finally yields the objective

ple) = flz,2(z)) : R" = R.

For simplicity we have assumed here that h(z) = |z(x)| does not occur explicitly in
the response function f so that all nonsmoothness is incorporated in what we will sometimes
call the state equation z = F(x, z,|z|). On the other hand we have a slight generalization of
the usual abs-normal form [18] where z does not occur directly as arguments of f and F. As a
motivation for allowing z itself to occur as an argument of F' and f, it was noted in [13] that
for repeated applications of the maximum to multi-component vectors using the nonsymmetric
form

max(u,v) = u+ 5[z +[(|2)] with z=v—u (39)

generates matrices L and M that are quite sparse. In contrast the repeated application of the
symmetric form

max(u,v) = {u+v+|(]z)] with z=v—u (40)
tends to fill in the matrix L in the standard form where M = 0.

Given code for evaluating (38) every AD tool will be able to compute for given = and
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z the vectors y and the partitioned Jacobian

oAP-=fl _ |2 M-I L|

oz, z, h] o7 BT 0

R(S+1) X (n+s+s) )

Given the generalized abs-linear form evaluated at some consistent point (z,z) we get the

piecewise linear model

z = T+Z@x—2)+M(z—2)+ L(|z| —|Z])
= (®—Zx—Mz—-L|Z|)+Zx+ Mz + L|z|, (41)
~
y = g+a(z—=2)+b (z—32)
= W—az—bitaz+bz. (42)
N
=n

where the constant shift ;x can be set to zero without loss of generality as we are doing optimiza-
tion. Note that we can unambiguously evaluate the piecewise linear functions z(z) and y(x) for

any x € R” by forward substitution using the triangular structure of L and M.

The fundamental property on which our successive piecewise linearization approach is

based is the generalized Taylor approximation
|o(x) = (@) — Ap(d;z — 3)] < Flo — 2]

where Ap(z;x — &) = y(x) — p with y the piecewise linear approximation defined above. We
will generally refer to a quadratic regularization term in the Euclidean norm | - || = | - [|2 as the

proximal term and label functions including this term accordingly.

The key advantage of the piecewise linearization is that it allows us to deal with the
combinatorial aspect of nonsmoothness more or less explicitly. More specifically, the full domain

R™ is decomposed into polyhedra, which can be identified by the signature vector and matrix

o=o(r)=sgn(z(z)) € {-1,0,+1}° and X =X(z) = diag(c(x)) € R®**
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as a function of the piecewise linear z(x). The inverse images
P, = {zeR":0(z) =0}

are pairwise disjoint, relatively open polyhedra. Using the partial order of the signatures given
by

o<o — &iaiéaz

7 for i=1...s,

we can define the essential closures
P, = {zeR":0(x) <o},

which are no longer disjoint and whose inclusion ordering corresponds exactly to the partial

ordering < of the signatures such that
P, c Ps — o0<o0.

Hence, we see that # = 0 with & = o (&) belongs exactly to the essential closures P, for which

o > ¢. Consequently, we find for some open ball B,(z)

By(#) =3 | P p 0 B() .

Here, the o on the right hand side can be restricted to be definite, i.e., only have nonzero
components ¢; = +1, which will be denoted by 0 ¢ o. Within each P,, we have |z| = ¥z so that

one can solve the equality constraint Eq. (41) for z to obtain the affine function
2(x) = (I —LY) e+ Zz) for zeP,.

Note here that due to the strict lower triangularity of L the unit lower triangular matrix (I —
LY)~!is for any o well defined and its elements are polynomial in the entries of L. For definite
signatures o # 0 the elements x € P, are exactly characterized as solutions of the system of
inequalities

ST -LY) Ye+Zz) = (E-L) YHe+Zz) = 0.
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If there is an 2 € P, with definite signature o(x) # 0 then the polyhedron P, has a nonempty
interior. The converse needs not be true in the presence of degeneracy. From duality theory it
is known that either: P, has a nonempty interior (in which case we call it full-dimensional), or

the rows of (X — L)~!Z have a vanishing convex combination such that
MNEL)™'1Z=0 with 0<A#0.

