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Abstract

We extend the results obtained by Dolbeault, Felmer & Mayorga-Zambrano, and Mayorga-
Zambrano & Salinas, for the case 2 < p < N and an open bounded domain () C RN,

Let V € L*®(Q) be a potential such that V > 0. Consider the set of self-adjoint
trace-class operators acting on L?(Q)), which we denote by .#;. By the Hilbert-Schmidt
and Riesz-Schauder theorem, we know that there exists a sequence of eigenelements
of T € .9

(viT, 1 7)ien € R x L (Q)

such that B = {1,/ i € N} forms a Hilbert basis of L2(Q)). We denote the set of all
possible eigenbasis of T by %Ar. Our operator setting consists of operators T € .#; such
that

B = {B:{m,T/ie]N} G@T/ng})"”(n)} £

with finite energy, i.e.,

(T)y = inf T el [ (1900 ()] + V) (0] dx < e

Be#r ieN

In this case, we say that T belongs to the Sobolev-like cone #'P. Moreover, we denote
wl={Tew?/T>0}

The two main results of this capstone project provide tools to study free energy
functionals acting on #/, which can then be used for certain type of problems in
Quantum Mechanics. The first result proves that the embedding

W] C A

when equipped with (({-))y is compact, i.e., if (T;)nen C #/ is bounded in ((-))y,
then there exists subsequence that converges in .#;. Analogous to the embedding

Wé’P(Q) C LP(Q), we also obtain some interpolation inequalities in the language of
operators. Then, we apply this result to the minimization problem of

Fopp(T) =Tr [B(T)] + (T))o, T eV,

where f: R — R is a convex function called an entropy seed such that 5(0) = 0, and
Tr [-] denotes the trace functional.

Keywords: Sobolev-like cone, compact embeddings, Minimization, free energy func-
tional, generalized entropy functionals, Gagliardo-Nirenberg type inequalities for op-
erators, nuclear operator, Spectral theorem.
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Resumen

Extendemos los resultados obtenidos por Dolbeault, Felmer & Mayorga-Zambrano, y
Mayorga-Zambrano & Salinas, para el caso 2 < p < N con un dominio abierto y
acotado Q) C RN,

Sea V € L®(Q) un potencial tal que V > 0. Considere el conjunto de operadores
de traza auto-adjuntos definidos sobre L2(Q)), el cual denotamos por .#;. Por los
teoremas de Hilbert-Schmidt Riesz-Schauder, sabemos que existe una sequencia de
valores propios y funciones propias de T € .}

(vir, mi7)ien € R x L2(Q)

tal que B = {5;7/ i € N} forma una base Hilbertiana de L?(Q). Denotamos el
conjunto de todas las posibles bases de funciones propias de T como Hr. Nuestro
marco de trabajo consiste de operadores T € .77 tales que

#={B={nr/icN}ear/BCW(Q)} #0

y ademds con energia finita, es decir

(T))v = inf Y il /Q [V, (x) [P+ V(x)|ni7(x)|P] dx < 0.

BeZrieN

En este caso, decimos que T pertenece al cono tipo Sobolev %~ f . Ademads, denotamos
wl ={Tew?/T>0}

Los dos resultados principales de este proyecto de Titulaciéon proveen herramientas
para el estudio de funcionales de energia libre definidas sobre Wf , las cuales pueden
ser usadas para cierto tipo de problemas en Mecédnica Cudntica. El primer resultado

prueba que la inmersién
vl CA

cuando es equipada con ((-))y, es compacta. Andlogo a la inmersién W(l)’p (Q) C
L7(Q)), también obtenemos desigualdades de interpolacién, llevadas al lenguaje de
operadores. Luego, aplicamos este resultado en el problema de minimizacién para

Fopp(T) =T [B(T)] + ((T))o, T e WY,

donde f: R — R una funcién convexa llamada semilla de entropia tal que f(0) =0, y

Tr [-] denota el funcional de traza.

Keywords: Cono tipo Sobolev, inmersién compacta, minimizacién, funcional de en-
ergia libre, funcional de entropia generalizada, desigualdades de tipo Gagliardo-Nirenberg
para operadores, operadores nucleares, teorema espectral.
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Chapter 1

Introduction

The advancement of Quantum Mechanics (QM) in the first decades of the twentieth
century had at its core the field of mathematics of Functional Analysis. Mathematical
objects were developed to explain many of the questions that arise in QM. In particular,
positive self-adjoint trace class operators

T: L(Q) = L*(O)

were found to naturally describe systems in QM. For example, when investigating a
non-relativistic gravitational Hartree system, T can describe a system of gravitating
quantum particles, [2]. We denote the set of self-adjoint trace class operators by .#;.

One of the main reasons for this type of operators to be widely used in QM is
because of the Riesz-Schauder and Hilbert-Schmidt theorem, which guarantee, for any
T € .7, the existence of a sequence of eigenvalues (v;1)ien € R4 and a sequence of
eigenfunctions (77; 7)ieny C L2(Q) of T such that

B={nir/icN}

forms a Hilbertian basis of L?(Q)). We denote the set of all possible eigenbasis of T
by %r. In the Schrodinger-Poisson picture of QM, an eigenfuntion 7; 1 is referred to
as a wave function and v; T as an occupation number, [15]. Furthermore, the sequence
(ViT,MiT)ieN is said to be a mixed state. In [7], some interpolation inequalities were
proved in the study of the stability of mixed states and in [8] and [17] these results
were brought to an operator setting. Moreover, in [8] and [17] a compactness theorem
was proven at the level of operators that served as a tool for the minimization of a type
of free energy functionals.

In this work, we extend the results of [8] and [17], for the case 2 < p < N and
an open bounded domain (2 C RN. We assume that a potential V: (3 — R has the
following properties

V>0and V € L*(Q).

Our operator setting consists of self-adjoint trace class operators T € .77 such that

A ={B={n1/icN} ez /BCW'(Q)} +0
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and

(T))v = inf }  |vi7

BEAT ieN

[ IVma @l + V) (P dx <o 1)

In this case, we say that T belongs to the Sobolev-like cone #P and we refer to (1.1) as
the energy of the operator T. Moreover, we denote # = {T € #?/ T > 0}.

Then, we study two type of functionals acting on #/. The first ones are called
entropy functionals:

&p(T) =T [B(T)] = }_ Blvir), TeW],
i€EN
where f: R — R U {oo} is a convex function such that §(0) = 0. The second kind of
functionals are (V,p,B)-free energy functionals,

Fvpp(T) = &(T) + ((T))y, Tewl.

The final result of the present work consists in minimizing a free energy functional in
w.[. To achieve this, first we prove that v p,p is bounded from below. Then we prove

our main result: that given a sequence (T}),eNn C Wf such that its energy is bounded,
there exists a subsequence of (T;),en that converges in trace norm || - ||; to some T in
. This compactness result shows the similarities between the embeddings # C .7

and Wé’p (Q)) € LP(Q)). Although all of our results are proved with the assumption
that 2 < p < N, by an appropriate application of the Rellich-Kondrachov theorem, we
can extend these results for the case p > N.

We present a short description of this document
Summary of Chapter 2

In this chapter, we present some basic results of Functional Analysis that are es-
sential for our work. We begin with some definitions and properties of topological,
Banach and Hilbert spaces. We also provide the definition of convex functions and
some important results about semi-continuity which shall be used for a minimization
theorem in Section 4.4.

In Section 2.2, we give a brief overview of Lebesgue and Sobolev spaces and their
properties. The most important results are Rellich-Kondrachov theorem and Poincaré’s
inequality. Then, in Section 2.3, we introduce the theory of bounded linear operators;
some basic definitions and important results about the space .Z(¢), where J is a
Hilbert space. We give the definition of the spectrum of an operator and the definition
of several type of bounded operators such as positive operators, self-adjoint operators
and projection operators. Furthermore, we present some basic results about them, for
instance, the polar decomposition of a bounded linear operator T € .Z () and the
characterization of a projection operator. The next section is a summary of the main
results about compact operators and compact self-adjoint operators. Two of these results
are the Hilbert-Schmidt theorem and the singular value decomposition of compact
operators. We finish this section with the definitions of trace class operators and Hilbert-
Schmidt operators along with some fundamental results about them. These kind of
operators appear naturally in QM and shall help us define our operator setting #7/ .
We finish this chapter with one of the most important tools for our work: the Spectral
Theorem. Specifically, the functional calculus version of this theorem let us define

Mathematician 2 Graduation Project
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self-adjoint operators of the form F(T), where T is self-adjoint and F: R — R is a
measurable function.
Summary of Chapter 3

In this chapter, we begin with a historical overview of QM. Then, we present very
briefly some operators in QM such as the position and momentum operator. More-
over, we provide some basic but indispensable results such as Heisenberg’s uncertainty
principle. Finally, in Section 3.3, we consider the Schrodinger operator and some of its
properties.
Summary of Chapter 4

In Chapter 4 we present the results of this work. Section 4.1 consists of definitions
and preliminary results. We define the Sobolev-like cones #7, #/ and the energy of
an operator T. Then, we prove some basic facts about #'7. We finish this section with
a regularity result about the density of an operator T € #/. This result states that for
every T € #'P, its associated density function

or(x) =Y |vir

ieIN

2, xeQ

7:,7(x)

belongs to W7 (Q)) N L1(Q) for certain values of 7, g.
In Section 4.2, we define a class of functions referred to as p-Clasimir functions that
let us define trace-class operators of the form

_ p/2
P[(_W)
C

for some constant C > 0. We also define define (V,p,B)-free energy functionals acting
on #. as the sum of the total energy and entropy of an operator T € #/. The first
result in this section proves that these type of functionals are bounded from below
which, at the same time, proves some Gagliardo-Nirenberg type inequalities, adapted
for our operator setting #7/. The next section contains the most difficult result so
far: the compactness of the embedding #/] C .#; Then, in Section 4.5, we prove the
existence of a minimizer for a free energy functional.

Summary of Chapter 5

We present our conclusions and recommendations.

Mathematician 3 Graduation Project
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Chapter 2

Theoretical framework

In this chapter we present various concepts and results of Functional Analysis which
are fundamental in this work. We start with some basic definitions of mathematical
analysis. Then we give some definitions and results about Sobolev spaces. Finally, we
study different type of linear operators and their spectral properties.

The terminology and notation used in this work are standard. We shall mostly
work over the field IR, except in Subsection 2.3.2, where some concepts require the use
of C. The main references are [26], [16], [9], [21], [14], [13], [6] and [10].

2.1 Some results and definitions of Functional Analysis

This section provides the standard starting point of Functional Analysis and Operators
Theory.

2.1.1 Topological, normed and inner product spaces

The notions of limit and convergence are essential in Functional Analysis. The most
general space where we can talk about these concepts are called topological spaces.
A topological space is a set X having a family of subsets 7, called open sets, with the
following properties:

(i) The void set @ and the whole space X are in 7.

(i) If (Va)aer is a family of open sets, then | | V, € T.
ael

(iii) V., We T, then VNW € T.

T is called a topology on X. We say that (X,7) is a topological space. When the
topology on X is obvious in the context, we refer to the topological space only as X.

Remark 2.1. A set whose complement is open is said to be closed.
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Remark 2.2. The family of all topologies on a set X is ordered in a natural way: T; < Ta if
and only if T1 C Ta. If T1 < T we say that Ty is a weaker topology than T;. As we shall see,
the term weaker implies that that convergence in T; occurs more often than in Js.

The intuition of a sequence of points in a space getting closer and closer to another
point can be formalized with the concept of convergence. In order to properly work
with convergence, we need the following condition on our topological space X:

Vx,y e X,x #y,3A € O(x),3B € O(y): ANB=20, (T2)

where O(x), O(y) denote the family of all open sets containing x and y, respectively.
This condition is denoted as (T2) and all topological spaces that satisfy this condi-
tion are called Hausdorff spaces. It is well known that every convergent sequence in a
Hausdorff space has a unique limit.

Definition 2.1. Let (X, 7T") be a Hausdorff space and (x,),eN a sequence of points in X. We
say that (x,),eN converges to some x € X if and only if

VA€ O(x),ANEN: n>N = x, € A,
x is called the limit of the sequence (x,)neN, and denote

lim x, = x,
n—oo

or simply x,, — x if there is no ambiguity.

We introduce the concept of norm and normed space. The theory of normed spaces
and the theory of linear operators defined on them are the standard starting point of
functional analysis.

Definition 2.2. A (real) normed space is a linear space X and a function,

|| : X = R which
satisfies:

(i) Non-negativity: ||x|| > 0, for all x € X.
(i) Point separating: ||x|| = 0 if and only if x = 0.
(iii) Absolute homogeneity: ||ax|| = |a|||x|| for all x € X and all x € R.

(iv) Triangle inequality: ||x + y|| <||x|| +||v

,forall x,y € X.

The function||-|| is called a norm. We denote the normed space (X,||-||). When the norm on X
is obvious in a context, we refer to the normed space only as X.

Note that normed spaces are a richer-in-properties kind of topological spaces. In
fact, we can define a topology in (X,||-||) as follows

Mathematician 6 Graduation Project
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Definition 2.3. A subset A of a normed space X is open if and only if, for every x € X, there
exists r > 0 such that B,(x) C A, where

Br(x) = {y € X/ [lx =yl <r}.
These open sets form a topology on X:
T={ACX/VxeX,3dr>0:B,(x) C A}.

Remark 2.3. Every normed space is a Hausdorff space. Therefore, uniqueness of limits of

sequences in a normed space is guaranteed.

In the framework of normed spaces, the concepts of convergence and continuity are
much simpler than in topological spaces. Let X be a normed space. A sequence
(xn)nen C X converges to x € X if and only if

Ve >0,ANeN: n>N = |x,— x| <e.

Definition 2.4. Let X, Y be normed spaces. We denote ||-||x and |||, the norms in X and Y
respectively. A function f : X — Y is continuous at a point x € X if and only if for any
convergent sequence x, — x we have

f(xn) = f(x), asn— oo,

in the sense of the norm || - ||y. We say that f is continuous on A C X if and only if it is
continuous at every x € A.

The following proposition is useful in some situations

Proposition 2.1. Let X,Y be normed spaces. A function f : X — Y is continuous if and
only if for every open set V, f~1(V) is open. Similarly, f is continuous if and only if for every
closed set C, f~1(C) is closed.

A proof of this result can be found e.g., in [11].

There exists a particular class of sequences in normed spaces called Cauchy sequences
which have the property that the points of the tail of the sequence are closer and closer,
as n — oo. To be precise, a sequence of elements (x,),en of a normed space X is called
a Cauchy sequence if and only if

Ve >0,ANeN: nm>N = |x, —xu| <e.

It is clear that any convergent sequence is Cauchy. However, there exist normed
spaces where the converse is not necessarily true. The particular spaces where the
converse statement holds have a special name. A normed space X is said to be a
Banach space if and only if every Cauchy sequence in X is convergent.
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Remark 2.4. We have omitted the concept of metric spaces. In this case, if every Cauchy

sequence in a metric space is convergent, we say this space is complete.

In the following example, we present an important type of Banach space

Example 2.1. Let p € [1,00). The space
EPZW@UZ{“ZOMQNQR/XH%V<W}
i€eN

is a Banach space when equipped with the norm

p
Hﬂwz(ﬂMM)-

ieIN
We define the conjugate exponent p’ of a number 1 < p < oo as follows
pp
In part, this is helpful because of a very practical result called Holder’s inequality, which
states that for any « = (a;)ien € 0P and B = (Bi)ieN € 07" we have that

ieEN ieEN i€N
Moreover, there exists a similar result called reversed Holder’s inequality, which states that
if a, B € (¥ are non-negative and p € (0,1), p’ € (—o0,0), then

Y wipi > <§:|wip)lh7<§:5AV>1M 

iEN i€N i€EN
Proofs of both inequalities can be found in [16, Prop. 4.1] and [1, Th. 2.6], respectively.

In the study of normed spaces, it is often useful to analyze the behaviour of linear
functionals acting on these normed spaces. We denote by X’ the topological dual space
of a normed space X, which consists of all continuous linear functionals acting on X.
This space becomes a normed space when equipped with the norm

7(x)
= Su .
Il =sup

X' is in fact a Banach space (see Proposition 2.5). From this definition it is clear that
every continuous linear functional is bounded, that is

VpeX,3c>0,Vxe X: |n(x)] <c|x|.
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It can be proven that the smallest such ¢ is equal to ||57]|, [21]. Furthermore, it can be
proven that every bounded linear functional is continuous. Continuous linear func-
tionals are a special type of bounded linear operators, which are studied in depth in
future sections.

We can define a certain type of convergence in a normed space X, using its dual
space X'. We say that (x,),en C X weakly converges to some x € X as n — oo, denoted

by

Xy — X, aS 1 —» 0
if and only if
Vo € X ;}g%ogb(xn) = ¢(x).

There are many properties that deal with weak convergence. For a more in-depth
study, see e.g., [6].

An even richer-in-properties space than normed spaces are the inner product spaces.
These types of spaces generalize the geometric notions that can be seen in R3.

Definition 2.5. A (real) linear space X is called an inner-product space if and only if there is
a real-valued function (-,-) on X x X that satisfies the following conditions, for all x,y,z € X
and o € C:

(i) (x,x) > 0and (x,x) = 0 if and only if x = 0.
(i) (x+y,2) = (x,2) + (y,2).
(iii) (ax,y) = a(x,y).

(iv) (x,y) = (y,%).
The function (-, -) is called an inner-product on X.

Note that every inner product space is a normed space since (-, -) induces a norm:

x| = (x,x)12.

Furthermore, for a normed space X to be an inner-product space, the following condi-
tion is necessary and sufficient:

vry € Xo 2fxl* + 2]yl = [lx +yl* + x -yl
This is called the parallelogram identity.

2.1.2 Properties of Banach and Hilbert spaces

Previously, we defined Banach spaces, which are very similar to R” in the sense that
there exists a sense of size and distance. Even though the norm does not always arise
from an inner product, it still has some interesting properties.

The next result gives a sufficient and necessary condition for subspaces of a Banach
space to be complete.
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Proposition 2.2. Let X be a Banach space and Y C X, then Y is a Banach space if and only if
Y is closed.

A proof of this proposition can be found in [13].

Another important tool that we shall use are isometries. We say that two normed
spaces X and Y are isometric if and only if there exists a bijection ¢ : X — Y, called
isometry, such that

vee X: (gCll = lx].

Two Banach spaces which are isometric have the same Banach space properties and in
this context we can consider them as two representations of the same abstract space.
Using isometries and the next result, which states that every normed space can be
completed in a unique way, we shall be able to work with completions of incomplete
spaces.

Theorem 2.1. Let X be a normed space. Then there is a Banach space X and an isometry ¢ from

X onto a subspace W C X which is dense in X. The space X is unique, except for isometries.

A proof of this theorem can be found in [13, Th. 2.3.2].

The following result, that is useful when working with normed spaces, is concerned
with extending linear functionals while keeping its size. This is called Hahn-Banach
theorem for normed spaces.

Theorem 2.2. Let X be a normed linear space, Y a subspace of X, and 1 an element of Y'.
Then there exists a 7] € X' extending 1 and satisfying

17l = [l -

There are other important theorems about bounded linear maps on Banach spaces.
These results will be given in future sections. For now, we discuss a kind of space
which has more properties than Banach spaces.

Inner-product spaces which are complete are called Hilbert spaces. We often denote
a generic Hilbert space as H. Hilbert spaces are full of geometric properties because of
the inner product itself, which is a generalization of the usual dot product on RY.

First, we give an important inequality of inner product spaces, called the Cauchy-
Schwarz inequality

Proposition 2.3. Let x and y in ‘H, then

()] < [l lyll-

Proof. Let x,y € H. Note that

o< (- - Y XY Vo1 L, L
IANUE2 I 17 163 A 77 A [l Nyl
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and
0< |+ 2o oo L ) <2 [ 14 | 2
(RIS x[ lyl
Then
* Y <1
X[yl
and the result immediately follows. O

Analogous to RV, the inner-product (-,-) let us define important concepts such
as orthogonality of vectors of a Hilbert space H . Two elements x,y € H are said to
be orthogonal if (x,y) = 0. A collection of vectors {x,/A € A} in H is called an

orthonormal set if
(x,\,xﬁ) =1, ifA= ﬁ,
(x/\/xﬁ) =0, lf)t%ﬁ

Additionally, we can define the orthogonal complement of a set contained in H. Let
Y C H, we denote by Y the set of vectors which are orthogonal to every element in
Y, ie.

Yt ={xeH/VyeY: (x,y) =0}
If Y is closed, then Y= is also closed. The following theorem generalizes the idea of

projecting a vector onto a closed subspace.

Theorem 2.3. Let ‘H be a Hilbert space, Y a closed subspace of H. Then every x € H can be
uniquely written as x = z + w, wherez € Y and w € Y+,

A proof of this theorem can be found in [21, Th. IL.3].
The dual space of a Hilbert space can be easily characterized by the following
theorem, which is referred as the Riesz-Fréchet theorem

Theorem 2.4. Let H be a Hilbert space. For each 1 € H’, there exists a unique y, € H such
that

VxeH: y(x)=(xyy) and ||[p|| = [lyyll-
A proof of this theorem can be found in [21, Th. I1.4].

Remark 2.5. Thanks to Riesz representation theorem, the following notation becomes very
helpful. Let X be a normed space and ¢ € X', we denote the action of ¢ with the product in
duality as follows

P(x) = (¢,x), xeX

The next concept that we generalize from RY is that of an orthonormal basis. We say
that S C H is an orthonormal basis for H if and only if

(i) S is orthonormal.
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(i) (S) = H.

(S) denotes the span of S, i.e. the set of finite linear combinations of elements of
S. Using Zorn’s lemma, we can prove that every Hilbert space has an orthonormal
basis. Most Hilbert spaces that arise in practice have a countable dense subset. We
called this kind of spaces separable Hilbert spaces. In this case, every orthonormal
basis is countable and it is called a Hilbert basis. Furthermore, analogously to the
finite dimensional case, every element of H can be written as a linear combination of
elements of this Hilbert basis.

Theorem 2.5. Let H be a separable Hilbert space and S = {x, /n € IN} a Hilbert basis. Then
foreachy € H,

(Z) y = 2 (xn,}/)xn-

nelN

(ii) Parseval identity: Hsz =) |(x0, 1) |2
nelN

The coefficients (x,,y) are often called Fourier coefficients of y with respect to the basis
S.

2.1.3 Convex functions and semi-continuity
This subsection gives the definition of a convex function along with some important

properties, which are very important for minimization problems.

Definition 2.6. Let A be a linear space. We say that a function f: A — R is convex function
if and only if

Vx,y € AVEE[0,1]: fltx+ (1—t)y) < tf(x)+ (1 — ) f(y).

A direct consequence of this definition is the following inequality for convex functions

f (Z )\ixi) < Y Aif(x),
ielN ielN

where ) " A; =1and (x;)jen € A. We can extend this inequality to integrals. A proof
i€N
of this property can be found in [4].
We recall that a function f : V — R U {co} is said to be lower semi-continuous if it
satisfies
VXeV,Ve>0,36>0: |x—%|<é = f(X)—€< f(x).

It is clear that every continuous function is lower semi-continuous.
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Lemma 2.1. Let V be a Banach space and f: X — R convex and lower semi-continuous. Let
(xn)ne]N C V such that

Xy — X, AS 1N — 00,

for some x € V. Then
flx) < li%ginff(xn).

A proof of this result can be found in [6].
We finish this subsection with a useful result

Lemma 2.2. Let f : V — R be a convex function. If f is bounded above by a constant, then f
is continuous at V.

A proof of this lemma can be found in [26, Lemma 2.1].

2.2 Lebesgue and Sobolev spaces

Lebesgue and Sobolev spaces are some of the most used Banach spaces in differential
equations and other fields where Functional Analysis plays a role. In this section we
study the properties of these spaces. For convenience, throughout this section we shall
assume that Q C RY is open with boundary 6Q) of class C!. This formally means that
Q) is locally very similar to B;(0) € RN. For an exact description of this concept, see

e.g., [6].

2.2.1 Lebesgue spaces

The support of a continuous function f: 3 — R, denoted by supp(f), is the smallest
closed subset of () where the function does not vanish, i.e.,

supp(f) = {x € Q/ f(x) # 0}.

We denote by C5°(Q)) the space of infinite differentiable functions f : O — R with
compact support. It is well known that C§°(€}) is a normed space when equipped with
the norm

£l = sup [ £ (x)].
xeQ)

For a proof of this result, see e.g., [16].
For f € C3°(Q2), we write

sy = /Q £ (x)|dx. 2.1)

(2.1) defines a norm in C§°(Q) and is called the L! — norm. The completion of CF(Q),
(see theorem 2.1), denoted by

L'@) = (€3 (), o)

is called the Lebesgue space L1 (Q)).
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Remark 2.6. The space L'(Q) is the set of equivalence classes determined by the equivalence

relation

frg e [ 1fx)—gx)ax =0, 22)

There are several important results about convergence in L!(Q)). However, we only
state Fatou’s lemma. For more results about integration, see [6].

Proposition 2.4. Let (f;)nen C L' (Q) such that for each n € N, f,, > 0. Then

/ liminf f, (x)dx < hmmf/ fu(x)dx
(@)

n—00

A proof of this result can be found in [24].
Let 1 < p < oo. Similar to (2.1), for f € C§°(QQ) we use the notation

ey = ([ oras) 2

(2.3) represents a norm (see [6]) in C§°(Q)) and is called the LP — norm. The completion

() = (CP(Q) o)

is the Lebesgue space LP (()) and its elements are equivalence classes given by the equiv-
alence relation (2.2). The next result provides a useful inequality in these spaces.

Theorem 2.6. For any f € LP(Q) and ¢ € LV (Q), fg is in L}(Q) and

||ngL1(Q) = HfHLP(Q) HgHLP’(Q)

For a proof of Holder’s inequality, see [6, Th. 4.6].
One of the consequences of Holder’s inequality is the following interpolation inequal-

ity
Corollary 2.1. Let f € LP(Q)NLI(Q), with1 < p < g < oo, then f € L"(Q) for all r such
that p < r < gq. Moreover, we have

1—
£l = IFllEp oy 1 lliacary
where , ,
S22y 278 o<a<t
rp q
Proof. Let p <r <gand 0 < a <1 such that
1w 1«
ropaq’
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which can be rewritten as

Then, using Holder’s inequality

oy = [ fldx
= [l

re r(1—a)
p

< ([ it " ([ irer et )
= ([, rera)” ([ o) -

1—
- Hf”g(o) HerL(q(QD;)

Thus, since f was chosen arbitrarily, we have proved the interpolation inequality. [

f

The study of reflexivity, duality and separability of L”(Q)) needs to be separated into
cases depending on the value of p. The most favourable case is when 1 < p < oo, since

L?(Q) is reflexive, separable and the dual is L”' (). This last property is due to the
fact that every continuous linear functional on L?(Q)) can be represented in a unique
way as an integral. This result is called the Riesz representation theorem:

Theorem 2.7. Let 1 < p < ocoand p € (LP(Q))). Then there exists a unique function
u € LV (Q) such that

Wf) = [ u@fxdx feL ().

Moreover,
ullp ) = 19wy

A proof Riesz representation theorem can be found in [6, Th. 4.11]. The mapping
¢ — u given by Riesz theorem is a surjective isometry, and it allows us to make the
identification

(L () = L7(Q).

In the case where p = 1, we have that L!(Q) is separable but not reflexive. Nonethe-
less, we can make the identification

(L1(Q)" = L*(Q),

thanks to the Riesz Representation theorem for L(Q):
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Theorem 2.8. Let 1y € (L'(Q))’. Then there exists a unique function u € L°(Q) such that

W f) = [ ux)f@dx, feLl(@).

Moreover,
[ulloy = 19l @)y

A proof of this can be found in [6, Th. 4.14]

Finally, the space L®((}) is not separable nor is reflexive since this would imply
that L1(Q) is reflexive. A proof of all the properties given until now can be found in
[6].

We finish this section by defining the space of locally integrable functions. We use the
notation x for the characteristic function of a set K:

(x) = 1 ,ifx €Kk,
A =30  ifx ¢ K

We say that a function f : QO — R belongs to L], (Q) if fxx € L¥(Q) for every compact
set K contained in ().

2.2.2 Sobolev spaces and Sobolev embeddings

In the study of partial differential equations (PDE) it is usually difficult to directly
find solutions. Nonetheless, we can weaken the notion of derivability and create new
spaces that are suitable for the study of PDE’s. Therefore we begin by weakening the
notion of partial derivatives. In order to achieve this, we use the space of test functions
C(Q).

Leta = (ay,...,&,) be a multiindex! of order |a| = k and u € C¥(Q). In this case
we define
o allu(x)
Cox(te - oxyy

If ¢ € C5°(Q), then integration by parts yields

D"u(x) =y - - - 9y u(x).

/Qu(x)D“tlJ(x)dx:(—1)""/0D“u(x)1/)(x)dx.

By changing the space where u lives to a more general one, the equality above moti-
vates the following definition

Definition 2.7. Let u € L}

1oc(QY). The weak partial derivative of u (if it exists) is a function
v € L} (Q), written

Du =,

LA vector of the form a = (ay,a,...,a,) where each component «; is a nonnegative integer is called
a multiindex of order |a| = a3 + - - + a,.
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such that

/Qu(x)Dtp(x)dx = —/Qv(x)tp(x)dx

for all test functions p € CF(Q). More generally, if a is a multiindex, the a'"-weak partial
derivative of u is a function v € L}, (Q) such that

/Qu(x)m/;( x)dx = ( I“/

for all test functions ¢ € C5°(Q)). We write v = D*u.

Not all functions have a weak derivative (see [10, Pg. 258, Ex. 2]). Nevertheless, if it
exists, the partial weak derivative of a function is unique. In fact, let u € L}, (Q) such
that there exists v, U satisfying

/QuD”‘lp( x)dx = (— |“/ x)dx = ( —1)“'/()Mtp(x)dx

for all p € CF°(Q2). Then
| o) = o@px)dx =0,

whence v — 7 = 0 a.e. (see [6, Cor. 4.24]). Hence the partial weak derivative, if it exists,
is unique.

Sobolev spaces are built using the notion of weak derivative. Fix 1 < p < o0
and let k be a nonnegative integer. The Sobolev space W*?(Q) consists of all functions
u € L} (Q) such that for each multiindex « with |a| < k, D*u exists in the weak sense
and belongs to LP(Q)), i.e.,

Wk'p(Q) ={uc L}OC(Q)/VM] <k:D*u e LP(O))}.
In the special case when p = 2, we write
H(Q) = W (),

where k is a nonnegative integer. We define the norm of an element u € W*?(Q), for

1<p<ooas
1/p
HT/lek,p (Z / ‘D‘X )pdx> .
lac| <k

Similarly, the norm of an element u € W**®(Q) is defined to be

14l wkes () =) HDZX”HLOO

lae| <k

The completion of C§°((2) under this norm is denoted as Wg’p (Q). Thatis, u € Wg’p (Q)
if and only if

It men € CF(Q) 1 uy — uin WP(Q),  asm — co.
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In the special case where p = 2, we write
k2
H(Q) = Wg*(Q).

One of the main properties of WX?(Q) inherited from LP(Q) is that it is a Banach
space.

Theorem 2.9. Foreachk =1,2,3... and 1 < p < oo the Sobolev space Wk'p(Q) is a Banach
space. In the case when p = 2, H*(Q)) is a Hilbert space with inner product

(w,0)g = Y (D*u, D"v),.
0<|alk

Furthermore, WX? (Q) is reflexive for 1 < p < oo and it is separable for 1 < p < co.

A proof of this theorem can be found in [6] and [10].

Another advantage of working with Sobolev spaces is that it is not always necessary
to use the definition of weak derivative. This strategy consists in approximating a
function in a Sobolev space by a sequence of smooth functions. The following theorem
is one of several density theorems for Sobolev spaces.

Theorem 2.10. Assume that Q) is bounded with boundary of class C'. Suppose u € W*?(Q)
for some 1 < p < oo. Then

Ftm)men CCF(Q) 1 Uy — uin Wk’p(Q), as m — oo,

A proof of this theorem can be found in [10, Th.3, Sec. 5.3.3]
When studying Sobolev spaces W57 (Q)), we define the Sobolev critical exponent p*
of 1 < p < N by
P = N——p
Now, we want to establish some Sobolev embeddings which will depend upon whether
we are in one of these cases:

(i) 1<p<N.
(ii) p = N (the limiting case).
(iii) N < p < oo.

In each case we state Sobolev inequalities along with the corresponding embeddings.
First, we study the Sobolev space W'?(IRVN) for the case (i). The Sobolev inequality
obtained in this case is called the Gagliardo-Nirenberg-Sobolev inequality:

Theorem 2.11. Assume 1 < p < N. There exists a constant C = C(p, N) such that
[l (rvy < ClIDu [ rov)

and
WP (RN) € L7 (RN).
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A proof of this result can be found in [6, Th. 9.9]. A direct consequence of this theorem
is the following continuous embedding

Corollary 2.2. Let 1 < p < N. Then
vg € [pp’l: WHPRY) CLIRY),
with continuous injection.

Proof. Given g € [p, p*], we write

a 1—«n
_+—*’
p p

E
q
for some 0 < a < 1. Let u € WYP(RN). By Theorem 2.11, u € LP(RN) NLF (RY).
Using the interpolation inequality given in corollary 2.1, we deduce
1—
loelagaeny < el 1l -
By Young’s inequality
el mny < lelfp ey +llllp oy -
Using theorem 2.11 we get
[llLary < Cllullwepwny -
Since u, g were chosen arbitrarily, we conclude. O

Remark 2.7. In the proof of the last corollary we use Young's inequality. This inequality states
that

where a,b > 0 and p is such that 1 < p < co.

The next result derived from Theorem 2.11 gives a Sobolev embedding for the
limiting case p = N

Corollary 2.3. Let p = N, we have
Vg € [N,00): WY (RN) C LI(RYN).
The proof of this corollary can be found in [6, Cor. 9.11].

Finally, for the case where p > N, The Sobolev embedding is given by Morrey’s
theorem
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Theorem 2.12. Let p > N. Then
WP (RN) C L®(RN)
with continuous injection.

A proof of this theorem can be found in [6, Th. 9.12].
Now, in order to obtain the Sobolev embeddings when () C RN, we use the exten-
sion operator defined in [6, Th.9.7], P : W} (Q)) — WP (RYN), where

(x) = Pu(x) = {g}’”' lii - EEV Q.

Hence, we can apply all the results that we already have for RN. We assume that () is
an open bounded set of class C!. Thus we have the following result

Corollary 2.4. Let 1 < p < co. We have
(i) Let p < N. Then WL/P(Q) C LP"(Q).
(ii) Let p = N. Then
Vg € [poo): WHY(Q) CLI(Q).
(iii) Let p > N. Then WP (Q) C L®(Q).

All these injections are continuous. Moreover, if p > N we have

Ve WH(Q) s [u(x) —u(y)] < Clullyiey It —y*  aexyeq,

witha =1 — % and C = C(Q), p,N) > 0. In particular

W (Q) C C(Q).

There are similar embeddings for the general case W57 (Q)), where k > 1. These
results can be found in [6, Cor. 9.13].

Next theorem gives additional results to Gagliardo-Nirenberg-Sobolev theorem for
WP (Q). For instance, it states that any bounded sequence in W'7(Q), contains a
convergent subsequence in L7 (Q}). This theorem is called Rellich-Kondrachov theorem

Theorem 2.13. Suppose that Q) is bounded with boundary of class Cl. Then we have the
following compact injections

(i) Let p < N. Then
Vg e [L,p*]: WY (Q)CLI(Q).

Mathematician 20 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

(ii) Let p = N. Then
Vg e poo): WY(Q) CLIQ)).

(iii) Let p > N. Then WP (Q) C C(Q).
In particular, WP (Q) C LP(Q) with compact injection for all p, N.
A proof of this theorem can be found in [6, Th. 9.16].
Remark 2.8. The definition of compact operator is given in Definition 2.15

We finish this section by giving an important inequality for functions in W&’p (Q).
This result is called Poincaré’s inequality

Theorem 2.14. Assume that Q) is a bounded open subset of RN. Suppose u € W7(Q) for
some 1 < p < N. Then we have the estimate

Vae [Lp]: ullo) < ClDullyq),
for some constant C = C(p,q, N, Q) > 0. In particular

Vi<p<oo: |ullppqy < ClDullpq)-
A proof of this theorem can be found in [10, Ch.5, Th. 3].

Remark 2.9. Poincaré’s inequality let us use ||Du|| ) as an equivalent norm in wir(Q),
whenever () is bounded.

2.3 Bounded linear operators

At the beginning of this section we give some definitions and fundamental results
about bounded linear operators acting on Banach spaces. Then we introduce concepts
such as spectral analysis of bounded operators, polar decomposition of bounded oper-
ators and projection operators.

2.3.1 Definitions and properties. Adjoint operators

Let X,Y be normed spaces and T : X — Y a linear operator. We denote by .Z (X, Y)
the space of all linear operators T such that

de>0,Vxe X: |Tx|ly <c|x]yx- (2.5)

T € Z(X,Y) is called a bounded linear operator because for any A C X bounded, T(A)
is also bounded.
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In this setting, a continuous operator T' maps convergent sequences into convergent
ones, i.e.
Xp —x = Tx, -y=Tx, asn— co.

Hence, by the linearity of T, if T is bounded then T is continuous. Moreover, the
converse is true as well. A proof of this can be found in [14, Ch. 15, Th. 1].
We define ||T|| as follows

| Tx|]
IT|| = sup T
x#0 [E415%
Note that ||T|| is the smallest constant such that (2.5) holds and a proof of this fact
can be found in e.g., [16]. It is not difficult to show that the above defines a norm on

Z(X,Y). We call this norm the operator norm. Additionally, we have the following
result

Proposition 2.5. Let Y be a Banach space. Then £ (X,Y) is a Banach space when equipped

with the operator norm.
Proof. Let (Ty)nen be a Cauchy sequence in Z(X,Y), i.e.
Ve >0,INeN: nm>N = ||T, — Tul| <e. (2.6)

Let u € X, then
| Towtt = Tyt || < [T — T [Jue]] , (27)

which implies, by (2.6), that the sequence (T}, (u)),en C Y is Cauchy. Since Y is Banach,
we have that there exists Tu € Y such that

lim T,u = Tu. (2.8)

n—00
Since u was chosen arbitrarily, and because the limit is unique, (2.8) defines an operator
T:X — Y. Clearly T is linear. Moreover, by (2.7), if we let m — oo and by setting
n>Nandu e X
(T = T)ul| < elful].
Since u was arbitrary, the latter shows that T € .#(X,Y). Moreover, we deduce
n>N = ||T,—T| <e.

This implies that the sequence (T,),en is convergent. Furthermore, since T stays in
Z(X,Y) and (Ty),en was an arbitrary Cauchy sequence in .2 (X, Y), we have proved
that £ (X,Y) is complete. O

Remark 2.10. Suppose that X,Y are only normed spaces, and T is bounded in the sense of
(2.5). Then T can be extended by continuity to a bounded mapping of the completion of X
into the completion of Y. This observation is very important since it allows us to construct
extensions of bounded maps, now acting on complete spaces. A proof of this fact can be found
in [21].
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Remark 2.11. Given a family of topological spaces ((Yx, Ga))ren and a family of functions of
functions (fy)ren Such that

fa: X =Y,
it is well that known we can construct the smallest topology on X such that all functions f) are
continuous, [11]. This topology is referred to as the initial topology determined by the family
(Grr fa)ren

The operator norm induces a topology on . (X,Y) which is often called uniform
operator topology. Nonetheless, there are other useful topologies that can be defined for
Z(X,Y):

(i) The strong operator topology is the initial topology on .Z (X, Y) for which all func-

tions
pr: L(XY) — Y
T — ¢(T)=Tx

are continuous, for all x € X.