Obviously this can be checked by standard Linear Optimization techniques. If dim(P,) = n we
have by (42) the function value

Yo = p+a'z+b' SILY) e+ Zx), (43)
and correspondingly the gradient
o = a +b'SULY)'Z = a"+b"(2L)7 2, (44)

where the last equality relies on definiteness, i.e., 0 ¢ o, so that det(3)+1. This explicit gradient

expression is crucial for our numerical integration procedure.

8 Piecewise Numerical Integration

In [24] an explicit integrator with a third order local truncation was suggested and tested. The
results were not entirely convincing. Of course we are not really interested in the solution
trajectory itself but only where it leads us to in the medium run. However, especially when
going uphill it is important that the integration is sufficiently exact such that the trajectory
does not turn back prematurely. The ability to climb uphill occasionally is essential for any
nonlocal search procedure. Moreover, we have to deal with kinks in the function ¢ and thus
jumps in its gradient. So rather than following the ODI on the original ¢ we perform the savvy
ball method on its piecewise linearization, where the trajectory can be expressed as a sequence

of circle segments.

An objective of the form (26) is not of practical interest, since the global minimizer x

can be computed directly without any significant effort. Instead we are interested in the case
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of prox-abs-linear forms as an assumed upper bounding approximation of a piecewise smooth
function in abs-normal form. If the starting point xg lies in the interior of a polyhedron and one
chooses any ¢ and z(, the resulting circle will usually leave the polyhedron unless it reaches the

level set or stays inside P,.

In the smooth case like for example on MNIST with a single layer neural model, the
maximal step ¢, will always be given by the root to of the equation (37) if that exists. That
value depends very strongly on the chosen ¢ and generally may be too large. We have therefore
introduced an additional restriction, namely that the change in the direction  may not exceed
a certain angle « so that always wt, < a < 27. In our calculations we typically set a ~
27/30 which corresponds to 12 degrees. Also in the smooth case one can reset the reference
point & to the current point after each step because the piecewise linearization just amounts to
linearization, i.e. normal differentiation. In the nonsmooth case that is not feasible because one

might repeatdly run into the same gradient discontinuity.

Note that all computations in the Savvy Ball method are of order (n+s)?, whereas
the local minimizer ALMIN involves matrix factorizations with a computational cost of order
(n+s)3. This is even more true for the application of mixed integer linear optimization packages
like GUROBI, which can be adopted to minimizing (42) subject to (41) since the constraints
can be written using bilinear products of real and binary variables [25]. Like SALMIN Savvy
Ball, is on the other hand dependent on the ¢ norm and thus strongly affected by linear
variable transformations or diagonal rescalings. Fortunately, the free parameters in an abs-linear
prediction model and in particular a neural network seem to have naturally a quite homogeneous

scaling.

9 Experimental Results

9.1 Classification Problem: The MNIST Dataset for Digit Recognizer

In this paper, the Savvy Ball Method has been tested on the MNIST dataset which is a classic
source to test classification algorithms. The MNIST digit database is the most used sample for
supervised learning task such as character recognition and pattern recognition. It consists of

70000 images of digits from 0 to 9. All these black and white digit images are size normalized,
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and centered with fixed dimensions of 28 x 28 pixels as described in 1. The dataset is split into
the classifier training sample, that contains 60000 images, and the remainder belonging to the

classifier testing sample.

sssece

L

sssssec

Figure 1: Here we can observe how the pattern recognition task works using MNIST samples.
That is a real-valued square matrix Moagyog [26]

For each digit image the feature value z € X = [0,1]"3 < R™* decribes the pixel value
associated to the grayscale image with a range of 0 to 255 or 0 to 65535 depending on 8-bit
or 16-bit data value. Moreover, the correspondant label y € Y that represent the itself digits
Y=1{0,1,2,3,4,5,6,7,8,9}. We consider the MNIST sample divided into two sets correspond-

ing to each learning stage: the training dataset Dgggoo and the testing dataset Digggo-

We consider an abs-linear prediction function for single-layer case using the Savvy Ball

method. Hence, the Neural network model consider for the numerics has the following structure

Input Hidden Ouput

layer layer layer
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where the hidden layer is computed by z = Wz + b and the output layer is given by

y = smax(z).

Now, for the classification task we used the loss function given by

60000

p(W,0) = > —log(smax(Way, +b);,)
k=1

where [, makes reference to the k" label and smax is the softmax activation function, which is

given by
exp(2j — Zmaax)

21121 eXp(Zi - Zmax)

y; = smax(z); =

where zmer & Maxigi<io zi- Here zmge is only introduced to avoid numerical overflow in the
exponential evaluations and can be set to zero mathematically or any number similar to z,4z.
We can check that the gradient of the loss function with respect to z is given by
T (~ 10 41) = - (~ log(smax(=),))
— (= = —(— smax(z
azj g Ye é’zj g l
O (~21 + log(den)
= —(—z og(den
5, (et log
14y ifl=j

= V,(—logys) = y — ey where ey is the £ — th unit vector.
Applying the chain rule we can then compute the derivative of the k-th loss with £ = ¢, as
Vs (— log(smax(Wxy, + b)g) = gr—e; and Vy (— log(smax(Wxy, + b)g) = (U — eg)xg

where 3, = Wxy + isb. Since the g are already available from the forward evaluation of the
loss values one only has to do 60000 rank-one updates of the derivative with respect to [W, b].
This requires about the same effort as the computing the 60000 matrix vector products Wxy + b
so that the empirical risk and its gradient are about twice as expensive as computing the risk
function by itself. This complexity ratio is consistent with the theory of the reverse mode of

automatic or algorithmic differentiation.

As we can see the tasks of evaluating for each sample point the loss contribution and

Mathematician 34 Thesis



School of Mathematical and Computational Sciences YACHAY TECH

the gradient contribution are completely independent except for the additive accumulation of
these contributions. Thus we have 60000 parallel tasks whose results can be combined by a
so-called reduce operation. This structure could best be exploited by an MPI implementation,
but because we have a shared memory situation it is more convenient to utilize OpenMP. At
the time of writing we cannot report conclusive results on the size of the speed-up that can be

obtained.

An even better speed-up can be expected if one utilizes the fact that all 60000 feature
vectors xj, are multiplied by the same matrix W so that we have in fact the product of a 10 x 785
matrix with a 785 x 600000 matrix. For such numerical linear algebra operations very effective
Basic Linear Algebra Subprograms (BLAS) have been developed and implemented on all major

computing platforms. The BLAS interface are provided for the three levels

e Level 1: Encompasses linear algebra subroutines for operations depending only on vectors

(eg.y=ax+y).

e Level 2: Consists of linear algebra functions for computing expressions of the form matrix-

vector multiplication (e.g. y = aAz + By).

e Level 3: A set of functions for computing operations like matrix-matrix multiplication

(eg. Z=aWX + p2).

We have obtained run-time reductions of some 40% using the BLAS 2 Routine for the individual

products Wz + b. Unfortunately, our efforts to implement BLAS 3 were not yet successful.
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9.2 Numerical Results

For the single layer model learning on MNIST it is well known that steepest descent and stochas-
tic gradient can reach an accuracy of some 91%. This is achieved essentially in one monotonic
descent sweep. Applying the Savvy algorithm we can do a little bit better, namely reaching
92% accuracy. This means that after training the model on the training set it yields fails only
on 8% of the test samples to classify the digits properly. As one can see in the figure 2 after a
more or less monotonic descent over some 400 steps, there is an extended search that involves
periods of uphill searches. That is essential for global optimization. It is also typical that after
the optimal result is obtained, further efforts to lower the risk value are made but of course not
successful. Eventually the calculation has to be terminated when the computing resources or

the users patience have run out.

0 T T T T

T T T
TOAST_mnist_omp.dat'

02 \., ]

0.4 | \l R
0.6 "q .

08} \- 4

1.4 1 L 1 1 1 1 1
o 100 200 300 400 500 600 700 800

Figure 2: The figure shows how an OMP implementation of the Savvy Ball method (TOAST)
speed up the convergence for less number of iterations for the same MNIST dataset.

The nearly horizontal stretches in the figure indicate periods where the current target
value has been nearly obtained. It is then reduced to a half, which leads to further reduction
possibly after a transitionary period of growth. The halving strategy works reasonably well as
we know that the globally minimal value should be close to zero. So far other strategies for
adjusting the target have lead to similar results and reducing the sensitivity e below 1 also
did not make a big difference. The parallelized version should of course generate the same

convergence curve but using less wall clock time.
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10 Summary and Conclusion

From the point of view of Non-smooth Analysis, we approached the study of the single-layer
ANN case as a globally minimization problem for piecewise smooth objective functions. We
considered a supervised learning task where the ANN looks for a predictor to fit the training
sample and then to predict data based on the parameters adjustment. Here the value to minimize

is the empirical risk.