(i) The weak operator topology is the initial topology on .# (X, Y) for which all linear
functionals of the form

”x/f : X(X, Y) — R
T — (xe, T) = ({, Tx)
are continuous, forallx € X and ¢/ € Y'.

In the strong operator topology, a sequence of operators (T,),cN converges to an op-
erator T if and only if

VxeX: ||Tux—Tx|| =0, asn— o,
which we denote by T, =+ T. In the weak operator topology, a sequence of operators
(Tu)nen converges to an operator T if and only if
Vxe X,VleY' : |{(Tyx)—4(Tx)] -0, asn— oo,
which we denote by T,, = T.

Remark 2.12. Note that convergence in the uniform operator topology implies convergence in

the strong operator topology which implies convergence in the weak operator topology.

Another important concept is the adjoint of a bounded linear map T € Z(X,Y),
which is an infinite-dimensional generalization of the transpose of a matrix. Let £ € Y.
We define an operator T’ : Y/ — X' by

T'lx = ¢(Tx), x€ X.

T' is called the adjoint of T. Using the product in duality we can rewrite the definition
of the adjoint operator T : Y/ — X,

(T'l,x) = (¢, Tx), x€X.

The adjoint of a bounded linear operator is always bounded. Moreover, we have the
following proposition:
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Proposition 2.6. Let X,Y be a pair of Banach spaces. The map T — T’ is an isometric
isomorphism of £ (X,Y) into £ (Y, X").

Proof. Tt is clear that the map T — T’ is linear. Let’s prove that T’ is bounded. It can
be proven that the following norm

IT]] = sup || Tx| (2.9)
Ixll=1

is equivalent to the operator norm defined at the beginning of this section. Now, since
Y is a Banach space for any y € Y, we have that (see [21, Pg. 77])

ly|| = sup [¢(y)|, LeY.
=

Hence, using the above and the adjoint operator T’, we can rewrite (2.9) as

|T|| = sup | sup |¢(Tx)|
[x[|=1 \I[¢]|=1

= sup | sup |(T'¢)(x)]
11=1"\llx[|=1

Hence T’ is bounded and the mapping T — T’ is an isometry. O

When X =Y = H is a Hilbert space, we denote the adjoint of T by T*, and by the
Riesz-Fréchet theorem, for any x,y in H,

(Tx,y) = (x, T'y) .
Remark 2.13. Strictly speaking, T* is called the Hilbert-adjoint of T.

The following proposition states some important properties of the adjoint of an
operator:

Proposition 2.7. Let ‘H be a Hilbert space and S, T € £ (H). Then:
(i) (S+T)*=S"+T*and (ST)* = T*S*.
(ii)) (T*)* =T.

(iii) If T has a bounded inverse, T~", then T* has a bounded inverse and (T*)~! = (T~1)*.
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(iv) The adjoint of T is bounded and || T*|| = ||T||. Moreover | T*T|| = ||T||*.
Proof. (i) and (ii) are easily checked. Suppose that T has a bounded inverse T~!, then,

by (i) and (ii)

T*(T—l)* — (T—lT)*

and since I* = I, the computations above imply (T*)~! = (T~!)*. The fact that T*
is bounded and that || T*|| = || T|| follows from the last proposition. Note that, for any
xeX

T Tx|| <[ T*[[II ]
<[ HTII*I,

which implies that
IT Tl < T[T = )T

Moreover, by the Cauchy Schwarz inequality

HT*TH > sup (x,T*Tx)

[l xf=1

and we conclude that || T*T|| = ||T||*. O

There is an important class of bounded operators called self-adjoint. These are all
T € £(H) such that T = T*, where H is a separable Hilbert space. We denote this
space by Zs(H). There are several properties of bounded self-adjoint operators that
will be studied in the next sections.

Remark 2.14. If H is a real linear space, then Zs(H ) is also a real linear space. This is because

when H is a real linear space, its inner-product (-, -) is symmetric.

Example 2.2. Assume that Q C RN is an open, bounded domain with boundary of C! class.
In the case where H = 12(Q) we write

Zs = Zs(12(Q)) = {T € £/ T is self-adjoint },

where & = £ (12(Q)).
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In the study of linear operators, it is useful to define the following two sets. Let
X, Y be normed spaces and T € .Z(X,Y). The kernel of T is the set

Ker(T) = {x € X/Tx = 0}.
The range or image of T is the set
T(X)={yeY/Ixe X:Tx =y}.

Ker(T) and T(X) are subspaces of X and Y, respectively. Moreover, we have the
following result:

Proposition 2.8. Let X,Y be normed linear spaces, T : X — Y a bounded, linear operator.
Then Ker(T) is a closed linear subspace of X.

Proof. Since T is continuous, the preimage of closed sets are closed sets. Since {0} is
a singleton in a normed space, it is closed. Hence T~!({0}) is closed. But Ker(T) is
precisely T~1({0}), which concludes the proof. O

Now, we shall state three very important theorems concerning bounded linear oper-
ators on Banach spaces: the Principle of Uniform Boundedness, the Open Mapping Theorem
and the Closed Graph Theorem. A proof of these theorems can be found in [13].

The first theorem gives sufficient conditions for (|T;||),cp to be bounded, where
the T),’s are bounded linear operators from a Banach space into a normed space.

Theorem 2.15 (Principle of Uniform Boundedness). Let (T),cn € £ (X,Y), where X
is a Banach space and Y is a normed linear space. Suppose that, for any x in X, the sequence
(| Tux||),en is bounded. Then (||Ty||)nen is bounded.

For the second theorem, we need the concept of open map. This theorem gives
conditions for the inverse of a bounded linear map to be bounded. Let X and Y be
topological spaces. We say that an operator

T:(X,Tx) = (Y, Ty)
is open if and only if T maps open sets into open sets. That is,
VAeTx: T(A)€Ty.
Theorem 2.16 (Open Mapping Theorem). A bounded linear operator T from a Banach space
X onto a Banach space Y is an open mapping. Hence, if T is bijective, T~ is bounded.

Thirdly, we have the closed graph theorem. This theorem gives conditions for a
closed operator to be bounded. As before, we define first what it means for an operator
to be closed
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Definition 2.8. Let X, Y be normed spaces and T : X — Y. Then T is closed if and only if its

graph
G(T)={(x,y) e XxY/xe X y=Tx},

is closed in the normed space X x Y.

Theorem 2.17 (Closed Graph Theorem). Let X and Y be Banach spaces and
T:Dom(T)C X —Y

a closed linear operator. Then, if Dom(T) is closed in X, the operator T is bounded.

2.3.2 The spectrum

In this section we shall give some tools that will help us in the analysis of bounded
linear operators. More specifically, the spectral analysis of elements in .2’ (X), where X
is a Banach space. Throughout this section, we consider complex linear spaces.

Definition 2.9. Let X be a complex Banach space. The resolvent set of T € £ (X), denoted

by p(T), consists of those complex numbers A for which the operator A1 — T is invertible, i.e.,

(i) Ty = Al — T is injective.
(ii) T)\(X) = X.
(iii) (A1 —T) " is bounded.
Furthermore, we write R)(T) = (Al — T) . Ry (T) is called the resolvent of T at A. Further,

we refer to A as a regular values of T. If A & p(T), then A is said to be in the spectrum o (T)
of T.

The next definition divides the spectrum into three: the point spectrum, the residual
spectrum and the continuous spectrum. This is necessary since we can extract plenty of
information about an operator by just studying its point spectrum.

Definition 2.10. Let T € £ (X). An x # 0 which satisfies Tx = Ax for some A € C is called
an eigenvector of T, A is called the corresponding eigenvalue. The set

0p(T) ={A € C/3Ix #0:Tx = Ax}
is called the point spectrum of T. Moreover:

e If A is not an eigenvalue and Ty (X) is not dense in X, then A is said to be in the residual
spectrum of T, and is denoted by o(T).
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e If A is not an eigenvalue and R (T) is unbounded, then A is said to be in the continuous
spectrum of T, and is denoted by o.(T).

Note that 0(T) = 0,(T) U0y (T) Uoe(T).
In order to prove some properties of the resolvent and spectrum of a bounded linear
adjoint operator, we need the following result about invertibility of bounded operators

Proposition 2.9. Let X be a Banach space and T € £ (X) such that ||T|| < 1. Then the series
Y. (2.10)
n=0

converges in norm and its limit is (I — T) 1.

[e9)
Proof. Since the geometric series ) _ ||T||" converges for || T|| < 1, and because
n=1

vneN: ||T"| <|T|",
the series in (2.10) converges absolutely for | T|| < 1. Since .#(X) is a Banach space,
absolute convergence implies convergence, [21]. Hence (2.10) is a convergent series in

Z(X). Now, let’s prove that (2.10) converges to (I — T)~!. We denote the sum of this
series by S. Consider the following computation

(I=T)(Sn) = (S)(I-T) =1 -T"",

where S, denotes the partial sum up to n of our series. Since |T|| < 1, we have that
T"+1 — 0 as n — oo. Hence

(I-T)S=S(I—T) =1

This shows that S = (I — T) 1. O

The last result provides the following representation of the resolvent

RA(T)=(M-T) = % (1— %T) L %; (%T)n,

where, by the last proposition, the series converges for all A such that [A| > ||T||. This
implies that
VAeC: |A|>|T]| = Ae€p(T).
Moreover, we deduce that
o(T) < Byr)(0).

Hence ¢(T) is bounded in C.
We are ready to give some topological properties about the resolvent and spectrum
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Theorem 2.18. Let T € £ (X)), where X is a Banach space, then:
(i) The resolvent set p(T) is an open susbet of C. Hence o (T) is closed.
(ii) The resolvent of T, defined as a function on p(T), is analytic on p(T).
(iii) The spectrum o(T) is a non empty bounded subset of C.

Proof. Let’s prove (i). Clearly, by the last discussion, p(T) is not empty. Let Ay € p(T),
we have to prove there exists r > 0 such that B,(Ag) C p(T). For any A € C we have

Al =T = [T — Aol — (A — Ao) ]
= —(T — AoI) (I —(A=20) (T - )\01)_1>
= (LI -T)V,

where V = —[I — (A — Ag)R),(T)]. Clearly, V has a bounded inverse for all A such that
[(A = A0)Rp, (T)|| <1, ie.,
1
A=A < =——. (2.11)
1RA(T)]]
Hence, since (Aol — T) also has a bounded inverse, we see that for all A satisfying
(2.11), (AI — T) also has a bounded inverse. Hence (2.11) represents a disk centered at

Ao and radius
1

Ry, (T)
consisting of regular values A of T. This concludes the proof of (i).
For (ii), we note that since the resolvent can be expanded into a power series around
each point A of p(T), assertion (ii) holds.
Finally, let’s prove (iii). We already proved that ¢(T) is bounded. It only remains
to prove that it is not empty. The representation for the resolvent

R =13 (37)
n=0
converges for |A| > ||T||. This representation is a Laurent series for the resolvent
around oo and its first term is .

XI.

Integrating the series with respect to A around the contour
C:{/\EC ‘/\‘ :C}/

for a fixed ¢ > ||T||, and using the residual theorem (see [14]), gives
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j{: Ry(T)dA = 27il. (2.12)

We argue by reduction to absurdity. If we assume that o(T) = @, then p(T) = C.
Hence R, (T) is an entire function by (ii). Then by the Cauchy integral theorem (see [14]),
applicable to analytic functions in a Banach space, the integral in (2.12) would vanish,
which is a contradiction. This proves that o(T) is not empty. O

Since the spectrum of a bounded linear operator is compact by the last theorem, it

is natural to look for the spectral value of maximum size. The absolute value of this
eigenvalue is given a particular name and has some interesting properties.

Definition 2.11. The spectral radius of a bounded linear operator T, denoted as |o(T)|, is
defined as

re(T) = max |A].
Aeo(T)

Note that the spectral radius is well defined since ¢(T) is closed and bounded in C. A
very important property of the spectral radius is that it can be computed as follows:

ro(T) = lim || T"||"/".

n—00

A proof of this result can be found in [13, Th. 7.5.5].
The following proposition states that the spectrum of a bounded linear operator is
very similar to its adjoint:

Proposition 2.10. Let H be a Hilbert space and T € £ (H). Then

(i) o(T*) ={A € C|A € o(T)};
(i) VA € p(T):  Ry(T*) = Ry(T)".

Proof. Let A € p(T). Then

* _ -1
(Ar=1)7) = (a1=1)") " = (A1-T)
which implies (ii). Finally, (i) follows from (if). O

The spectral analysis of self-adjoint operators on a Hilbert space is quite elegant and
very similar to that of transformations in finite dimension. We give three important
results: the first result is a summary of the spectral analysis of a self-adjoint operator
on a Hilbert space.

Theorem 2.19. Let H be a Hilbert space and T € Zs(H). Then,
(i) 0,(T) = @.

(ii) o(T) C R.
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(iii) Eigenvectors corresponding to distinct eigenvalues of T are orthogonal.

A proof of this theorem can be found in [21, Th. VL8]. The second result sates that the
size of a self-adjoint operator on a Hilbert space is precisely the spectral radius of the
operator,

Theorem 2.20. Let H be a Hilbert space and T € £Ls(H). Then ro(T) =|| T
Proof. Since T is self-adjoint, we have
ITI* = 172
By induction, this implies that
vneN: T = ||,

SO
. kn1/k _ 1 2n)11/2n __
re(T) = lim [[T7[M" = Lim |7} = [|T].
OJ

The third result states the specific bounds the spectrum of a bounded self-adjoint op-
erator,

Theorem 2.21. Let H be a complex Hilbert space and T € £s(H ). Then
o(T) C [m,M],
where

m = inf (Tx,x), M = sup (Tx,x).
[[x]|=1 x]|=1

Moreover, m, M € o(T).
Proof. We know that (T) C RR. Let’s prove that
Ve>0: (M+c)ep(T).

Let x # 0 normalized as
X
Ik so x =v|x|.

X
A short computation shows (Tx, x) < (x, x) M. Hence, using Cauchy-Schwarz inequal-

=

ity we obtain

AT = Tx|[[|x]| = = (Tx, x) + A(x, x)
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where ¢ = (A — M) > 0 by assumption. Dividing by ||x|| gives
AL = Tx[| > cl[x]].

Using [13, Th. 9.1.2], we have that A € p(T). Since ¢ > 0 was chosen arbitrarily, we
have proved that

VA > M: Aep(T).

Similarly, we can prove that any A < m is in p(T). Hence ¢(T) C [m, M]. O

2.3.3 The polar decomposition of a bounded linear operator

Let H be a Hilbert space. In this section we will show that every bounded operator
on a ‘H can be decomposed into the product of two simpler bounded linear operators.
This is analogous to the decomposition of a complex number into two numbers: its
module and its argument. First, we give an order relation to the set Z(H).

Definition 2.12. Let S, T € £ (H). T is called positive if

VxeH: (Tx,x)>0

We write T > 0 if T is positiveand T < Sif S—T > 0.

Similar to R, we can define the square root of a positive bounded linear operator.

Theorem 2.22. Let T € £ (H) and T > 0. Then there is a unique positive S € £ (H) such

that S?> = T. Furthermore, S commutes with every bounded operator which commutes with T.
A proof of this theorem can be found in [21, Th.V1.9]. We denote
B=T!2

Note that for any T € .Z(H), T*T > 0, since (T*Tx, x) =||Tx||* > 0. Hence, by the
last theorem, we can define the absolute value of T as

T| = (1°7)""

Moreover, we can write any positive bounded operator T as T = T/2T1/2,
Before introducing the polar decomposition of a bounded linear operator, we need
the concept of isometry:

Definition 2.13. U € .Z(H) is called an isometry if
VxeH: |Ux| =]x].

U is called a partial isometry if U is an isometry when restricted to the closed subspace
(Ker(U))*.
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Note that U is a unitary operator between (Ker(U))* and U(#). That is,
Vx,y € (Ker U)-:  (Ux,Uy) = (x,y).

We can prove that U* is a map from U(H) to (Ker U)* that acts as the inverse of U .
In fact, let x,y € (Ker U)*, then

(x,y) = (Ux, Uy) = (U"Ux,y).
It follows that (U*Ux — x,y) = 0. Since y is an arbitrary element of (Ker U)~:
(U*Ux — x) € Ker(U).
However, U* maps U(H) into (Ker U)*. Hence
(U*Ux — x) € Ker(U) N (Ker(U))*.

Therefore U*Ux = x. Since x was chosen arbitrary, we have proved U"U| e (u))+ = -
uur| (Ker(u1)). = I can be proved in a similar manner.
We are ready to state the following result:

Theorem 2.23. Let T € £ (H). Then there is a partial isometry U such that T = U|T|. U is
uniquely determined by the conditions

Ker(U) = Ker(T), U(H)=T(H).
Proof. Define U: |T|(H) — T(H) by
U(|T|u) =Tu, ue€H.
It is well defined since

2 2
I Tul|® = (u, T*Tu) = (u, |TIu) = || T|ul|",

so thatif Tu = Tv, then |T|u = |T|v. Define U to be zero on the orthogonal complement
of [T|(H):

Uz=o0, ze€|T|(H).
Since

Vz e (|T|(H))*,Yu e H: (Uzu) = (z,U*u) =0,
it follows that U* maps H into the orthogonal complement of (|T|(H))*; thus the range
of U* lies in |T|(H). Since |T| is self-adjoint, (|T|(#))+ = Ker(|T|). Furthermore,
ITu=0 <= Tu=0

so that Ker(|T|) = Ker(T) and thus Ker(U) = Ker(T). Hence U is a partial isometry.
Since

Vw e |T|(H): U'Uw=w,
it is clear that T = U|T|. O
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Remark 2.15. When T is a linear transformation on R", it is well known that it can be
decomposed into the product of an orthogonal matrix and a hermitian matrix. This is similar to

Theorem 2.23 but in the finite-dimensional case.

2.3.4 Projection operators

Projection operators are a very simple type of bounded operators. The fact that every
self-adjoint operator can be decomposed using a special family of projection operators
called spectral family allow us to obtain more tools to work with self-adjoint operators.
Recall that for every closed subset Y of a Hilbert space, H can be decomposed as
H=YPY! ie.
VxeH,yeY,IzeY: x=y+z

This let us define a linear operator P: H — H such that Px = y. P is called an
orthogonal projection of H onto Y. Similarly, the projection of H# onto Y=+ is I — P. P has
several properties:

(i) P(H) =Y.
(ii) Ker(P) = Y= .
(i) Ply = Ify.

Furthermore, we have the following equivalent definition of an orthogonal projection.
A proof of this equivalence can be found in [13, Th. 9.5.1].

Proposition 2.11. If P € .Z(H) is self-adjoint and idempotent, i.e., P> = P, then P is an

orthogonal projection.

Orthogonal projections have many properties. Nonetheless, we state only a few.
For a deeper study, see [13].

Theorem 2.24. Let P be an orthogonal projection of a Hilbert space H onto a closed subspace
Y = P(H). Then:

(i) | Px||* = (Px, x).
(i) P > 0.
(iii) |P| < 1.

Proof. (i) and (ii) are direct since P is self-adjoint and idempotent. (iii) follows from
the Cauchy-Schwarz inequality. Indeed,

2
IPx([" = (Px,x) <[[Px|[[|x]|,

for any x # 0 in H. This implies that || P|| < 1. O
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In finite dimensional space, self-adjoint operators can be decomposed as the sum
of orthogonal projections onto different eigenspaces. This motivates the following def-
inition

Definition 2.14. A real spectral family is a one-parameter family £ = (E, ) rer of projections
E, defined on a Hilbert space H which depends on a real parameter A and verifies

(i) If A < p, then: Ey < E,, hence EAE,, = E,E), = E,.
(i)) Vx e H: Exx —0as A — —oo.
(iii) Vx e H: Exx — xas A — +oo.

(iv) The mapping A — E, is strongly operator continuous from the right. That is, E,x —
Eyx as y — A from the right.

Remark 2.16. We say that £ is a spectral family on an interval [a, b] if

0 ,ifA<a,
I ,ifA>b.

E/\E

In Section 2.5, we shall associate a spectral family to any given bounded self-adjoint
operator on any Hilbert space. This can be used for representing T by a Riemann-
Stieltjes integral (see Appendix A). This is known as a spectral representation.

24 Compact linear operators

The theory of integral equations plays a major role in mathematical physics, and com-
pact operators are a essential part of this theory. Their properties are very similar to
those of operators in finite dimensional spaces. In this section we will study these
properties.

Definition 2.15. Let X, Y be a pair of normed spaces. A linear operator T : X — Y is called
compact if,
VA C X, bounded : T(A) C Y is relatively compact.

Equivalently, T is compact if and only if
V(xn)new C X bounded :  (Txn)neN has a convergent subsequence.

We write
Io(X,Y) ={T € L(X,Y)/T is compact}.
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Remark 2.17. Compact operators are also called completely continuous operators. This is

due to the fact that all compact operators are bounded.

Example 2.3. Similar to Example 2.2, we define the linear spaces
Fo = I(L2(Q)) = {T € £/T is compact}

and
oo = Foo(L2(Q)) = {T € Su/T is self-adjoint }.

Some tools that help to prove that an operator is compact are given in the following
result:

Theorem 2.25. Let X,Y be Banach spaces. Then

(i) Let (Ty)nen € Ioo(X,Y) and Ty — T as n — oo, in the uniform operator topology.
Then T € I (X,Y).

(i) Let S € £(Y,Z) with Z a Banach space, and T or S is compact. Then their product ST
and TS are compact.

(iii) Let T € Jo(X,Y). Then T' € Jo(Y', X").

Proof. We prove (i) and (ii). The proof of (iii) can be found in [13, Th. 8.2-5].

For (i), we will show that for any bounded sequence (x)men € X, their image
under T, that is, (Txm)men C Y, has a convergent subsequence. In order to find this
subsequence, we use a diagonalization method. Since Tj is compact, (xy)nen has a
subsequence (X1 ,;)meN such that (T1x1 ) meN is convergent, and since Y is complete,
it is Cauchy. Now, from the subsequence (x1,,)meNn We extract a new subsequence
(x2,m)menN such that (Tox2 1) men is Cauchy. Note that (T X2 1) men is also Cauchy since
(T1%2,m)menN is a subsequence of the convergent sequence (T1X1 ,;)meN- By induction,
we see that that the diagonal sequence (X, )meN is a subsequence of (xy,)en such
that

Vn e N:  (TuXmm)men C Y is Cauchy.

Now we will show that the subsequence (TXy,»)men is Cauchy using the properties

we gave to (Xm,m)meN in its construction. It is clear that (X, m)meN is bounded, say
dee R, Vm e N: ||xpm| <c.
This is the same bound that the sequence (x,)en has. Let € > 0. Since Ty, — T,

€
In=peN: HT—TH <.
n=pe P < 32
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By construction, (TyXu,m)men is Cauchy. Hence
. €
AN € N Vjk >N ||Tpxg; — T | < 5.
Therefore, we deduce

1Txjj = Toxigell < [ Tjj = Tpxjill + I Tpxjj — TpXickell 4 [ Tpxie — Tk

€
< T = Tyllllxll + 5+ ITp = Tllll e
€ € €
C+ 5+ 5

S 3t 3T

Since € was arbitrary, this shows that (Txy,m)men is Cauchy, thus convergent in Y. We
conclude that T is compact since the sequence (X, )en Was chosen arbitrarily.

For the second part of this theorem, we first prove that the product ST is com-
pact. Let (x,),en be a bounded sequence in X. Since T is compact, (Tx,),eN has a
convergent subsequence (Tx,, )ren. Since S is continuous, the sequence (STxy, )reN
converges. Hence ST is compact. To prove that TS is compact, note that the image of
any bounded set under a bounded operator is bounded, and since T is compact, the
image of any bounded set under TS must be precompact. Hence TS is compact. [

In the case of T € Z(H), where H is a separable Hilbert space, we have more
interesting results. The first result states that compact operators can be approximated

by operators of finite rank. The second one is the Fredholm alternative, which itself
reveals further properties of compact operators.

Theorem 2.26. Let H be a separable Hilbert space. Then every compact operator T on H is
the uniform operator limit of a sequence of operators of finite rank.
A proof of this result can be found in [21, Th. VL.13].

Remark 2.18. We can explicitly construct the sequence mentioned in Theorem 2.26. Consider
a Hilbert basis B = {u; / i € IN} C H. We define the sequence of finite rank operators

(Tn)nG]N b]/
n
Tu(u) =Y (u,u)T(un), u€H.
i=1
Clearly, for each n € IN, T, is bounded since T is bounded. Moreover, this sequence converges

in the operator norm to T as n — oo, [21].

The next result is a short version of the analytic Fredholm theorem

Theorem 2.27. Let T € Foo(H). Then either (I — T) ™! exists or Tu = u has a solution.
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The following theorem, called the Riesz-Schauder theorem, uses the last result to
prove some properties about the spectrum of a compact operator

Theorem 2.28. Let A be a compact operator on H, then o(A) is a discrete set and its only
possible point of accumulation is A = 0. Further, any nonzero A € o(A) is an eigenvalue of

finite multiplicity in the sense that the corresponding eigenspace is finite dimensional.

A proof of the Fredholm alternative and the Riesz-Schauder theorem can be found in
[21].

24.1 Compact self-adjoint linear operators

In finite dimensional space, it is well known that a Hermitian symmetric matrix has a
complete set of orthogonal eigenvectors. This property can be generalized in Hilbert
spaces for compact self-adjoint operators. In this section we give that result, which is
often called Hilbert-Schmidt theorem. Further, we state a theorem that let us compare
the eigenvalues of two compact self-adjoint operators on a Hilbert space.

We define the linear space (see Ex. 2.3)

Fo(H) ={T € F(H)/T is self-adjoint },

where H is a separable Hilbert space. The following theorem, called the Hilbert-Schmidt
theorem, gives a very important property to all the elements in this space.

Theorem 2.29. Let T € .Y (H). Then there is a Hilbert basis for H formed by eigenvectors
of T. Moreover,
Ap — 0, asn — oo,

where (Ay)nen is the sequence of eigenvalues of T.

Proof. Let (Ay)nen be the sequence of all distinct nonzero eigenvalues of T. Set Ag = 0
and we denote each eigenspace as follows

Ey =Ker(T), E,=Ker(T— A,I).

By Theorem 2.28, the dimension of E;, is finite, for any n € IN. We claim that H is the
Hilbert sum of these eigenspaces, including Ej. After this result is proven, we extract
an Hilbert basis from each E; in order to construct an Hilbert basis of eigenvectors for
the entire space H.

Let’s prove first that (E,),>0 are mutually orthogonal. This is direct since T is
self-adjoint. Indeed, let u € E,;, and v € E,,, with n # m, then

(Amu,v) = (Tu,v) = (u, Tv) = (u, Ay0),
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and since Ay, A, are real and distinct, we deduce (1,v) = 0. Since u,v were chosen

arbitrarily, we have proved that
Vn#m: E, L E,.

Let’s denote F as the linear space spanned by the (E,),>o. We have to prove that
F = H, which is equivalent to proving that F = {0}. First, recall that the eigenspaces
of T are invariant under T, that is, T(F) C F. Moreover, we claim that this implies
T(F+) C F*. Indeed, let y € T(F*). Then there exists some x € H such that y = Tx
and (x, f) = 0 for any f € F. Hence

(v, f) = (Ax, f) = (x, Af) =0,

since T(F) C F. Therefore T(F') C F1. Let’s denote by T, the restriction of T under
T+. Clearly, T, € Soo(F') since T € o (H) . We claim that o(T,) = {0}. In fact, let’s

argue by contradiction. Since
A € o(Tp) \ {0} = A €op(Ty)
by the Riesz-Schauder theorem, we have
Ju € F*: Tyu = Au.

This implies that A is an eigenvalue of T, say A = A, forsomen € N. Thusu € E, C F.
Then u = 0 since
uc E,N(E,)" .

This is a contradiction since u # 0. Using a result found in [6, Cor. 6.10], we conclude

that T, = 0, i.e., T is the zero operator on F L. Tt follows that
F+ C Ker(T) C F.

Hence F+ C F. This implies F+={0}, and so F is dense in H.

Finally, since every separable Hilbert space has an Hilbert basis, we can extract a
Hilbert basis from Ej. Additionally, we can extract a Hilbert basis from each E;, since
they are of finite dimension. The union of these bases form a Hilbert basis for H.
Clearly, this basis is composed of eigenvectors of A. O

Recall that in Definition 2.12 we provided an order to the set £ (). The following

theorem let us use this definition in order to compare eigenvalues of two compact
self-adjoint operators.
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Theorem 2.30. Let S and T be two compact self-adjoint operators such that S < T. Denote
their positive eigenvalues, indexed in decreasing order by ay and By, k = 1,2, ..., respectively.
Then

Vke N:  ap < Bk

For negative eigenvalues, the opposite inequality holds.

A proof of this theorem can found in [14, Ch. 28, Th. 6]. The proof uses a concept that
we will not discuss here called Rayleigh quotient.

Remark 2.19. When T is compact, so is its absolute value | T|. The nonzero eigenvalues of |T)|,
denoted as (sy(T))ne1, are positive numbers that tend to zero by the Riesz-Schauder theorem
(see th. 2.28); we index them in decreasing order. The numbers s,(T) are called the singular

values of T.

We finish this section with a property of compact operators which is proved using
the Hilbert-Schmidt theorem and the concept of singular values.

Proposition 2.12. Let T be a compact operator on H. Then there exists orthonormal sets

{n}l = {¢n/n € IN}, {pu}_; = {¢pu/n € In} such that

T—an 1pn,-

This sum converges in norm. Note that this sum may be finite or infinite.

Proof. We know that the adjoint of a compact operator is compact. Moreover, the prod-
uct of compact operators is compact. Hence T*T is compact. Further, it is self-adjoint.
By the Hilbert-Schmidt theorem, there is an orthonormal set {¢, })\_; of eigenvectors
of T*T, that is

T*Tlpn = Anlpn/ /\n 7& 0.
Then T*T is the zero operator on the subspace orthogonal to {y,}V_,. Since T*T > 0,
each A, > 0. Clearly, s,(T) = v/A,. Set

Tn
su(T)

We claim that the ¢,’s are orthonormal. Indeed, the computation

o= (285205) - (B 228 - (mome)

shows that

Pn =

1 ,ifn=m,

0 ,ifn#m.

(4’11/4’"1) =
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Let ¢ € H. Since ¥ = Y™, (¥, )9, we have

ro=r(Foon)

N
- lpn/ T¢n
n=1
N
= 21 Sn an/ 4)

2.4.2 Trace-class and Hilbert-Schmidt operators

The trace formula for square matrix states that the sum of its eigenvalues equals the
trace of the matrix. In this section we give a generalization of this result. As a conse-
quence, we define a new class of linear operators acting on a Hilbert space.

Let H be a separable Hilbert space, T € £ (H) and B = {;/i € N} any Hilbert
basis in H. The first step is to provide T sufficient properties so that its trace

Tr [T] = il (¥, Tipn) (2.13)

converges and does not depend on the choice of basis. Analogous to the construction
of the Lebesgue integral, where one defines it first for non negative functions, we will
define the trace of a positive bounded operator. The trace has values in [0,c0]. The
following result let us define a trace for positive bounded operators and states some
properties.

Theorem 2.31. Let H be a separable Hilbert space, B = {¢;/i € N} a Hilbert basis. Then for
any positive operator T € £ (H), (2.13) is independent of the chosen basis. Let S € £ (H) be

a positive operator. The trace has the following properties
(i) Tr[S+ T) = Tr[S] + Tr [T)].
(i) YA > 0: Tr[AT]= ATr[T].
(iii) Tr [UTU‘l} =Tr [T| for all unitary operator U.
(iv) If0 < T < S, then Tr [T] < Tr[S].

Proof. Let’s first prove that the trace is independent of the basis chosen. Given a Hilbert
basis B = {¢,/n € N}, define Try[T] = Y g (@n, Ten). Suppose B’ = {¢,/n € N} is
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a different Hilbert basis, then

Tr(p[T] = (pn, Tgon

(Tl/zqo Tl/z ) ZHTUZ‘P”

, (2.14)

:

Since B = {¢,,/n € N} is a Hilbert basis for #, we obtain

2 o 2 ®
|10 = X [ (v 7200 1200 = L (9T 20) e 219

Hence, we have in (2.14)

Try[T] =

£ (£[(rmr0)] )
£ (L)),

Applying (2.15) with ¢, we deduce from the above

il MS || MS

tyin = £

= Z ‘PmrTl/’m

m_

= Try[T].

Since B = {¢,/n € N} and B’ = {¢,/n € IN} were chosen arbitrarily, we conclude
that the trace is independent of the Hilbert basis chosen and therefore it is well defined.

Now we are ready to prove the properties listed in the theorem. The first two
properties are trivial. In order to prove (iii), we note that if B = {¢,/n € IN} is a
Hilbert basis, then so is {U¢, / n € IN}. Hence,

Tr [UTU™!| = Trgy,) |[UTU™|

_ 21 (u%, LITU_ll,I(pn)

3
Il

I
gk

(Ugn, UTpu)

=
I
—_

I
gk

(q)n/ qui’l)

3
I
—

Il

o
<
4

B
N
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In order to prove (iv), recall that T < S if and only if (x,Tx) < (x,Sx), for all
x € H. Hence, in particular

Vn € N: ((Pn, Tqﬁn) < ((Pn/ Sq)n)/

where B = {¢,/n € IN} is a Hilbert basis. Then

(o]

= i(q’an@n 2 ®n, Sen) = Tr [S].

n=1 n=1

Considering all these properties, we define the family of trace class operators:

Definition 2.16. A bounded linear operator T is in trace class if and only if Tr [|T|] < oo
The set of all trace class operators is denoted by 71 (H).

Remark 2.20. The set (£ (H), +, -, ©) is an associative Banach algebra with unit.

The following theorem states some basic properties of trace class operators

Theorem 2.32. Let H be a separable Hilbert space. Then %1 (H) is an x—ideal in £ (H), that

is,
(i) S#1(H) is a linear space.
(ii) Let T € A1 (H)and S € L (H). Then TS € F1(H) and ST € #(H).

(iii) Let T € % (H). Then T* € F1(H).

A proof of this result can be found in [21, Th.VL.19].

The relation between trace class operators and compact operators is elegant and
very important. The following theorem states this relation and gives a new definition
for trace class operators

Theorem 2.33. Every T € . is compact. A compact operator T is a trace class operator if
and only if

Y su(T) < oo, (2.16)
n=1
where (s, (T))nen are the singular values of T.

Proof. Since T € .#1(H), then |T|?> = T*T € .#;(H) by theorem 2.32, hence

[e¢]

T |TR] = X (9 I T1P9u) = 3 [ Tu]* < oo,
n=1

n=1
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for any Hilbert basis B = {¢,/n € IN}. Suppose ¢ € [¢1,...,¢n]" and ||| = 1, then
we have

N
IT|? < Te |TP] = 3 || Tl
n=1
since {¢1, ..., PN, P} can always be completed to a Hilbert basis. Thus

| =1} =0, asN — co.

sup{||Ty| : y € [W1, ..., oN]*

Therefore YN, (¢,,, -) T, is norm convergent to T. Thus T is compact.

For the second part of the theorem, we use the canonical form of compact operators.
Suppose that T is a trace class operator. Since T is compact, then |T| is compact.
Moreover it is self-adjoint. Hence by the Hilbert-Schmidt theorem there exists B =
{¢n/n € N} is a Hilbert basis of eigenvectors of |T|. Thus

r[|T|] = Z (Y, [ T|pn) = Y 54(T) < o0,
n=1 n=1

Now suppose that T is compact and that Y, ;5,(T) < . Let B = {y,/n € IN} be
any Hilbert basis, we have to prove that

Z Yn, [ Tlipn) < oo,
which follows from the canonical form of T given in proposition 2.12 O
The sum (2.16) is called the trace norm of T and is denoted by || T||;. It’s clear that
VT € A(H): ||T||,=Tr UTH .

The next result gives some properties of the trace norm. Moreover, it shows that ||-||;
is indeed a norm in .#.

Remark 2.21. Thanks to theorem 2.33 and the Hilbert-Schmidt theorem, a trace class operator
that is also self-adjoint has a Hilbert basis of eigenvectors. Therefore, every result shown in this
section can be proved more easily if we add the assumption of self-adjointness.

Proposition 2.13. Let T be a trace class operator, S any bounded operator. Then
@ (Tl = IT*[ly-
(i) STy <[ISIIIT][;-

(iii) | TS|ly <ISINTl;-

(iv) If S is also a trace class operator, then || T + S||; <||T||; +]S||;-
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Proof. In order to prove (i), we have to show that the singular values of T and T*

coincide. The singular values of T* are the positive eigenvalues of
(T**T*)l/Z — (TT*)l/Z.

We claim that T*T and TT* have the same positive eigenvalues. In fact, let i be an

eigenvector and A the corresponding eigenvalue of T*T, i.e.,
T"Ty = Ay, A #0.
Applying T on both sides in the equality above yields
TT* Ty = ATy,

which implies that A is an eigenvalue of TT* with eigenvector Ty # 0. Since |T| =
(T T)%, the eigenvectors of |T| are those of T*T, and the eigenvalues the square root
of those of T*T. Hence we have proved that s,(T) = s,(T*) for every singular value.
Therefore || T|| =||T*||;-

Let’s prove (ii). We claim that s,(ST) <||S||||T||;- In fact, notice that
ST[2 = (T*8*ST) <||S|2 |T[2 =S |]> (T°T).
Indeed, let u € H. Then
(T*S$*STu,u) = (STu, STu) = ||STul|* <||S||||Tu||* =||S||* (T*Tu, u).
Since the n-th eigenvalue is a monotonic function,
sn(ST) <[IS||*s7(T). (2.17)

Taking the square root and summing over #n, we obtain inequality (ii). By (i), the
singular values of adjoint operators are the same. Then, by (2.17) we have that

5u(TS) = 5,(S*T*) <||S*||* u(T*) =|S|| sn(T).

Summing over n we obtain (iif).

Finally, to prove (iv) we introduce the following characterization of trace norm

IT[l; = sup Y [(¢n, Tn)l, (2.18)
n=1

where the supremum is taken over all pairs of orthonormal bases B = {¢,,/n € IN},
B = {¢,/n € N}. We have to prove that the right side of (2.18) never exceeds ||T||;,
and equals it for the appropriate choice of ¢, and ¢,. Since |T| € Y(H), then the
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Hilbert-Schmidt theorem gives a Hilbert basis {&,/n € IN} of eigenvectors of |T|. For
any ¢ € H, we can expand,

=Y (EuP)ns

n=1
so that applying |T| above yields

|T|47 Z Sn ‘:n/

Applying U on both sides above and using the polar decomposition T = U|T|, we get

Ty = an ) (&, W)UE,. (2.19)

Since U(H) = |T|(H) and U is unitary, then {U¢,/n € N} forms a Hilbert basis on
|T|(H). We take the scalar product of 2.19 with some ¢ € H:

(¢, Tp) = an ) (&, ) (9, UE). (2.20)

We set now ¢ = ¢, and ¢ = ¢, in 2.20 and sum over m:

Z P Tn) = Y an ) (Ens Ym) (P, ULn). (2.21)

m=1n=

We can estimate the right side of (2.21) as follows: sum first with respect to m and

apply the Cauchy-Schwarz inequality,

o0 o o 1/2
len(T) ( Zl |(§nr¢m)|2 Zl ’((Pm, ué‘n)|2> .