For the non-smooth analysis, we consider the Clarke’s generalized gradient which is
well-defined from the assumption that the objective function ¢(x) is Lipschitz continuous. Then
the steepest descent differential inclusion given by (2) has at least one absolutely continuous
solution trajectory by Filippov’s theory. In terms of global optimization, the motion modeled in
(3) guarantees an optimal convergence rate, but its behavior is exactly the opposite of what one
wants. Therefore, we developed a method based on the Polyak’s heavy ball method associated
to equation (3) which we called Savvy Ball method. This method is given by the equation (4)
which satisfies the conditions of the Filippov Theorem as shown in Section 2. The attribute savvy

ball suggests that its behavior is controlled by the target value and the sensitivity parameter.

Moreover, in Section 3, we show up the background needed to avoid the optimizer’s
house of horror observed in [5]. Here, we remarked the fact that the definition of Clarke’s
generalized derivative is equivalent to the concept of sub-gradient and Hadamard derivative
when ¢ is Lipschitz continuous and convex. In section 4, we provide a detailed analysis to the
convex case where we bring conditions to guarantee a convergence rate. Here the curvature
:c(t) may tend to infinity where we could not find an example where this scenario holds, so the
question remains to be explored. We did not address the question of what happens if the target
set is empty and unreachable. In such situation, we could either gradually increase the target

value or reduce the sensitivity parameter, but this cannot happen when ¢ is convex.

Since for a global optimization method getting away from undesirable stationary points
or local minimizers is crucial, we consider the nonconvex case with homogeneous center points
in Section 5. In section 6, we consider the task of computing the savvy ball trajectory to the
sum of an affine function and a proximal term in the Euclidean norm where it is both convex
and homogeneous. This result is an alternative proof which was presented by [5] where they

show that the initial value problem for the ODE given by (27) has a solution given by the circle
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(28). In section 7, we consider the abs-normal and abs-linear form where we observed that the
piecewise linearization allow us to deal with the combinatorial aspect of nonsmoothness through

the decomposition of the domain into polyhedra.

10.1 Conclusions

From the numerical simulations, we appreciate that the code performanced serially reachs a local
minima with less than 800 iterations where the CPU run-time was 2808.4348 seconds. We tried
to implement a parallel code but we noticed that parallelization is not a so easy task. However,
we was able to code a parallel region using Open MP which shows up an optimized performance
of 0.69379 % for 17 iterations. This was the number of iterations that holds an optimization for
the CPU run-time, since we observed a decay in the way the paralleled region was setted up. It
means that probably the time used for the communication between the threads is more than the
processing time. We suggest the use of another libraries such as Open MPI where the directions
for passing information and synchronization between threads is given explicitly. This hopefully
will speed up the performance. Moreover, it remains to be investigated from which conditions

the Savvy ball trajectories are unique in the convex case.
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A Savvy Ball method for the MNIST character recognition

problem: Code

#include

#include

#include

#include

#include

<stdio.h>

<stdlib.h>

<math.h>

<time.h>

"mnist.h"

YACHAY TECH

16

19

#define square(x) ((x)*(x))

#define sgn(x) (x>0? 1 :-1) // sign function

#define act(x) (x>07 x : 0) //activation function

#define actp(x) (x>07 1 : 0) //activation derivative

#define max(x,y) (y>x? y: x)

#define min(x,y) (y<x? y: x)

#define firstsign(x,y,z) ((x !=0) 7?7 sgn(x) = 7?7 sgn(y): sgn(z)))

FILE *xfptre;

FILE *xfptrt;

int m,mt,n,nl,d,

int sw;

di;

double targetred;

double one = 1;

doublex*x x;

doublex p;

double *x*
double **
double *x*
int*x Y;

double *x*

double xx*

X;
Z;

dZ;