By Parseval:

Ve N: Y |G m)? =8P =1 Y |(¢m UEn)|? = U] = 1.
m=1

m=1

This shows that

5 3 5u(T) @ ) (i UEs) < 3 50(T) = 7]

This holds for any Hilbert basis B, B’. Hence

sup Z |(¥n, Tpu)| < |IT1-
n=1
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To complete the proof we choose ¥, = ¢, and ¢, = U, supplemented by a Hilbert
basis on the orthogonal complement of |T|(#). Setting ¢ = ¢, and ¢ = UG, in (2.20)
we get, since U is an isometry on |T|(*), that

(UGn, T¢n) = (UGu, U|T|En) = (S, |T|Cn) = 8n(T)(En,En) = sn(T),

summing over 1, we get equality in (2.18). Now, using this characterization and the
g get eq y g

triangle inequality:

IS+ Ty =sup Y [(¥n, (S+ T)¢n)]

n=1

< sup (i(l(l[]n,s%ﬂ + I(an,T%)\)) = ISl 1Ty -

]

We have that .#1(#) is a normed space under the trace norm. Now, we can state
the completeness of the space of trace class operators.

Theorem 2.34. .#; is a Banach space when equipped with the norm||-||,. Moreover,
VT e AH): |TI <|T,.

Proof. Let T € #1. Then |T| € #(H). Since |T| is also self-adjoint, there exists a
Hilbert basis B = {y,/n € IN} of eigenvectors of |T|. Then, by Parseval

[e0]

VueH: u=Y (Pnu)py,

n=1

The above implies

Tl =Y (9 )| Tlw = 3 (tpn, )50 (T) g

n=1 n=1
Decomposing T yields
| Tul|* = |(Tu, Tu)|
= [(U|T|u, U|Tu)]
2
= [[ITu]

2

Z lpn; 1’1

Hence, using the Cauchy-Schwarz inequality and since the singular values are positive,

we deduce
| Tul| < an Ml =T [Ju]] -
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Since u was chosen arbitrary, we conclude. Completeness of the space follows from

this inequality. O

The next result is derived from Theorem 2.33 and it gives a necessary and sufficient
condition for a positive compact self-adjoint operator to be in .#;.

Corollary 2.5. Let T € £ (H) be a positive compact self-adjoint operator. Then T is a trace
class operator if and only if

Y An < o0,
n=1
where (An)neN is the sequence of eigenvalues of T.
Proof. This is direct since |T| = T. Therefore the singular values of T are precisely the

eigenvalues of T, thus by Theorem 2.33, we conclude. O

Until this point, the trace of an operator was only defined for some operators. The
following theorem let us define the trace Tr : .#; — C for all trace class operators.

Theorem 2.35. If T is a trace class operator. Then

Te[T] = Y (¢n, Ton)
n=1
converges absolutely and the limit is independent of the choice of basis.

Proof. In order to prove this theorem, we use some results found in the proof of Propo-
sition 2.13. That is, inequality (2.21):

2 On, T’-Pn Z an ‘:n/ll)m (47711; uén)

m=1n=

where B = {y,/n € N}, B = {¢,/n € N} is a pair of arbitrary orthonormal bases,
U is the unitary operator such that T = U|T| and {¢,/n € N} is a Hilbert basis of
eigenvectors of T. Setting ¢, = ¥, in this inequality yields

Z(th Tpn) = Z an ) (Ens Pm) (W, UE). (2.22)

m= m=1n=

As we already shown in the proof of proposition 2.13, the double series on the right
side converges and its value is bounded by || T||;.

Let’s now prove that the trace is independent of the choice of basis. Summing in
(2.22) over m first:

Z sn(T Z Gns Ym) (Ym, UGn). (2.23)
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Moreover, by Parseval relation

o0

Z (8 Ym) (Pm, USn) = (G, USn)- (2.24)

m=1

Hence, using (2.24) in (2.23) gives

gk

Tr [T] = ) sa(T)(En, USn),

n=1

which is basis independent. O

Finally, we are ready to give one of the most important properties of the trace,
which was proved by Lidskii in 1959:

Theorem 2.36. The trace of a trace class operator T is the sum of its eigenvalues:

Tr[T) = ) An,
n=1

where (Ay)nen is the sequence of eigenvalues of T.

The proof of this theorem requires various lemmas and is given in [14, Ch. 30,
Th.5].

Remark 2.22. Note that, by Theorems 2.35 and 2.36, the sum of the eigenvalues of a trace class
operators converges absolutely.

Example 2.4. Following the notation given in Example 2.3, we define the space of nuclear
class operators
A = ALQ)) = {T € #A/T is self-adjoint }.

By the Hilbert-Schmidt theorem, we have that for every T € .77

[e0]

Tr[T] = ) An,

n=1

where (An)neN is the sequence of eigenvalues of T. Furthermore, this sum converges absolutely.

The space of nuclear class operators becomes a Banach space when equipped with the norm

Il =T [IT]] = ) [Aul.
n=1
By Proposition 2.13, we note that .71 is an ideal of £s and
IRT[ly <|IRINT[ly  and [[TR], <[RI|T]

foragiven R € Lsand T € A.
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Analogous to the Lebesgue space of square integrable functions L?(Q)), we shall
define a second class of operators, called Hilbert-Schmidt operators.

Definition 2.17. An operator T € £ (H) is called Hilbert-Schmidt if T*T € % (H), i.e

[ee]

Tr [T*T] = ) (¢, T*Tey) < co.

n=1
The family of all Hilbert-Schmidt operators is denoted by %> (H).

S (H) is rich in properties that can be proven analogously to .# (). However, we
focus in the case when H = L?(Q)). For a general study of .%(H), see e.g., [21].
In this case, the space of Hilbert-Schmidt operators

I = SH(L2HQ)) = {T € I/|T| = T*T € %}

has an elegant characterization. An operator T € .Z(L?(Q)) is in .% if and only if
there is a function
Dr € L2(Q x O)

called the kernel of T, such that

(TH(x) = [ Dr(xy)f iy, f €L,
Moreover,
Tl = [ 1Dr(xy)Pdsdy = [Drlliziao

A proof of this result can be found in [21, Th. VL.23]. Analogous to Example 2.4, we
have the Hilbert space

S = S (1HQ)) = {T € #/T is self-adjoint }
with inner product
(T,R), =Tr [R*T].
Using the Hilbert-Schmidt theorem, we deduce

ITI5 =T [IT] = 3 Al
n=1

where (A;),en is the sequence of eigenvalues of T. Similar to .#,, we have that T € .%
if and only if
Dr(x,y) = Dr(y,x) aex,yecQ.

Finally, we note that .#; is an ideal of .Zs by a result found in [21, Th. VI.22].

2.5 Spectral theorem

In this section, we present a structure theorem in the sense that it depicts a concrete
description of self-adjoint operators. There are many formulations of the spectral theo-
rem. They are similar as they give a representation of self-adjoint operators that makes
them simpler and easier to study. Furthermore, we shall use this results in order to
present additional ideals ., of the space 5.
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2.5.1 Spectral representation of a bounded self-adjoint operator

In Section 2.3.4 we introduced the concept of spectral family. Now, we shall present a
result that states that every bounded self-adjoint operator has a spectral family £ such
that £ can be used for a spectral representation of our bounded self-adjoint operator.
But before that, we define the positive part and the negative part of a bounded self-
adjoint operator respectively

1 1
TC = (T +T), T = (T~ T).

Note that T = T* — T~ and |T| = T 4+ T~. The properties of these operators and
their behaviour can be found in [13]. In the following proposition we only state few of
them:

Proposition 2.14. Let H be a separable Hilbert space and T € £s(H). Then

(i) Tt and T~ are bounded and self-adjoint.
(it) T and T~ commute with every bounded linear operator that commutes with T.
(iti) TTT- =0and T*,T~ > 0.
All these properties are also true if we replace T by T).
A proof of this proposition can be found in [13, Lemma 9.8-1].
Theorem 2.37. Let H be a complex Hilbert space and T € £s(H ). Furthermore, let E) be the

projection of H onto Yy = Ker(T}"), where A € R. Then € = (E,) cr is a spectral family on
the interval [m, M| C R, where m, M are given by Theorem 2.21.

The proof of this theorem requires various lemmas and it is developed in [13, Th. 9.8.3].

Now, with this result, we can obtain a integral representation of any bounded self-
adjoint operator on a complex Hilbert space, which involves the spectral family con-
structed in Theorem 2.37.

Theorem 2.38. Let T € %s(H). Then:

(i) T has the spectral representation

M
T:/ AE,,
-

where & = (Ex)xer is the spectral family associated with T given by Theorem 2.37.
This integral is to be understood in the sense of uniform operator convergence, and for all

x,y€H,
M
(Tx,y) = /m Ad(Exx,y).

This integral is a Riemann-Stieltjes integral (see Appendix A).
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(ii) More generally, if p is a polynomial in A with real coefficients, say
p(A) = apA" + - 4 a,
then the operator p(T) defined by
p(T) = anyT" 4+ - - - + aol

has the spectral representation

Moreover, for all x,y € H,

M
(p(T)xy) = [ pAN)d(Erx,y).

A proof of this result can be found in [13, Th. 9.9.2]. In this theorem we used the
notation m~. This indicates that one must take into account a contribution at A = m,
which occurs if E;; # 0 and if m # 0. This means that for any a < m, we have

/QMP(/\)dEA = /mM;a(A)ausA = p(m)Ep + /mM p(A\)dE,.

2.5.2 Functional calculus

Let H be a Hilbert space and T € Zs(H ). The next formulation of the spectral theorem,
called functional calculus, gives enough conditions so that for any given function

f:0(T) —=C,

the expression f(T) is well defined as an operator. Furthermore, f(T) has very impor-
tant properties that are necessary for our work.

The first step is to prove our theorem when f is a polynomial with real coeffi-
cients. We already know that in this case f(T) is well defined. Furthermore, we have
information about the spectrum of f(T), as the following lemma states:

Proposition 2.15. Let p(A) = YN a,A" and p(T) = YN_a,T", Then

o(p(T)) = {p(A)/A € o(T)}.

A proof of this proposition can be found in [21, Lemma 1,Ch. VII]
Another very important result that we need is a generalization of Theorem 2.20

Proposition 2.16. Let p(A) = Y a,A". Then,

Ip(T)|| = sup |p(A)].
Aeo(T)
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Proof. Note that
[p(@)* =llp(T) (D] = [ Fr)(T)]].
Since pp(T) is self-adjoint, by theorem 2.20 and proposition 2.15, we have
[P =l@Ep(M) = sup A
AEU(ﬁp(T))

= sup |pp(T)|
Aeo(T)

2
= ( sup P(A)I) :
reo(T)

We are ready to present the functional calculus for continuous functions on ¢(T).
A generalization for any measurable function can be found in [21].

]

Theorem 2.39. There is a unique map ¢ : C(o(T)) — L (H) with the following properties.

(i) ¢ is an algebraic *-homomorphism, that is,

0(£5) = 998, P(AF) = A9(F)
p(1) =1 ¢(f) =¢(f)"
(i) ¢ is continuous and | ¢(£)]| =||f||...
(iii) If f is the function such that f(x) = x, then ¢(f) = T.
(iv) If T = Ay, then ¢(f)p = f(A)¢.
(0) o(9(f) = {f(N) : A € o(T)}.
(i) If f > 0, then ¢(f) > 0.

Proof. Let ¢(p) = p(T). Then by Proposition 2.16

l¢(p)| = ||pHC((7(T))'

Hence ¢ is bounded in ¢(T), so ¢ has a unique continuous linear extension

A

¢ :P(e(T)) = C(e(A)) = C,

where P(0(T)) denotes the set of polynomials on ¢(T). Let’s denote again this exten-
sion as ¢ for simplicity.

Mathematician 53 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

Property (i), (iii) is obvious since ¢ is bounded and equality in (ii) follows from
proposition 2.16. Property (iv) is proved using the continuity of the extension of ¢ and
that

Aea(T): p(p)y = pA)p.
We give the scheme of the proof of (v). Suppose A ¢ f(c(T)), and define g = (f —
A) 71 then ¢(g) = (¢(f) —A) L, ie, g(T) = (f(T) — AI)~L. Hence A € p(T) and
o(¢(f)) € {f(A)/A € a(T)}.
Now, if A € f(0(T)), we can prove that there are ¢ € H, with|||| = 1and||(¢(f) — A)y||
arbitrarily small so that A € o(¢(f)). Therefore

{f(M)/A e a(T)} Cal(¢(f))

and we conclude (v). To prove (vi), note that
f>0 = 3geC(o(T),R): f=g~

Thus ¢(f) = ¢(g?) = ¢(g)* with ¢(g) self-adjoint, hence ¢(f) > 0. O

Remark 2.23. Item (v) in Theorem 2.39 is often called the spectral mapping theorem. If we
denote ¢(f) by f(T), then the spectral mapping theorem has a more familiar look:

o(f(T)) = {f(A)/A € (T)}.

2.5.3 Other ideals

In Subsection 2.4.2 we defined the space of trace class operators .#; and the space of
Hilbert-Schmidt operators .#,. Similarly, for p > 1 we define the linear space

Sy = I,(LHQ)) = {T € I/|T)F € #}.
Note that |T|? is well-defined by theorem 2.39. Moreover, .7, is a Banach space when
equipped with the norm
ITllp = §/Tr [ITI7].

Remark 2.24. Using Parseval relation, we know that for any u € L?(Q))

(0]

Tu = 2 An(n, “)LZ(Q)EL’W
n=1
where {1, }5_; is a Hilbert basis of eigenvectors of T. Moreover, by the spectral theorem we
have the following representation of |T|P

TIPu ="} [AulP ($n, )12y -
n=1
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In the last section, we introduced two ideals of .%5: .} and .. In the same manner,
we define for p > 1 the Banach space .7}

Sy =(L3(Q)) = {T € £, / T is self-adjoint}. (2.25)

In this case, by the Hilbert-Schmidt theorem

o0 1/p
||T||P: <Z|/\n|p) ’
n=1

where (A,),enN is the sequence of eigenvalues of T. Hence
1<p<g<oo = A CSCSC Y.

Furthermore, we have the following inequality, which is similar to Holder’s inequality
in Lebesgue spaces.

Proposition 2.17. Let 1 < p < oo. Then, for all T € ., and all R € yp,, we have that
TR € ., and
ITRly <[IT[, IR][, -

A proof of this theorem can be bound in [23, Th. 2.8].
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Chapter 3

An introduction to Quantum Mechanics

Quantum Mechanics (QM) is a branch of Physics so powerful that it can describe
virtually everything, from subatomic particles to galaxies, [3]. Nonetheless, it was in
the study of microphysical phenomena at the end of the nineteenth and early twentieth
century that QM was born. The present chapter is a short introduction of the main
concepts and results in QM that are necessary for our work. We begin with a historical
overview of QM. Then we introduce briefly the formulation of QM and fundamental
results such as the Heisenberg uncertainty principle. Finally, we give some properties
of the Schrodinger operator. The principal references used for this chapter are: [13],
[18], [3], [20], [22], [25] and [12].

3.1 The birth of Quantum Mechanics

The main concepts of Classical Physics (CP) can be simplified into two fundamental
ideas: the concept of particle and the concept of an electromagnetic wave, [20]. CP
described the world through this ideas; the laws of particle motion were used to un-
derstand the dynamics of material bodies and Maxwell’s electromagnetism provided
the proper framework to study radiation, in particular light. The connection between
matter and radiation and how they interact where explained either by the Lorentz force
or by thermodynamics, [20] and [18].

The apparent success of describing the world through CP, classical theory of elec-
tromagnetism and thermodynamics crumbled in 1900 when Max Planck published
his theory of black-body radiation, [20]. Planck stated that the observed properties
of black-body radiation can be explained by assuming that atoms emit and absorb
discrete quanta of radiation, each with energy

e = hv, (3.1)

where v is the frequency of radiation and / is what would be later known as Planck’s
constant, [20]. Equation (3.1) suggests that the energy exchanged between an electro-
magnetic wave with frequency v and matter occurs only in integer multiples of hv,
which Planck called the energy of quantum, [18].
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Planck’s work started a domino effect of new discoveries that led to the solutions
of the most important problems of the time. In 1905, a solution of the photoelectric
problem was proposed by Einstein; inspired by Planck’s "quantization” scheme, he
proposed that the light itself is made of discrete bits of energy, called photons, [18].
The evidence for the existence of photons became compelling in 1923 when Compton
showed that the wavelength of an X-ray increases when it is scattered by an atomic
electron. If we assume that the scattering process is a photon-electron collision in
which energy and momentum are conserved, then the particle behavior of the X-ray
photons becomes more apparent, [20] and [18].

The introduction of the hydrogen atom model by Bohr in 1913 successfully ex-
plained atomic stability and atomic spectroscopy, among other outstanding problems
of the time. The main idea of Bohr’s work is that the emission or absorption of radia-
tion by atoms can only take place in discrete amounts since it results from transitions of
the atom between its discrete energy states, [18]. The first direct evidence for discrete
atomic energy levels was provided by Franck and Hertz in 1914, [3].

In 1923 de Broglie proposed that material particles display a wave-like behaviour;
in 1927 it was confirmed experimentally by Davisson and Germer, [18]. Specifically, de
Broglie proposed a concept called the de Broglie wavelength, which can be understood
as the wavelength of a particle of matter with momentum p, and can be calculated by

A=—.
p

All of these theoretical and experimental results in the early twentieth century proved
that at a microscopical level, waves exhibit a particle-like behaviour, [20] .

There have been several experiments that showed that particles of matter such as
photons, do not behave like classical particles with well defined trajectories, one of
this type of experiments are the two slit experiments. It is well known, that when pre-
sented with two possible trajectories (the two slits), photons seem to pass along both of
them and arrive at a random point on the screen, building up an interference pattern.
Particles with both particle and wave-like properties are often called quantum parti-
cles, [20]. Quantum particles are indeed particles, but their behaviour is very different
from what CP would have predicted about them, [3]. It was the search for a theoret-
ical foundation underlying all these new ideas and results that led to Heisenberg and
Schrodinger to construct a consistent theory that could explained all Planck’s ideas
and Bohr’s postulates into one refined theory: QM, [18].

Heisenberg and Schrodinger, independently came up with two formulations of QM:
matrix mechanics and wave mechanics. Later, it was shown that these two formulations
are equivalent. Finally, it was Dirac that suggested a more general formalization of QM
which deal more abstract objects such as functions, state vectors and operators, [18].

In summary, QM is the branch of physics that studies the consequences of wave-
particle duality of objects, which occurs at the microscopical level. The main phenom-
ena of QM can be summarized under three headings:

(i) discreetness,

(ii) diffraction and
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(iii) coherence.

An explanation of this phenomena can be found in [3].

3.2 Operators in Quantum Mechanics

In this section we explain the connection between Hilbert spaces, self-adjoint operators
and QM. First, we explain the basics of QM using a single particle system in one
dimension. Then, we present two important observables in QM: the position and
momentum operators. Furthermore, we give two postulates of QM. Finally, we state
the Heisenberg uncertainty principle and the principle of superposition. The main
reference for this section is [13].

3.2.1 Basic concepts. The position and momentum operator

In order to explain a number of basic ideas and concepts in QM, we begin by studying
a simple system: a single particle in one dimensional space, that is, R.

In QM, the state of a system is described by a function ¢ : R — C. Since we
consider the system at an arbitrary time ¢, i is not time dependent. ¥ is related to the
probability of a particle being in a given subset ] C R: we assume that ¢ € L?(R).
More precisely, the probability is

/] [ (q) .

This physical interpretation of i suggest that it is a normalized vector in L?(R). Note
that the norm of 1 remains unchanged up to a complex rotation. Hence, by defining
a state as an element of unit norm in the space L?(IR), we can define an equivalence
relation as follows

Y1~ = Pr=ayy, |af=1

Remark 3.1. Every state in our system Qenerates a one dimensional space Y = {¢ : ¢ =
By, B € C}. Hence, a state can also be defined as a 1 dimensional subspace Y of L*>(R). In this
case, for our system, we choose an element Y of unit norm in order the define the probability of
finding a particle in a particular location on the line.