Wmin;
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doublex*x* Wini;
doublex*x*x dW;
doublex*x*x ddwW;
doublex*x* DbW;
doublex*x z;
doublex*x bz;
doublex*x*x Z;
doublex*x*x M;
doublex*x*x L;
double* a;

double* c;

double q; // for the benefit of CGS

double omega;
double e;

int 11=0;

int mnist=1;
double iprod;
double tnorm;

double gnorm;

void resetzero(int 1, doublex*x v)

{ for(int i = 0; i< 1; i++) vI[i] = 0.0;
int randint = 3;

int prime = 524287;

double myrandnumb () // between 0 and 1

{ randint = (randint*7)%prime;
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s // printf ("\n randint %f", randint/(double)prime );
59 return randint/(double)prime;}

60

61 int setsample () // allocating memory of features,labels, layers and its de:
2 { Y = (int*)malloc(m*sizeof (int)); // scalar label

63 X = (doublex**)malloc(m*sizeof (doublex*)); // feature vectors

64 Z = (doublex*)malloc(m*sizeof (doublex)); // middle layer

65 dZ = (doublex**)malloc(m*sizeof (doublex*)); // middle layer derivative

66 *X = (doublex*)malloc(nl*m*sizeof (double));

67 *Z = (doublex*)malloc(dl*m*sizeof (double));

68 *dZ = (doublex*)malloc(dl*m*sizeof (double));

69 load_mnist () ;
70 for(int i = 0; i < m; i++ )
71 { x[i]

72 Z[1i]

*X + i*nil;

*Z + 1ixd1l;

73 dZ[i] =+*dZ + i=*d1;

74 for (int j=0; j<n; j++)X[i][j] = train_imagel[i][j];
75 X[il[n] = 1;

76 Y[i] = train_label[i];

77 s

78 return O;

o}

80

s1 void printmatrix(int m, int n,doublex** A){

82 for (int i=0;i<m;i++)

83 {printf ("\n row %i ",i);

84 for(int j=0;j<n; j++)

85 printf (" Y%f ", A[iI[j1);
86 +s

s}
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double dot(int 1, double* a, double* b) //Inner product evaluation

{ double wval;
val = 0;
for(int i=0;i<l;i++) val += alil=*bl[il; //parallelization could be needed
return val;

};

double norm(int 1, double* a) //Inner product evaluation or euclidean norm
{ double valmax=0;
for(int i=0;i<1l;i++) valmax = max(valmax, fabs(alil));
if (valmax==0) return O;
double val=0;
for(int i=0;i<l;i++) val += square(alil/valmax);
return sqrt(val)*valmax;

};

void softmax(int 1, double* b, doublex* e) // b and e can coincide
{ double sum = O0;

double maxi=0;

for(int i=0; i<1l; i++) maxi=max(maxi, bl[il);

for(int i=0; i<1l; i++) sum += exp(b[i]l-maxi);

for(int i=0; i<1l; i++) el[il= exp(bl[il-maxi)/sum;

void saxpy(int 1, double* a, double q, double* b) // sum of a vector and a scal
{ for(int 1i=0;i<1l;i++) bfl[i] += qgq*xalil;

};
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void scale(int 1, doublex*x a,
{ for(int i=0;i<l;i++) b[i] =

};

int pred(double* x,doublex* z,

{ for (int i = 0; i< d; i++
softmax(d, z, z);
z[d] = -log(z[1]);

return O;

double q,

gq*alil;

int 1) // prediction function,

) z[i] = dot(nl,W[il,x);

double* b)// scalar product

y last component

//has been integrated

3
int bpred(double* x, double* =z, int 1) //incremental reverse of pred
{ z[1]-=1;
for (int i=0; i < d; i++){
saxpy(nl, x, z[i]l, bW[i]l); // parallel region must be implementedx
s
z[1]-=1;
return O;
}
int b2pred (double* x, double* z, int 1) //combination of pred and bpred
{ for (int i = 0; i< d; i++) z[i] = dot(nl,W[i],x);
softmax(d, z, z);
z[d] = -log(z[1]);
z[1]-=1;
for(int i=0; i < d; i++) saxpy(nl, x, z[il, bW[il]);

z[1]1+=1;
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148 return O;

149}

150

151 int emprisk (double* risk) //emp risk penalized by the proximal term

152 { //*risk = 0.5*gx*square (norm(nl*d,*W)); //proximal term

153 *risk=0;
154 for (int k = 0; k< m; k++ ) //depends globally on W
155 { pred (X[k],Z[k],Y[k]); // global z serves as workspace

156 xrisk += Z[k][d]; //cross entropy
157 };

158 return O;

159}

160

161 double accuracy() // counts how often we are wrong on the test set

162 {

163 int count = 0O;

164 x[n] = 1;

165 for (int k = 0; k< mt; k++ )
166 { int 1 = test_label[k];

167 for(int i= 0;i< n ;i++)

168 x[i] = test_imagel[k][i];
169 pred(x,z,1); // global z serves as workspace
170 int wrong = O;

171 for(int i= 0;i < 10;i++)

172 if (z[i] > z[1]) wrong = 1 ; //label has not maximal probability
173 if (wrong) count++;

174 +s

175 return count/((double)mt);

176}
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17s int bemprisk (doublex* risk) // empirical risk and gradient evaluation/////////

7o o *risk=0;

180 double scale = 0; // could always be zero mathematically
181 resetzero(nl*d, *bW);

182 for (int k = 0; k< m; k++ )

183 { int 1 = Y[k];

184 x = X[k];

185 double sum = O;

186 for (int i = 0; i< d; i++)

187 { z[i] = exp(dot(nl,W[i],x)-scale);
188 sum += z[i];};

189 z[1] -= sum;

190 for(int i=0; i < d; i++)

191 {z[i] /= sum;

192 saxpy(nl, x, z[il, bW[il);};
193 xrisk += -log(1l+z[1]);

194 scale += max(log(sum),-scalex0.1); // presumably this helps with the
195 }

196 return O;

107} H

198

199 // This is for the global method

200 void setcircle(double den) // compute the tangent and radial vector

s {

202 // scale(d*nl ,*dW,1.0/tnorm,*dW) ; // (re)normalize the tangent

203 // ~double gnorm = norm(d*nl,*bW);

204 if (den <=0) /// should never happen

205 { omega = 0;

206 resetzero (d*nl ,*xddW) ; //

207 printf ("\n now we are following straight lines");
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//

};

scale(d*nl, *bW, -1/gnorm, *dW); // tangent = normalized steepest descen
tnorm = 1;

}

else

{ tnorm = norm(d*nl,*dW); //norm of the tangent

iprod = dot(d*nl,*bW,*dW)/square (tnorm);
scale(ni*d,*dW, iprod/den,*ddW); // set second derivative to
saxpy (nl*d,*bW,-1/den ,*xddW);

check = dot(nilx*d, *ddW, *dW);

omega = norm(nlx*d,*ddW); // normalize second derivative in Eucli¢

tnorm norm (d*nl ,*dW) ;

if (omega != 0) scale(nl*d,*ddW,1/omega,*ddW); //ddW is either =zero or

double trigsolve(double omega, double zbar, double zhat,double ztil, double* t¢

{double sigma = firstsign(zbar, zhat, ztil); // possible here but does is di

double tea = *teast; double tau = tea*omega;

if (sigma < 0) { zbar *= sigma; zhat*= sigma; ztil*= sigma;}

double ztest = zbar - *teast*(fabs(zhat)-*teast*omega*min(0,ztil)/2);

if (ztest >= 0) return tea; // No change in upper bound since test failec
if (omega == 0){ // steppest descent case below target or by accident
if (zbar*zhat < 0) tea = -zbar/zhat; // second derivative term drops o1

return tea;

¥

else { zbar*= omega;} // ztil has like already has one omega in denomin:

{double rho

sqrt (square (zhat)+square (ztil));
double =zbplzt;
zbplzt = zbar+ztil;

if (fabs (zbplzt)<= rho)
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238 { double delta = atan2(zhat,ztil);

239 double tautil = acos(zbplzt/rho);

240 if ((- delta - tautil > 0) && (zbar > 0.00000001) ) tau = - delta
241 else if ( tautil - delta > 0.0000001 ) tau = tautil - delta;

242 else {tau = 2*xM_PI - delta - tautil;}

243 double err = zbar+ zhat*sin(tau) + ztil*(1-cos(tau));