Note that |¢(-)|? is the density function of a probability distribution on R. Hence,
we can define the expected value

py = [ alv(@)Pda,

which characterizes the average position of the particle for a given state 1.
The next natural definition is the variance parameter of the distribution

vary = [ (9= up)9(@)Pda,
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which characterizes the spread of the distribution for a given state ¢. From this we define
the standard deviation as
Sd¢ = y/vary.

By defining the operator Q : Dom(Q) — L?(R) such that

Qy(q) = q¢(q),

we can write the expected value as follows:

np(Q) = (Qy, ) = /RQtP(q)qu-

Q is called the position operator because of the interpretation of yy(Q). Note that
Dom(Q) consists of all ¥ € L?(R) such that Q¢ stays in L?(R).

Remark 3.2. Q is an unbounded, closed, self-adjoint operator whose domain is dense in L*(R).

A more extensive study of this operator can be found in [13].

We say that Q is an observable of our system since it gives quantifiable information
about the system at state ¢ that we can observe experimentally. Note that in the case
of the position operator, it is a self-adjoint linear operator. This suggests that for other
observable variables, such as momentum, we should be able to define a self-adjoint
operator in the same manner as the position operator. Hence we have the definition

Definition 3.1. An operator T : Dom(T) — L?(IR) is called an observable if and only if T is
self-adjoint and Dom(T) is dense in L*(R) .

Analogous to the position operator, we can define the expected value of T

po(T) = (T, 9) = [ To(@)9(a)ds
and its variance
vary(T) = (T = uD)*p,9) = [ (T = uD)*p(@)9(@)

A very important observable is the momentum, the corresponding momentum oper-
ator D : Dom(D) — L?(R) is defined by
h dy
p=go
2mi dg
where h is Planck’s constant. A deeper discussion of the momentum operator can be
found in [13].

Example 3.1. The energy observable in QM is described by an operator called the Hamilto-
nian operator and is denoted by H. If we assume that the energy behaves similarly to that of
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energy in CP, then the Hamiltonian operator for a particle with mass m in a potential energy
field V is given by
fe_Tna + V.
2m
The corresponding expected value of the energy of a particle at a given state i is

ny(H) = /IR Hp(q)y(q)dg.

We are ready to present strengthened versions of the first two postulates of QM.
The postulates can be found e.g., in [3].

Postulate 1. To each observable magnitude there corresponds a self-adjoint linear operator,

and the possible eigenvalues of the observable variable are the eigenvalues of the operator.

Postulate 2. To each state there corresponds a unique statistical operator, which must be self-
adjoint, positive and of unit trace.

3.2.2 Heisenberg uncertainty principle

Heisenberg uncertainty principle states that in an experiment, we cannot take simul-
taneous measurements of position and momentum of a particle with an unlimited
accuracy. This very important theorem in QM requires some basic concepts. First, we
begin by defining the commutator of two operators:

Definition 3.2. Let S, T be any two self-adjoint linear operators defined on a complex Hilbert
space. We define the commutator operator of S and T by

C=S8T-TS

with Dom(C) = Dom(ST) N Dom(T§S).

The following theorem about commutators is a generalization of Heisenberg uncer-
tainty principle:

Theorem 3.1. Let S, T be any two self-adjoint linear operators with domain and range in
L%(R). Then the commutator C of S, T satisfies

|1y (C)] < 2sdy(S)sdy(T),
for every € Dom(C) = Dom(ST) N Dom(TS).

Proof. Let ¢ € D(C). Denote py = py(S) and pp = py(T). We write A = S — p1I and
B =T — uyl. A simple computation gives

C=ST—-TS = AB— BA.
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Since S and T are self-adjoint and p1, pip are real, then A and B are self-adjoint as

well. Moreover, we have
Hp(C) = (C¢,y)
= (ABy,y) — (BAY, y)
= (By, Ap) — (Ay, By).
Since | (By, Ay) | = | (A, By) |, by the triangle inequality we have

(O < 1 (B, Ay) |+ [ (A, By) | =2| (B, Ay) |
Using the Cauchy-Schwarz inequality yields

1y ()] < 2|[By]|[|Ap]-

Since B and A are self adjoint,

1Byl = (B2, 9) = \Jvary(T), [[Ap] = (A%, p) = \fvary(S).

This concludes the proof. O

It is straightforward that the commutator operator of the position and the momen-
tum is .
DQ—-QD = —],
Q-d 271i
where [ is the identity operator on the domain of DQ — QD. Hence,

h

mp(DQ - QD)| = 5,

since ||l/JHL2 ®R) = 1. Therefore, by the last theorem, we have Heisenberg uncertainty
principle:

Corollary 3.1. For the position operator Q and momentum operator D,

h
sdy(D)sd > —.
p(D)sdy(Q) = —
Hence, at a given time, we cannot know with precision the momentum and the position of a

particle simultaneously.

There is another important principle in QM, the principle of superposition. Math-
ematically, it is direct if we consider that states of a system are elements of a linear
space. This principle asserts that given two states of a quantum system 1y, i, and two
complex numbers a7y, ay, then

a1 + a2ty (3.2)
is also a state of the system. Experimentally, the principle of superposition explains
the existence of the interference pattern in the double slit experiment: the interference
results from the superposition of the waves emitted by slits 1 and 2. That is, if ¢, ¢
denote the waves reaching the screen emitted by slit 1 and 2 respectively and each
represent two physically possible states of the system, then any linear superposition
(3.2) also represents a physically possible outcome of the system, [18] and [12].
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3.3 Schrodinger operators

Quantum systems are well described by linear differential operators called Schrodinger
operators. Specifically, these are operators acting on L?(IR") of the form

—_HK2
H=——"A+YV,
2m

where h = 27th is Planck’s constant, m is the mass of the particle in the system and V
is a real-valued function called the potential. A function in L?(RN) that represents a
state of the system is called a wave function, [12]. The time evolution of a wave function
for a quantum system with Schrodinger H is controlled by Schrodinger’s equation

iy = Hyy. (3.3)

The role of Schrodinger equation in QM is analogous to that of Newton’s law in CP,
[20]. Equation (3.3) and example 3.1 suggests that the energy operator governs the time
evolution of the wave function. Therefore, in QM there is a fundamental connection
between energy and time, [20] and [12] .

Let us now state some properties of Schrodinger operators. Assume that V &

L2 (RN). We define the Schrodinger operator H = —A + V on

loc

Dom(H) = Dom(A) NDom(V),
where Dom(A) = H?(Q) and
Dom(V) = {f € LARY)/ [ [V(x)f(x)/dx < oo},
We take this domain since H is symmetric on Dom(H), that is
(Hu,v) = (u, Ho)

and Dom(H) C Dom(H*). Moreover, note that C§°(Q2) C Dom(A), so H is densely
defined.

The next theorem gives a necessary condition for H to be essentially self-adjoint,
that is, its smallest closed extension, denoted by H,is self-adjoint.

Theorem 3.2. Let V € L2 (RN) and V > 0. Then H is essentially self-adjoint on C ().

A proof of this theorem can be found in [12, Th. 8.14].
The final result that we state simplifies the spectrum of H when V has certain
properties

Theorem 3.3. Assume that v > 0and V € L2 (RN). Furthermore, if
V(x) = coas ||x|| — oo

then H has purely discrete spectrum.

A proof of this theorem can be found in [12, Th. 10.7].
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Chapter 4

Results

In this section we shall extend the results proven in [8] and [17], when p > 2. Mainly,
we shall prove some compactness properties of our operator setting to minimize a free
energy functional.

4.1 Sobolev-like cones

Throughout this work, we shall assume that
2<p<N, N>3
and

(VQ) Q C RY is open and bounded with boundary C!, and V € L®(Q) is non-
negative, i.e.,
V(x) >0, for a.e. x € Q.

Let us recall the following spaces of operators

Z = 2(1*Q)) ={T:1*Q) = L*(Q) / T is linear and bounded},
Zs = Z(1*Q)) ={T € £/ T is self-adjoint},

I = Iu(L2(Q)) = {T € £/ T is compact},

Fo = Feo(L?(Q)) = {T € F / T is self-adjoint}

which were defined and studied in previous chapters. We shall deal with nuclear class
operators T € .#1(L2(Q))), defined in Example 2.4.

Remark 4.1. By the Riesz-Schauder theorem (Theorem 2.28) and Hilbert-Schmidt theorem
(Theorem 2.29), given T € Fes, there exists (v 1,1 1)ien C R x L(Q) such that

Vie N: Tni=vitnir,

and
B={yir/i€N}
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is a Hilbert basis of L?(Q). In this context it is assumed that
Vi,jENZ i<j — |Vi,T| > |Vj,T|-

Also, if for some v > 0 both v and —v are eigenvalues, then the index of —v is less than that of

v. When there is no confusion we shall write v; instead of v; r and v, instead of 1; T.

We denote by W%,’p(Q) the completion of C’(Q2) in the norm

1/p
lolvy = (f, 9yl [ viweorar)

Remark 4.2. From (VQ)) we deduce that

/QV(X)IEU(XWUIX < [Vl H’M‘fﬁ(ﬂ)

Since LF (Q)) is complete and || - ||y (q);v (x)ax): |I*[lLr () are comparable, then they are equiv-
alent norms. This result comes from a corollary of the Open Mapping Theorem (see e.g., [13]).
Then, || - ||v,p is equivalent to the Wé’p(())— norm. Thus

Wi (Q) = (We" (@), [+ [lv,p) -

Hence, we have the following results,

1. Rellich-Kondrachov embedding. For all q € [1,p*], the embedding
1/
Wy (Q) € L1(Q)
holds and it's compact. Then, it follows that there exists S, 5 > 0 such that

vu e WP (Q): ullisq) < S, (4.1)

2. Poincaré’s inequality. Forall g € [1,p*] and 2 < p < N, we have that there exists
Cp,q > 0 such that

1/
Vi € Wi (Q) : [lullpaiqy < Cpg lIVitllp(a
In particular, for all 2 < p < o

1,
Ve WiP(Q) : [[ullppa) < Cp IVl

Note that these results are Theorem 2.13 and Theorem 2.14 written in the context of W%}p Q).
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Remark 4.3. By the embedding LP(Q)) C L?(Q), Holder’s inequality and Poincaré’s inequal-

ity, we see that
199G+ V) l(x) P
(r-2)/ 7 (r-2/p 2 7
<107 ([ 199GPdx) -+ 100" Voo ( [ 1990 P )

2/p
<107 max{1, G2 [Vmiey} ( [ [99() P )

2/;;
<& ([ Vgt + [ VEly) P )
where,
01 max{1, G |V} ifp > 2
1 , ifp=2.

Eolr =

Then we have proved that
1, ~
v e W (Q): [I9llve < C7 N9l

Note that C only depends on 2, p,V,Q.

We denote by %7 the set of eigenbasis of L?(Q)) associated to an operator T € .Y
( Remark 4.1). So that
VT € Yo : B # .

We write .
B, = {B ={ni/ieN}eBr/ (i)ien C Wo’p(ﬂ)} :

With all of these concepts in mind, we are ready to define our operator setting. This
definition is a generalization of [8, Def. 2.1] and [17, Def. 2.1] for p > 2.

Definition 4.1. We say that an operator T € .1 is in the Sobolev-like cone #'? if and only
if BY. # @ and

inf virlllmllt, . < oo, (4.2)
Be%%;ﬂJ z,T|||’71||V,p

Given T € #? and B = {1, / i € N} € %%, we refer to

(Tyvp =) lvirl-llnlly,
ieIN

as the B-energetic value of T. We say that

(T))v = inf (T)v,3, (4.3)
BeAl

is the energy of the operator T.
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Remark 4.4. In the case p = 2, it is not necessary to take infimum over %2 since
Y lvirl- ||’71’||%/,2
ieN
is independent of the choice of Hilbert basis, [§]. Nonetheless, note that (4.2) implies that there

exists B € %? such that
<T> v,B < 00.

The following proposition presents some basic results about #7 that justify the
term cone.

Proposition 4.1. Let T € #'? and o« € R. Then aT € #'P,

{(aT))y = laf - ((T))v, (4.4)

and
((aT))y =0 <<= (a=0V T=0). (4.5)

Proof. If T € #'P, then %5{ # @. Hence, there exists B = {r; /i € N} € %’?. Moreover,
for any i € IN:
aTn;r = av; i1,
which implies that
Vie N: Vgt =avit, Wiar =i T-
Thus, aT € #'7. Let B € %Y such that (T)y g < . Then
@T)vp =) lavir|- ||77i||€,p
ieEN
~ ol ¥ il - Il
iEN
= [a[(T)v,

Since this holds for all B € #F, we have that

((aT))v = |a[((T))v-

We conclude the proof of (4.4) by the arbitrariness of T and «.
Now, by (4.4) it is clear that

(a=0VT=0) = ((aT))y =0

and
((@aT))v =0 = (a =0V {(T))y =0).
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We have to prove that
(T))y=0 = T=0

in order to conclude our proof. Indeed, setting ((T))y = 0 yields

inf virl - mllY,  =o0.
ot 3 fvirl - Il

so that for all € > 0, there exists some B = {1; /i € N} € %% such that

Y fvirl - il < e.
ieN

Since this holds for any € > 0, the above implies
Vie N: |vip|- Hme,/p = 0.
The #,’s are eigenfunctions, so that #; # 0. We deduce that
Vie N: |yjr|=0

whence
ITh =) |virl =0 = T =0.
ieIN
]

Next, we present an estimate of the trace norm of an operator T € #'? by its energy
which shall be very useful.

Proposition 4.2. Assume (VQ}). Then
VT ew?: |[T|1 <K-Cp{(T))v, (4.6)
where Cy, is Poincaré’s constant and K is given by the embedding LP(Q)) C L?(Q)).

Proof. Let T € #* and B = {1; /i € N} € #%. Then, by the embedding LP(Q) C
L*(Q)
Vie IN: |Vi,T| < K|Vi,T| HT]lHEp(Q)

Using Poincaré’s inequality
3Cy > 0,Vi e N |vir| < KCplvir| - [ Vi {y

< KCplvir| <HV’71'H€P(Q) + ||’7"||fL’”(Q);V(X)dx))
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whence,
Tl =
i€eN
< 1';;\1 KCplvir| (HVﬂinp(Q) + ”’7i||’(ng(Q),.v(x)dx))
= KCy(T)v,s,
which, by the arbitrariness of B and T, implies (4.6). O

In QM positive nuclear operators are important since they can represent a physical
state of a system. For example, [2] uses a positive nuclear operator acting on L?(IR?)
to investigate a non-relativistic gravitational Hartree system. In this case, the operator
represented a system of gravitating quantum particles.

In our context, let’s consider the cone
wl ={Tew?/T>0}.

We define the B-kinetic energetic value of T for B = {; /i € N} € 4%,

Hpp(T) =) VzT/ |Vii(x)|Pdx
N

i€

and the p-kinetic energy functional of T, #,(-) : #I — R, by

Furthermore, we define the (p,V,B)-potential energetic value of T as follows

pVB szT/ x) |ni(x)|Pdx

ieN

and similarly to the p-kinetic energy, we define the (p,V)-potential energy of T, 2, v (-) :
7! — R, by

yp,V(T)— inf @pVB( )
Be %’T

Remark 4.5. Let’s observe that for T € #.] and B = {n; / i € N} € B, we formally have

Trp[—ApT] = Z(Wir—APT’?i)H(Q)
ieN

= ¥ vir [ (o) =)l

€N

= ZUZT/|V171 )|Pdx

ielN
= p,B(T). 4.7)
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Recall that the trace is a linear functional defined only for linear operators. In this case we are

using a non-linear extension of the trace because A, T is not a linear operator. If V € LI (Q)

and T € W[ is such that prV € LY(Q), then we have the following expression for the 2-
potential energy of T:
QZ,V(T) =Tr [VT] . (48)

In this case, V is understood as the multiplication operator:
V:12(0) = L2(O)
with V(u) =V - u.

Remark 4.6. For any T € #, we can write the energy of the operator T as

(D) = inf, | Hy,5(T) + P (T)]

Moreover, by properties of the infimum we have that

<<T>>V > infp %/B(T) + infp c@p,V,B(T)
BG@T BE@T (49)

= Jp(T) + Ppv(T).

We feel that that (4.9) is a manifestation of loss of energy due to the generalization we are
accomplishing. In the case p = 2, the conservation of energy (equality in (4.9)) is preserved

since the case p = 2 has strong connection with bilineal forms.

For each T € .7 such that T > 0 we can associate a function function pr : 2 — R

given by
pr(x) = 3 lvirllm(x)[%
iEN
o is called the density function associated to T and it does not depend on the choice of
Hilbert basis. Moreover, we have that p € L1(Q):

| pr(x)dx = | T|h.

Our first result gives regularity properties to pr when T € #F. The first step is to
prove the following integrability result about Vpr:

Theorem 4.1. Let N >3,2<p < Nand T € #F. Then

Vr € [p/2,PN/2(N-1)] = ||[Vpr

L7(Q) < C<<T>>V

where C only depends on p, N, r, B and Q. Therefore Vpr € L"(Q).
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Proof. Let B={n; /i € N} € %} such that (T)y p < co. Clearly,
VPT =2 Z V1|771 Ivﬂz )
icN

Then

/Q|VPT(x)|fdx Szr/Q (Z IViIIm(X)IIVm(x)|) dx

icN

v |vi (x
[ LZN| 1% (205 oy

. N o]
— iy [ {ZN <zj€N|vj|> V)

dx.
Using the convexity of s — s” and Jensen’s inequality:

7

dx

[ 1Vorlrax <27l [ Z( v )\m( O V().

ieN Z]6 ’V]’
= 2T E ul [ Il ()
ielN

By assumption, we have that p/r > 1 and p/(p —r) > 1. Furthermore:

L,
p/r  p/(p—r)

whence, by Holder’s inequality we formally have that

=1

r/p 1-r/p
[ veraras < 2Tt (1 Pax) ([ s
0 ieN
(4.10)
In order to justify this inequality, we need to show that
i) N < e
Q
In fact, using Poincaré’s inequality since p < g = pr/(p —r) < p*:
ICpq >0,V € Nt |17l yrspn ) 4% < Cpg | V11| Ly () (4.11)
This implies that there exists K; > 0 such that
vie N: / ()P P dx < K. 4.12)
Q

Mathematician 72 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

In fact, by (4.11), we have that

(p=n)/r
3C,g > 0,Vi € N: ( / i) [P/ ) <ch, /Q Vii(x)|Pdx. (4.13)

Multiplying both sides in (4.13) by |v;| gives

(p=1)/r
3Cpy > 0,¥i € N: |y ( /Q |;7,-(x)|w/<P—r>dx) < b v / Vii(x) [Pdx. (4.14)
0
Since T € #'P, we have that
Y. \1/1]/ |Vn;(x)|Pdx < c0 = 11m ]vl\/ |Vn;(x)|Pdx = 0.
ieN

Therefore, the sequence (|v;| ||V )ie is bounded. Hence, by (4.14)

Iz

LP(Q)
(p=n)/r

M > 0,3C,, > 0,Vi € N: \wl(/ 73 (x) [P/ (P~ dx) <Ca M

Furthermore, since T € .73, (|vi|),_p is bounded as well. Then

ieN
(p=n)/r
dM >0,3C,4 > 0,Vie N: (' (/Q |17i(x)|p’/(”_r)dx) < Cﬁ,g M,

where C’ = sup |v;|. Therefore, by setting K; = [M-Cj,4/c’]”"~") we have (4.12).
ielN
Now, since (N —2)/N < (p —r)/r < 1 and by (4.12), we have that
—r)/r

1 1 (p
(PP gy < [ = / (x)|Pr/ (p=7)
& i@ e < (g [ e na) T

whence, by (4.13)

K2 [ ) ax < chy [P,

Hence, we have that
1-r/p

1-r/p
([ mer e ) <q ([ Onra) <o, @)

1-r/p
where v = [Cg qKZ p/r] . We can use (4.15) in (4.10) to obtain

| IVpr(x)lrax

. r/p 1-r/p
<ot bl (f 1oncapax) ([ [9ncpx)

=N Q (4.16)
= 29|71 X il [ V()

ieN

< 2| T (Thv .
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Since B = {5; /i € N} € %} was chosen arbitrary, by (4.16) we have that

[ IVer(aldx < 27| TI (D). @.17)

Finally, by Proposition 4.2 there exists constants K, C, such that

ITlT < (KCp) (T (4.18)
Then, by (4.16) and (4.18):
IVt < 207 (KS) 7 (D).
Since T and r were chosen arbitrary, we conclude the proof. O

This theorem shall help us proof the following result:

Theorem 4.2. Let N >3,2<p < Nand T € #P. Then
Vr € [p/2,PN/2(N-1)],Vq € [1,PN/2(N-(1+0/2)] : o1 € WY (Q) NLI(Q).