244 double slope = zhat*cos(tau) + ztil*sin(tau);

245 if (fabs(err) >= 0.00001) printf("\n omega %e root test tau %e res |
246 };

247 return tau/omega;

248 }§

249 };

250

251 // This is for the global method

254 int main (){

255 double y, el, elt, eta;

256 n = SIZE;

257 nl = n+1;

258 srand (2019) ;

259 printf ("feature dimension: %i \n",n);
260 d = 10;

261 q=0;

262 e = 1;

263 dl = d+1;

264 printf ("layer size: %i \n",d);

265 m = NUM_TRAIN;

266 mt = NUM_TEST;

267 printf ("sample size: %i \n",m);
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268 int meth = 3;

269 printf ("method: %i \n",meth);
270 sw = m*dl;

271 eta = 2xM_PI/60;

272 targetred = 0.5 ;

273 printf ("angle bound: %f sensitivity %f targetred J%f \n",eta, e, targetred

274 int maxit =750;

275 printf ("maxit: %i \n",maxit);

276 z = (doublex)calloc(d,sizeof (double)); //intermediate layer

277 bz = (doublex*)calloc(d,sizeof (double)); //adjoints of intermediates
278 x = (double*)malloc(nli*sizeof (double)); //input data

279 //xb = (doublex*)calloc(nl,sizeof (double)); //input gradient

280 p = (double*)malloc(d*sizeof (double)); //fixed output weights

281 W = (doublex**)malloc(d*sizeof (doublex*)); //Weight matrix

282 Wmin = (double**)malloc(d*sizeof (double*)); //Weight matrix

283 Wini = (doublex**)malloc(d*sizeof (doublex*)); //Weight matrix

284 dW = (doublex**)malloc(d*sizeof (doublex*)); //Weight matrix tangent

285 ddW = (doublex*)malloc(d*sizeof (doublex*)); //Weight matrix curvature

286 bW = (doublex**)malloc(d*sizeof (doublex*)); //adjoined weight matrix

287 *W = (double*)calloc(d*nl,sizeof (double)); // continuous allocation vecto:
288 *Wini = (doublex*)calloc(d*nl,sizeof (double)); // continuous allocation ve
289 *dW = (doublex*)calloc(d*nil,sizeof (double)); // continuous allocation vect
290 *ddW = (doublex*)calloc(d*nl,sizeof (double)); // continuous allocation vec:
201 *bW = (doublex*)calloc(d*nl,sizeof (double)); // contiguous allocation vect«
202 *Wmin = (doublex*x)calloc(d*nl,sizeof (double)); // continuous allocation ve

293

294 fptre = fopen("./eltdat.txt","w");
205 for( int i = 0; i < d; i++) // allocation of weights and
296 { Wli] = *W+nix*i;

297 Wmin[i] = *Wmin+nil=*i;
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//

Wini[i] = *Wini+nilxi;

dWw[i] = *dW+nlx*i; // only needed for TOAST
ddW[i] = *ddW+nlx*i; // "

bW[i] = *bW+nlx*i; // !

+s;
for( int j = 0; j < n; j++) x[jl] = (2x(double)rand())/RAND_MAX-1;
x[n] = 1;//allocation of single sample poin

Verification of adjoints by devided differences

setsample (); //Initialize the training set of m samples with same

for (int i 0; i < nlx*xd; i++)

(xw) [i]

(#*Wini) [i] = myrandnumb()- 0.5 ;
pred(x,z,1);

y =z[d];//prediction function evaluation

printf ("\n prediction value %f \n \n ",y); //print prediction value

bpred(x,z,1); //adjoint prediction function evaluation

x[1] += 0.01;

pred(x,z,1); //check x-derivatives against divided difference
printf ("%f, %f xerror \n \n ",xb[1],(z[d]l-y)/0.01);

x[1] -= 0.01;

W[1][0] += 0.01;

pred(x,z,1); ///check W-derivative against devided differences
printf("%f, Y%f Werror \n \n ",bW[1][0],(z[d]l-y)/0.01);

W[1][0] -= 0.01;