Proof. Let’s prove
Vg € [1,pN/2(N-(1+r/2))] :  pr € L1(Q)). (4.19)

Using the interpolation inequality, we only need to prove that
o7 € .1 (Q) N LPN/2(N—(1+P/2))(Q).

We already know that pr € L'(Q). Then it remains to prove that pr € L"/2N-2(Q).

Indeed, by setting
_P N « _ P N
b=7 (N—l) <Nb =3 (N—(1+P/z)>

we have by Poincaré’s inequality and Theorem 4.1 that

”PTHLb*(m = Cp HVPTHLb(Q) S CPC<<T>>V

where C, is Poincaré constant and C = 2!/"(KC,)! "1/

is given in the proof of the
same Theorem. Then, by the interpolation inequality, we have proved (4.19). Finally,

by (4.19) and Theorem 4.1, we conclude the proof. O
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4.2 Free energy functionals

Similar to [8] and [17] we define Casimir classes of functions. As we shall see, these
functions generate entropy functionals which subsequently shall help us define free en-
ergy functionals.
For a potential V € L*(Q)) and « > 0, consider the following kind of conditions:
(Vi) The operator —aA + V, with Dirichlet boundary conditions, has a sequence of
eigenelements

{AFL60N ]} S RxH(Q) (4.20)

O<;\$")1<}L$‘,)2§...§}L§2§... (4.21)
and
lim )L( ®) _ —+o0. (4.22)
i—00 Vi

For the sake of simplicity, we shall write Ay ; and ¢y ; instead of /A\g,l’)i, 43%,12, respectively.

Remark 4.7. It is well known, (see e.g., [6, Th. 9.31]) that there exists a sequence of eigenele-
ments of the Laplacian operator —A, which we denote by

{Roedos)}

such that {¢o, / ¢ € N} C H(Q) is a Hilbert basis of L?(Q) and (4.21), (4.22) hold with
« = 1,V = 0. Furthermore, since V > 0, we have that

leIN

-A< -A+V

in the operator sense. Therefore, we see that

A

Vie N: /\O,i < jLV,l
Then, the sequence (;\V,i)ieN diverges since (;\o,i)ieN diverges.

Definition 4.2. Assume that V and w satisfy (V). A function F : R — R U {0} belongs to
the p-Casimir class ‘5 zf it is convex, non-increasing on (0, 0) and

Y F([CTIARN?) < o, (4.23)
ieN

where C is the constant defined on Remark 4.3. If & = 1, we write Cp,v instead of %;1‘3
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Example 4.1. Let v > N/p. We claim that the function F : R — R U {co} given by

s7T , ifs >0,

co , ifs<0

belongs to the Casimir class 6y for all2 < p < oo. In fact, by [19, Th. 1.3.1] we have that
there exists constants c(Q)), C(Q) > 0 depending only on the domain Q) such that

Vie N:  c(Q)2/N < Ag; < C(Q)i*N.

This implies that
Y- (Ao, i) P2 < [e(Q)] 2y i PN (4.24)
icN icN
and, since y > N/p
icIN
Then, we have that
Y (E Mg, i) P2 < oo
iEN
Since F is convex and decreasing on (0, +0c0), we have proved our claim. It is worth mention
that this results is also true if () is not bounded. This was proven in [17].

Remark 4.8. Sufficient conditions for (4.23) to hold are the following:

IM' >0,Ya > M':  F(a) < M'|a|7P1/2, (4.25)
and
Y (A1 < o, (4.26)
ieN

for some q > N/ p. Indeed, by (4.25), (4.26), we have, for Ny € IN large enough, that

ad A_1a /2 A A
b F((em) ) s e py <o
i=Np ' ieN

Now we introduce the concept of entropy functionals, which can be generated by

elements in the class ‘fp(“‘) This was already defined by [8] and [17]. Nonetheless, we

give this definition for completeness.

Definition 4.3. Given T € %/ and a convex function p : R — R U {0} such that (0) = 0.
The value

p(T) = Tr [B(T)]
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is called the B—entropy of T provided &g(T) € (—oo,00]. In this case we say that B is an
entropy seed. Moreover, we define the (V, p, B)— free energy functional of T by

Fvpp(T) = Ep(T) + inf [ H,5(T) + Pv,5(T)|
Be#",

= &(T) + (T))v-

We say that an entropy seed f is generated by the convex function F : R — R U {0}
if
B(s) = F*(—s) = sup{—sA —F(A)},
AER

where F* denotes the Legendre-Fenchel transform of F, (see Appendix C).
Remark 4.9. By the Spectral Theorem, we know that, for any B € %Y.
Vie N:  B(T)n; = p(vir)1i.
Then
T [B(T)] = ¥ Blvir).

iEN
Moreover, this value does not depend on the basis of T.

Example 4.2. The function F defined in Example 4.1 generates the seed

0 , ifS<O,

—(1—m)™ tm=ms™m , ifs >0,

0% N
- c 1),
=T (N+p )

Indeed, Let s > 0. We shall compute F*(—s) by finding max values of the function f :
R*\ {0} — R defined by

Bm(s) =

with

f(A)=—sA—A"T.
1t is straightforward that f is concave and that f'(A*) = 0 where

1/(y+1)
A = (1) .
s
Therefore, it is clear that

F(=s)= sup f(A)=f(A")

AeR\{0}
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Recall that if s < 0, then F(s) = +o0. Moreover, if s = 0, then F*(0) = B, (0) = 0. Hence,
we have proved that
Vs € R:  F*(—s) = Bm(s).

The following proposition gives a lower bound for Zy , . This result is very impor-
tant as it allows us to prove some Gagliardo-Nirenberg inequalities in the context of our
Sobolev-like cone Wf . Furthermore, this result also helps us prove the compactness
theorem and minimization theorem from the next sections.

Proposition 4.3. Consider an entropy seed B generated by F € 6y, then

—A 1% p/2
VT e Wl Fy,p(T) > —Tr p(( é+ ) ) ,

where C is defined as in Remark 4.3.

Proof. Let T € #!. Let B € #. Using Remark 4.3, we know that that there exists
C > 0 such that
Vie N: |lnilly, < Cllmilly .

Since F is non-increasing on (0, +00):

FC il = E(lmilly ). (4.27)

Moreover, consider the expansion
7 = (@V,'W') v
= i)y e
and

Z | (Cﬁv,j, 771') Q) |2 =1.

JEN
Then, as in [8] we have that

[ (IVmP + V) () ) dx
=C L V(i) P (V0P [V 0l 0Pt

=) | (fﬁv,j, Wi)Lz(Q) *C Ay

jeEN

Since F and s — sP/2 are convex functions, we get

p/2
FICHmillla) = F | X1 ($v7) oy 7€ A0
JEN (4.28)
~ A 1A p/2
<) (4’V,j/’7i>L2(Q) *F ((C 1)\\/,]‘) ) :

jeN
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Moreover, using the Spectral Theorem, we have that

. —A+V\P2\ e NP2\ L
Vj € N: F(( c ) )‘PV,jZF((C 1Av,j) >¢V,]'.

Then
A . ) 2
Z | <(PV,]/’71>L2(Q)| F

jEN

=) | (@v,j/ ’7i>L2(Q) *F

jEN

Therefore, by (4.27), (4.28) and (4.29)

—A+ VNP2
F(lmilly,,) < | mi F (( = ) )m) :
L2(0)

Adding over i € IN yields

Ll < (;71, (( A V)”“) ,71.)
12(0))
~ T [F <<—AC+ V)P/2>]

Since B is an entropy seed generated by F, we have that

(4.30)

Yv,A e R:  B(v)+vA > —F(A).

Therefore, by using 4.30 and choosing v = v; 7, A = Hiy,-HpV/ p and adding over i € N

Z :B VZT + ZWTHWIHVP = Z F ||771||

ieIN ieN ieIN
_ p/2
Sl w) )|
C
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Since B was chosen arbitrary, by taking infimum with respect to %% in the inequality

/2
Y Bvir) + (T))y > —Tr !p ((‘Ag V)” )] . (4.31)
iceIN

Here we use the fact that

l,;Nﬁ(ViIT); 5 [F ((—Ag V)P/2>] |

do not depend on the choice of basis B € %%. Since T was chosen arbitrary, we

above we get

conclude. O]

Remark 4.10. Proposition 4.3 can be written in terms of sums as follows:

: ((c “V,)m)

icIN
< ¥ pln)+ inf, - gl ([ [9nolPdr+ [ Vil (olra)
ieEN BEX] iEN

The following result applies the same ideas used in the proof of Proposition 4.3.

Proposition 4.4. Let « > 0 and V a potential verifying (V). Consider an entropy seed
generated by F € %rf’x‘; Then, for any T € #F, we have

—aA + V\"?

£5(T) + (a+1)2((T))y > —Tr {P ((%) )] | (432)

Moreover, if V = 0, we have that
_aA\P/?
&(T) +ay(T) > =Tr | F < & > (4.33)

Proof. Consider the Hilbert basis {gf)‘(/a 3 /i€ lN}. By the Spectral Theorem we know
that /2

. —aA+ V7P " NPT r/2\

VieN: F ((T) > . =F ((c 1/\&‘3) ) ¢y,

Then the proof follows exactly as in the proof of Proposition 4.3. O

A direct consequence of Proposition 4.4 is the following corollary. This result is
very useful for the minimization of a free energy functional.
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Corollary 4.1. Let B be an entropy seed generated by a function F € ‘5’5110/ 2 If (To)gex isa
family in #.] such that (Z0,p,6(Tr))oes is bounded, then the families

(%/p (T(T))aez} (g,’% (T(T))(TGZ

are also bounded.

Proof. Assume that (%, 5(Ts))sex is bounded, i.e,
dK; > 0,Vo € & 'gZO,p,,B(TU) = gﬁ(Tg‘) + e%/p(Tg) < Kj.

By Proposition 4.4, we have that

NP2
85(T) + %%(T) > Ty [F (( zg)p )] . (4.34)

Furthermore, since F € Cﬁp(lo/z),

e ((3)")

Therefore, by (4.34) and (4.35), we get

there exists K, > 0 such that

< Ko. (4.35)

NP2
T [p (( 2@)” )] 3 Hp(To) < E5(Te) + 3 H5(To) + 555 (To) < Ka,

which implies
‘%/P(TU) < 2(K1 + KZ)-

Then, we have proved that the sequence (%, (Ty))scx is bounded. The boundedness
of (63(Ty))rex immediately follows. O

Remark 4.11. We can extend the definition of pr for a general p > 2. Indeed, we say that

ppsT() = ) virlnir ()|
ieN
is the B-density value for a given T € #. and B € BY. We avoid using this definition since
we lose the physical interpretation of pr. However, we can prove similar reqularity results for
this extension.

Now that we have proved that fi\/,p,ﬁ is bounded from below, we shall obtain some
Gagliardo-Nirenberg inequalities for our operator setting. The following result is an
extension of [8, Theorem 3.2] to the Sobolev-like cone Wf .
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Theorem 4.3. Let B be an entropy seed generated by F € ¢,y and G : R — R a strictly

convex function such that

Y F ((élﬁv,gm) < /Q G(V (x))dx. (4.36)

iEN
Moreover, suppose that T is a function such that
VseR: (—=G)*(—s) = —1(s),

then

VT e #}: &(T)+ inf ,5(T) > inf [ T(pppr(x))dx.
Bes#h Be#h /O Y

Proof. Let T € Wf . Let B € ,%’5’,, Then, by Proposition 4.3

&(T) + 2, 8(T) + Py 8(T) > Fypp

> Y F <(élﬁv,i>m) .

ieIN
Thus, by (4.36)

E(T) + Hyp(T) = = [ G(V(x))dx = Z,v,5(T)

=k

Let s € R. Since (—G)*(s) = sup,g{As — (=G)(A)}, it is clear that

(4.37)
—G(V(x)) = V(x) ‘Zﬂ‘,\Tvi,ﬂm(x)W] dx.

VAER: (—G)*(s) > As+ G(A).

Then, in particular

(=G)° (2 Vi,T|’7i(x)|p> > V(x) ) virlmi(x)| + G(V(x)).

i€EN ieEN

Multiplying the inequality above by (—1) and integrating over Q yields

- [ =6y (2N w,ﬂm(xﬂp) < Jo [V X valn] - G(v () | dx
Hence, by (4.37) we get
p(T) + Ap,p(T) > /Q —(=G)* (2 vz-,T|m(x)|”> dx
‘eN (4.38)
= /QT (Z Vz',T|m(x)!”> dx.
ieN
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Since B was chosen arbitrary, by taking infimum over %/ on (4.38) we have that
Es(T) + #,(T) > inf T vi 7l (x)|P | dx.
(1) +4(T) 2 in, | (zN () )
We conclude by the arbitrariness of T. O

Remark 4.12. The inequality in Theorem 4.3 can be written in terms of sums as follows
Y B(vir)+ inf ) |Vi,T|/ |Vni(x)|Pdx > inf | T (Z Vi,T|’7i(x)|p> dx
ieN BEXT ieN O BB/ \jeN

Example 4.3. Let g : RT™ — R™ such that

o dt
| sa+rT <o
Moreover, consider the convex non-increasing functions F,G : R — R U {+oco} given by

Fo) = [0S, Gl = [ et g0,

For the case p = 2, it was proven by [8] that F, G satisfy the conditions of Theorem 4.3.

4.3 Compactness results

In this section, we shall extend the compactness of the Sobolev embedding Wcl)’p (Q) C
L?(Q) up to our operator setting
vl C ..

Similar to Wé’p (Q)) C LP(Q)), it is expected to have interpolation inequalities associated
with this compactness result. Indeed, Theorem 4.3 already proved some Gagliardo-
Nirenberg inequalities in the context of our Sobolev-like cone 7.

Before presenting the main result of this section, we need some notation. Let
(Ty)nen C Wf. For each n € IN, we shall denote by

(n)

(Vi )ieN

the sequence of eigenvalues of T,,. Moreover, we shall denote by
(1" iens
a sequence of eigenfunctions of T), such that

B = {y\" /ie N} e 2.
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Theorem 4.4 (Compactness theorem). Let (T,)yen C Wf be a sequence such that

Ko sup 3 nE [ M)+ 2o ()] < o

Then, there exists a subsequence of (T, )yeN that converges in trace norm || - ||1 to some T in
vl
The proof of Theorem 4.4 requires the following technical results.

Lemma 4.1. Assume the conditions of Theorem 4.4. Then

(i) (|| Tu||1)nen is uniformly bounded and

where m is given by Example 4.2.

(ii) Up to a subsequence

VieN: limv™ =7, nRtuU{o}. (4.39)

n—o00

Proof. Let us proof (i). By Proposition 4.2, we know that

3Cy, > 0,VYn e N:  ||Tyll1 < Cp{{Tu))v

=Cp B(71§f€1f%¥71 {%,mn) (T) + 2, v g (Tn)}

< Cpsu inf K oon (T + P T
B pneI[I\)IB(")e%%q{ p,B<)( n) p,V,B()( n)}

That is,

sup ¥ v < C,Ke. (4.40)
nelN jelN

Then (||Tx||1)nen is uniformly bounded. Now, for each n € IN, consider the entropy
seed B, defined in Example 4.2 and the (0, p, B )-free energy functional

Foppn(Ta) = = Y (L—m)" """ 4 inf | 4 (Tw)| -
oppulT) = = B (L =m)" I )" i [ o (T

By Proposition 4.3, we have that

Vi e IN: ﬁO,P,,Bm(Tn) > — Z F ((le\o,i>v/z> .
ieIN
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Hence,
o NIV .
4= mlg\y " ig\f (<C AOJ) ) " B(nFel,f%;n [%'BW(T")}
<) F ((é_l%,z’>p/2) + Koo < 0.
i€EN

Since n was arbitrary, this implies that

Let us prove (ii). Let i € IN. By (4.40), we have that
Vn € N : 1/1.(") < CpKeo.

Therefore, for each i € IN the sequence (vl.(n))neN is bounded in R. Since every
bounded sequence in R has a convergent subsequence and by the arbitrariness of i,
we have proved (4.39). [

Lemma 4.2. Following the conditions of Theorem 4.4, assume that
Vie N: v; #0.
Then, up to a subsequence,

VieN: limy™ =7, inL\(Q)CI2(Q). (4.41)

n—oo

Moreover,
Vie N: 7, € We(Q)

and {7, / i € N} is a Hilbert basis of L*(Q).

Proof. Assume that
Vie N: v; #0.

Let i € IN. We claim that there exists a sequence (171.(”))”@1\1 of eigenfunctions that is
bounded in W%,’p(Q), ie.,

3C > 0,Vn € N: / |V17 |pdx+/ |171 x)|P <C.
0

Indeed, note that

n v; n
191, = <115,
1 NQ)
< ™
1/1.(”) jg\l J Joove

Mathematician 85 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

Moreover, since (vl.(”))ne]N is bounded, we have that there exists K; > 0 such that
(n)yp (), (m)p
I, < K Y o™,
jeN
Then,

. (n)p
inf . mf V)
B(”)e%’in ||;71 ”V,p E p JGZ ||171

S K]_Koo.

This implies that
Vi€ N,Ve > 0,38 € 2% ||}, — e < KiK.
Therefore, in particular for € = K1K, we get
vne N, 3B € o ||}, < 2KiKe

Then, we have proved our claim. Hence, by the compactness of the embedding

Wi? (@) S L7(),
we have proved that there exists a subsequence, which we denote (171,(")),161[\1 for conve-
nience, such that (4.41) holds. It is clear that {77, / i € N} is a Hilbert basis of L?(Q).
Moreover, we have that, since L?(Q) C L2(Q)
VieN: lim /Q 7™ (x) Pdx = /Q 17,(x) [2dx.

n—00

Then
Vie N: HﬁiHLZ(Q) =1

Then, it remains to prove that for eachi € N, 77; € Wé’p (Q)). This is equivalent to the
following statement for any i € IN, (see [6, Prop. 9.18]).

<Clply . @4

3C > 0,V € C¥(RN),Vj € {1,...,N}: '/Qﬁi( 15( )dx

Indeed, let ¢ € CF(RY). Let j € {1,..,N}. Since for each n € IN we have 171-(11) €
W, " (Q), by [6, Prop. 9.18] we get

.
/0'71'( ) lgif)dx <MYl @) (4.43)
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where M depends only on 17.(n)

.. Now, we claim that

moP __dp .
nl1_r>r010 171 ax; ’71ax] inL*(Q). (4.44)

Let € > 0. By (4.41), we have that there exists Ny € IN such that

L —mpax<e| 22
o Yl o)
Then, for n > Ny, we deduce
ap(x) _ . op(x) - oY
/Q 771 ( ) ax] Ui(x) ax] — i L7 (Q) a_x] o)

< €.