W[O0] [n] += 0.01;

pred(x,z,1); // check W-derivative against devided differences
printf ("%12.7f, %12.7f berror \n \n ",bW[0][n],(z[d]l-y)/0.01);
emprisk (&el);

double el0 = el;
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printf (" lossvalue %f, \n",el);/// empirical risk
bemprisk (&el);

printf (" lossvalue using bemprisk %f, \n",el);

emprisk (&elt); // check W-derivative against devided differences
// End checking against divided difference
// Begin learning
if (meth==3)// This is for TOAST
{
double mull, mul2;
double taust = O0;
double teast = O0;
double target = 0 ; // not active currently
double targetol = 0.00000001;
double t = 0; // length of trajectory
double elmin = 1/0.0;
int it, bestit = -1;
for(it =0;it < maxit; it++){
bemprisk (&4el); // Compute the function value and gradients
bb and bW

gnorm = norm(nlxd, *bW);

if (it%10==0) printf("it %i, emprisk %12.4f , target %12.4f , gnorm

teastar %12.4f \n", it, el/m, target/m, gnorm/m, taust/eta, teast);

if (it%1==0) {fprintf (fptre,"%i, %f \n",it,log(min(l,el/el0))/log (1
if (el<elmin)
{ elmin = el; bestit = it;
for (int i = 0; i < nlxd; i++)
(+*Wmin) [1] = (*W)[il; 3;
if (it == 0) // initialize tangent to perturbed negative gradient
{ target = el0/2;

for (int i = 0; i < d#*nl ; i++) (xdW)[i] = - (*bW)[il*x(1 + 0.1
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//initialize tangent to perturb SD

tnorm = norm(nlx*d,*xdW);

//printf (" initial gradient size %18.12f \n ", tnorm);
s
if (el<target +targetol){

target *= targetred;

printf ("\n it %i target reached and reduced el %18.12e target

for (int i = 0; i < d#*nl ; i++) (*dwW)[i] = - (*bW)[il*x(1 + 0.1;

//initialize tangent to perturb SD

tnorm = norm(nlx*d,*dW);
if (target <0.0001) exit (50);
s
// Compute the circle
scale (d*ni1,*dW,1.0/tnorm,*dW) ;
tnorm = 1;
e = 1.0;
setcircle ((el-target)/e); //
// compute targetea

double =zbar, zhat, ztil, targetea;

zbar = (el-target);
zhat = iprod;
ztil = 0.0;

double teastold = teast;

if (omega == 0)
{ printf("it %i, omega equal to zero \n", it);
targetea = fabs ((target-el)/zhat); // go to mimimizer which |
}
elsed{
ztil = q/omega - zbar*omega;

teast = 2*xM_PI/omega; // computing targetea
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targetea = trigsolve(omega, zbar, =zhat,
s
teast = targetea;
if(it) teast = min(teast, teastold*3);
taust = min(teast*omega, eta);
if ( taust == targetea*omega) printf ("
t += teast;
if (taust == 2xM_PI){

printf ("Adjust c \n");
exit (1);
s
// Update the point and tangent
if (omega == 0){
saxpy (nl1x*d,*dW, teast ,*W);
} // straight 1line

else{

Level set

ztil, &teast);

in reach

saxpy (nl*d,*dW,sin(taust)/(omega*tnorm) ,*W) ;

saxpy (nl1*d,*ddW, (1-cos(taust))/omega ,*W);

scale(nl*d,*dW,cos(taust)/tnorm, *xdW) ;

saxpy (nl*xd,*ddW,sin(taust) ,*dW);

%18.12f,

if (fabs(checkO-1)+fabs (checkl-1)+fabs(check2-1)> 0.000001)

%18.12f, checkl %18.12f, omega %18.12e, check?2
%#18.12f, teast %f, \n ", checkO, checkl,omega, check2, teast);
printf ("\n it %5d , elO0 %5f, el %5f, target %5f, targetol 98.8f

};

’it’

s
printf ("\n maxit reached elmin %18.12f bestit %i trajectory %f target ¥%f
\n ", elmin/m, bestit, t, target/m);
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412 fclose(fptre);

413 W = Wmin;

a14 for (int i = 0; i < d*nil ; i++) (xWini)[i] -= (*Wmin)[i];

415 double dist = norm(nlx*d, *Wini);

416 printf ("failure rate %12.4f distance %12.4f \n",accuracy (), dist);
417 return 14;

418 }

419}
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