Since € was chosen arbitrary, we have proved claim (4.44). Finally, by (4.43) and (4.44),

/0771'( x) 121;( )dx

where M’ only depends on 7;. Whence, by choosing C = M’ and by the arbitrariness

we get

< M| q

of ¢, j and i, we have proved

Vie N: 7, € W' (Q).

[l
Lemma 4.3. Assume the conditions of Theorem 4.4 and Lemma 4.2. Then,
Ve >0,3My e N,Vn e N: Y (") <e. (4.45)
i=My
Moreover, up to a subsequence
lim Y wm = Y (. (4.46)
TTiEN ieN
Proof. Let us prove (4.45). Let € > 0. Let v > N/p, by Example 4.1, we know that
Veo > 0,3N" e N: Y (Apy) "% < eo. (4.47)
{=N'
For each i,n € N and B ¢ %’% , consider the expansion
(n) _ () % p 4.48)
i kg\l (’71 IGDO,k)LZ ) Po (
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and
5 2

_ (n) o
L2Q) L ‘(Wf '(Po’k)LZ(Q)

’ keN
According to the reverse Holder inequality, ( see e.g., [8]), we have that, for an arbitrary

No € NN,
—1/
P
1 Q) :

Then, since LP(Q)) C L?(Q), we have that there exists K > 0 depending only on Q,

such that
1/
) . (4.50)

1/m
( y <v§">>m) <K ( Y v g™, ) (
i=Nj i=Np

The inequality above holds for all B (n) ¢ %’%. Furthermore, from [8, Th.3.4], we have
that

(n)

Uk (4.49)

o0

1/m
o () ym = |l ()
Z (Vi) 171
i Hl(Q) (iZ];\]O ) (z’No

Y v |

2 _ (n) 5
HI(Q) L <17i '¢0’£>L2(Q)

7"

and by (4.49)

Then, by the convexity of the function s — s~77/? and Jensen’s inequality, we have

[ ey = B | (" 0)

Thus, adding over i € IN, we get, for a fixed M € IN'\ {1}

2
A — /2
Aolgf’ : (4.51)

by L A op o R I i
B ]\:—11 iilo (]71( ),i)O’E)LZ(Q) Y
+e§4§0 <771(n)"’3°'4>y(m 25‘0_,2}’/2 (4.52)
+z§:\4 i—Zz:vo (771'(”)'43”) L2(0) 2;\0,2}?/2-
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where in the last step we use the fact that (}xolg) /eN 1S a non-decreasing sequence of
eigenvalues. Since {7;/ i € N} is a Hilbert basis of L?(Q2), we have that, for each
teN

Mg

‘(%/CPM)LZ ‘ - H‘f’MHLZ(Q) =1

Il
—_

i
which implies that, for any €; > 0, there exists N; € IN large enough such that for
some ny € N and ¢ € {1, ..., Ny — 1},

00 2
. (n) 2
Vn > ng: ; 1; ’¢O,E>L2(Q) < €. (4.53)
I—Nl
Then, by taking M = N’ and Ny = Nj in (4.52) we get
s (n)||~TP < M-1 .
. < ————€1 +€p€q.
Z._% ’ T ) = (R ezt T
Hence, by taking €, € such that
€ M +é€ | <€
1 (;\Oll)vp/z 0 .
We have that
(P 454
,-_Zwl ‘ T o) 459
Then, by (4.50) and (4.54)
1/m
SR ON : 1/
0 <K inf v; e’
i_Z];\,l( i) T Bes) ZZZ:\Il " vy
< KKooe!/7

which concludes the proof of (4.45). Then we have that, by uniform convergence

m
Jim, 32 (") = 3 Jim (1"
= Y )"
ielN

]

Lemma 4.4. Assume the conditions of Theorem 4.4 and Lemma 4.2. Then, up to a subsequence,

vl € (m1]: lim Y " = ) ml" (4.55)
ieIN ieIN
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Proof. Let m" € (m,1]. Let € > 0. Recall that, for any n € IN, the sequence (vi(”))ieN is
non-increasing. Then, since the function s — s =m ig non-decreasing on (0, +00), we
get

Vi< (v > @y, (4.56)

For each n € IN, we write
ZNO = {l eEN/i> I\]()/\l/;1 #0},

where Ny € N is fixed. Then, by (4.56)

£y = 5y
i=Np iEZNO

(4.57)

VAN
ES
IS
2
=
=
=
=

We know that, by Lemma 4.3

N1 eN,Vn e N: ) WMhym <
i=Nj

Hence, by taking Ny = Nj in (4.57) and by the arbitrariness of €, we have proved that

Ve >0,3N; e N,V e N: Y (v")" <.
=N,

Then, by uniform convergence,

. (n)\m' _ . (n)\m’
lim Y (v;")" = 2,}5{}0(”1 )

n—00 | .
1€IN €N

= Y @)™,
ieN
0

Proof of Theorem 4.4. By point (ii) of Lemma 4.1 and Lemma 4.2 with m’ = 1, we have
that

Y Ui < co. (4.58)
ieIN
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Note that, for any 7 € L?(Q), by the Cauchy-Schwarz inequality and the embedding
LP(Q) C L?(Q),

< K[z X Vi < oo,

)3 (Wrﬁi)LZ(Q) vit]; '
L2(Q) ieN

icN

where K > 0 only depends on Q. Therefore, the operator T: L?(Q) — L2(Q) given by
Tn =3 (07:)12(c) Vil;
ieN
is well defined. Moreover,
Vie N:  T7; =77,
Thus, we have that (V;,7;)ien € R X W(l)’p (Q) is a sequence of eigenelements of T.
Moreover, by Lemma 4.2, we have that B = {77, / i € N} € %’; Then 93% # .

(i) We have to prove that T € #/[. Let us prove first that T is self-adjoint. Let
17,9 € L2(Q). By lemma 4.2, we know that {77, / i € N} is a Hilbert basis of L?(Q}).
Then, we have the following expansions

=3 M) =2 (7)) 7
ieN ieN

Then

Il
7
—~
=
=

N—
—
Pl
2
=l
=
—~
‘§
=|
SN—"
—
N
2
=|
~_

and

Therefore,
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Since 7,1 were chosen arbitrary, we have proved that T is self-adjoint. Note that the
sequence of eigenvalues of T is non-negative. Then, T > 0. Therefore, by (4.58), we
have that T € .#7. Since %’; # (@, it only remains to prove that

(T))v < co.
First, fix Ny € IN. For each n € N, we fix B(") ¢ %%l to define
No
falx) = Y v (V" @ + vy (), xeq.
i=1
Then, we have that

sup [ fu(x)dx > Ke. (4.59)
neN 7/ Q

Furthermore, it is clear that for each n € IN, f, > 0. Hence, by Fatou’s lemma (see e.g.,
[9, Pg. 19]), Lemma 4.1 and Lemma 4.2, we get

(4.60)

Note that the above holds for all possible basis. By properties of the infimum, we have
that,

n—oo B Eggp =

No
lim inf mf [Zv ||171 p,p] Sliﬂiorolevl.(”)||17i(”)||€/,p. (4.61)
i=1

Moreover, for all € > 0, we have that up to a choice of basis

No
lim inf {Zv}")mg’“)@p e}<hmmf inf {Zu 17| } (4.62)
1

n—o0 4
Bmegh |

Thus, by (4.60), (4.61), (4.62), we have that

/Z (VT @P + V@@ dx

n—o00 B ejp

< liminf inf /Q[Zv \Vﬂ ()P +V(x )nf”)(x)p)] dx

Since Ny was chosen arbitrary, we have proved that

Mve= [ ¥ FOVE@P + VO] dx < Iiminf(T)y < Ko, (469

n—
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which implies
((T))v < liminf((T,))y < co.

Thus, T € #7.

(ii) Let us prove that (T,),cN converges to T in .77, i.e.,
Ve >0,Inge N: n>ny = ||T,—T|1<e. (4.64)
Let € > 0. For each Ny € IN we define
FI(\;;) = span{;yi(n) /i=1,..,Ny—1}

and
Fn, =span{7; / i=1,..,No —1}.

We denote by PI(\Z) ) L2(Q) — PI(\Z? the orthogonal projection onto F](\Z) ), which is defined
by

No

Py () = L (n,nf”))Lz(Q) 0", e Q).
Similarly, we denote by Py,: L>(QQ) — Fy, the orthogonal projection onto Fy,, which
is defined by
No
Pry (1) = Z; (17120 T 1 € LA(Q).
i=
Moreover, we denote by ng;o) =1 Pz(\;; ) and Qn, = I — Py, the orthogonal projections

onto (F](\g ))L, (Fn,)* respectively. Now, for any n € IN, note that

‘ T _THl = {|(Tn _T)IH1
= [T =Ty (Pay + Qo)
= |(Tw — T)Pn, + TuQn, — TQN, . (4.65)
= ||(Tw = T)Pry + TuQno — TQny + T QN — TwQR |
< (T = TPl + 1T QI + [ TQno |, + [ Ta(QR) — Q)| -

Note that Dom((T, — T)Py,) = Fn,. Then, by Lemma 4.1 and Lemma 4.2, the first Ny —

(n) _(n)

1 eigenelements {(v;"/,7.")}i=1,. N,—1 strongly converge in R and L?(Q)), respectively.

Then,
€

dni e N: n>nm = H(TH_T)PNOH1<4

(4.66)
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The second term and third term in (4.65) converges to 0 by Lemma 4.3 with m' = 1
and Ny large enough. Then

IN; € N: ‘ T.Qy < Z (4.67)
and

IN, € N: HTQN2 <7 (4.68)
Now, for the last term note that

Q\) — Qn, = 1—Pjj, — I+ Py,
= Py, — PK]O.
Therefore, by Lemma 4.1 and 4.2, we have that
€
ImeN: nzm = |T(Ql - Q)| < ITull Q) — Qx| <5 @69)

Hence, collecting the estimates (4.66), (4.67), (4.68), (4.69) with Ny = max{Ny, N}

and ny = max{ny,ny}, we obtain
n>ng = ||T,—T|1<e.

Since € was chosen arbitrary, we have proved that the sequence (T;),en converges to
Tin .%. O

4.4 Minimization of a free energy functional

In this section, we present a minimization problem of a free energy functional. The
main tool that we shall use for this minimization problem is the compactness theorem
proved in the previous section.

Theorem 4.5. Let B be an entropy seed generated by F € %;}0/2) M 6p,0. Then there exists a
unique Too € W[ such that

Fop5(Teo) = inf Fy,a(T 4.70)
0,0,6(Te0) At 0p8(T) (
Proof. Proposition 4.3 gives a lower bound for %, 5. Then, we know there exists a

minimizing sequence (Ty),eNn € Wf of o, ,1e.,

T — i
nh_{rolo Fo,p,8(Tn) = Tlenfif Fo,p,8(T)- (4.71)

By (4.71), we have that (g, 4(Tu))nen is bounded. Then, by Corollary 4.1, we have
that

(%(Tn))neﬂ\l} (éa,B(Tn))neN
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are bounded sequences as well. This implies that

Koo = sup #p(Ty) < co.
nelN
Then we can apply Theorem 4.4 and extract a subsequence, denoted by (Ty)pen for
simplicity, such that
im T, =T in.%, (4.72)

n—00
for some T € #.. Moreover, by (4.63), we have that
Hp(T) < liminf J,(Ty).

n—o00

We claim that
éjg (T) < liminf (E’ﬁ(Tn). (4.73)

n—o00

In fact, consider the set

oy ={p=()ien €L/ ), B(ui) < A},
i€EN
where A = sup,n 6p(Ty) < oo. Since B is a convex function, we have that <7, is
convex. Furthermore, the convexity of B also implies that the function D: &/, — R
given by

D(p) = ZN Blpi), 1= (i)ien € '

is convex. Note that, by definition D is bounded from above by A. Then, by [26, Lemma
2.1], we have in particular that D is lower semi-continuous. By Lemma 4.1, we know that,

up to a subsequence

which implies

Vy =V, asn— oo

where V = (V;);en and v, = (Vl-("))ieN. Since D is lower semi-continuous, (see [6, Pg.
10])
D7) < liminf D(vy)

n—o00

and we have proved (4.73). Then

Fop,8(T) = E3(T) + Hp(T)
< liminf #(T,) + lim inf &5 (T,)

< liminf %, 5(Ty) (4.74)

n—o0

= 1l’1f 9\0 T
Tew] ,p,/%( )
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whence, since T € #7, we have that

Zo,8(T) = inf Z T).
0,p,/3( ) Tve 0,p,/3( )

That is, T is a minimizer for %, g. O
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Chapter 5

Conclusions and recommendations

5.1 Conclusions

We extended the results obtained by Dolbeault, Felmer and Mayorga-Zambrano, [8]
and Mayorga-Zambrano, Salinas, [17], for the case 2 < p < N and an open bounded
domain O C RN,

We considered a potential V € L®(Q) such that V > 0 and T € .#} such that its
eigenelements

Vi, mi7)ien € R x L2(Q)

form a Hilbert basis B = {r;7/ i € N} of L2(Q)). We denoted the set of all possible
eigenbasis of T by #r.
The Sobolev-like cone #'? was defined as the set of nuclear operators T € .#] such
that
Ay ={B={nr/icN}yesr/BCW(Q)} #0

and

(D = jind, 3 szl [ [Vosr (I + V) ()] dx < oo

((T))v is called the energy of T. We denoted #/] = {T € w7/ T > 0}.
The two main results of this work consisted in a compactness result for #/ and a
minimization problem. The first result proved that the embedding

vl C

when equipped with ({-))v is compact, i.e., if (T;)uen C #/ is bounded in ((-))y,
then there exists subsequence that converges in .#;. Then, analogous to the embedding

W(l)’p (Q)) C LP(Q)), we also obtained some interpolation inequalities in the language of
operators. This compactness result was applied to the minimization problem:

Find Tw, € V/f such that
inf ey p Z0,,5(T) = infreyp [Te[B(T)] 4+ (T))o] = Tr [B(T)] + ((Te) o
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where f: R — R is a convex function called an entropy seed such that (0) = 0, and
Tr [-] denotes the trace functional.

These results were proven under the conditions that 2 < p < N and N > 3, with
an open bounded domain QO C RN. However, with an appropriate application of
Rellich-Kondrachov theorem, we can prove results similar to ours for p > N. Moreover,
by a scheme similar to [17], we may prove similar results for an unbounded domain
Q C RV,

5.2 Recommendations

1. In this capstone project, the p—Casimir class of functions was constructed around
the eigenvalue problem of the laplacian operator. However, we believe that an-
other approach such as the use of the eigenvalue problem for p—laplacian could
be more rewarding, yet more difficult. The main problem arises when trying to
prove a lower bound for the (V, p, B)—free energy functional. If one chooses to
take this path, [5], [27] and [19] are very good sources.

2. I believe that an introductory course in mathematical physics should be a part
of the mathematics program offered at Yachay Tech because it provides classical
perspectives to mathematics.

3. Mathematics lies at the heart of every branch of science, which at the same time is
fundamental for innovation, something that Ecuador desperately needs. There-
fore, I believe that the right step for Ecuador to become a developed country is
to push for universities to improve their mathematical departments. This is be-
cause this would create a chain reaction in the superior education of Ecuador that
would create better professionals.
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Appendix A
The Riemann-Stieltjes integral

The Riemann-Stieltjes integral is a generalization of the Riemann integral. In order to
understand this concept, we need to define the space of functions of bounded variation.
Let w € C([a,b]), where a,b € R. We denote

j/:{p”:(tOI---/tn)/a:t0<t1<'~'<i’n:b}

the set of all finite meshings of the interval [a,b]. Here, n € N is arbitrary. The total
variation of w on [a,b] is defined by

Var(w) = sup i [w(t;) —w(tji_1)].
pEA j=1

We say that w is of bounded variation on [a,b] if its total variation Var(w) on [a,b] is
finite. Note that the set of all functions of bounded variation on [4, b], which we denote
by BV([a, b]) forms a linear space. Moreover,

lw]| = |w(a)| + Var(w), w € BV([a,b])
is a norm on BV ([a, b]), [13].
Now, consider x € C([a,b]) and w € BV([a,b]). Let p, € 4, we write
7(pn) = max{(ty —to),..., (tn — ty—1)}.

Consider a sequence of partitions (p,),eNn C A4 satisfying

lim #(pn) = 0.

n—o0
Then, the Riemann-Stieljtes integral of x over [a, b] is defined by
b n
| xdu(t) = tim Y x(t)lw(t) - wlt;-1)]

= lim
n—oo |
j=1

The Riemann-Stieltjes integral of a function x over [a,b] is a generalization of the
familiar Riemann integral of x over [a,b] since we can choose w € BV([a,b]) as the
identity to obtain

/abx(t)dw(t) - /abx(t)dt.
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Moreover, if we choose w € BV(]a,b]) to be differentiable on [a, D], then we have

b b
/ x(B)dw(t) = / ()W (1)dt.

This integral is linear both on x € C([a,b]) and on w € BV([a,b]). A useful inequality
for these type of integrals is the following

< max |x(t)|Var(w).
te(a,b]

/ﬂ v dw(t)

We finish this section with an important representation theorem proved by Riesz in
1909

Theorem A.1. Every bounded linear functional f on C([a, b]) can be represented by a Riemann-
Stieltjes integral

Flx) = /abx(t)dw(t), x € C([a,b]),

where w € BV([a, b]) is such that
Var(w) = [|f]].

A proof of this result can be found in [13, Th. 4.4.1]
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Appendix B

The eigenvalue problem for the

p-Laplacian operator

Let p > 1 and Q C RN. The p—Ilaplacian operator is defined by
Apu = —div(|VulP~2Vul),

where u € W(l)’p(Q). Here div denotes the usual divergence operator. We give a brief
overview of the eigenvalue problem for the p—laplacian.

Defining the eigenvalue problem presents some issues. Mainly, the non-linearity
of the p-Laplacian operator A,. However, we can still deal with its generalized eigen-

vectors ¢ and eigenvalues A as stated in [19]. That is, (A,¢) € R X Wé’p(()) is an
eigenelement of A, if and only if

{Ap¢<x> =~V ([Vp(x) [P 2Vp(x) = Mg(x)|" Zp(x), x€0, B)
u(x) =0, x € 0Q) '

in the weak sense. Furthermore, we shall state two results involving the existence of
an infinite sequence of eigenvalues of Aj,. For each k € N and &« € R consider,

Cy={CCc M /Ccompact,C=—-CAv(C) >k} (B.2)

where vy is Krasnolseskii genus ( see [19]) and M is the manifold

M = {u € Wé’p(Q) /%/Q |Vu(x)|Pdx = oc}.

Theorem B.1. Consider B : Wé’p(ﬂ) — R defined by B(¢) = %fg |p(x)|Pdx and let By be
defined by

Bx = sup min B(¢).
CeCy peC

Then, By > 0 and there exists ¢y € M such that B(¢y) = By, and ¢y is an eigenvector of A,
for Ay = a/ Bk
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A proof of this theorem can be found in [19]. The next lemma completes this result by
stating that we have a infinite sequence of eigenvalues that explode at infinity:

Lemma B.1. Let By defined in Theorem B.1. Then limy_,, Bx = 0. Hence, limy_, o, A = 0.

A proof of this result can be found in [19].

Remark B.1. We can extend this results for the operator —A, +V, where V: Q) — R is a
potential. We denote the sequence of eigenelements of the operator —A, + V with Dirichlet
boundary conditions by {(Ay ;, ¢y i) }ien C R X W(l)’p (Q). That is, for all i € N:

—Appy,i(x) + V(x)|Py,i(x) [P 2Py i(x) = Avildvi(x) [P 2y i(x) ,xe€,
—Apy,i(x) + V(x)|pv,i(x) [P 2Py i(x) =0 ,x € 9Q)

in the weak sense. Bonder and del Pezzo proved in [5] that there exists an increasing, unbounded
sequence of eigenvalues for —A, +V, i.e.

Avi<Ayp < <Ay <--e, (B.3)
and
lim Ay ; = co. (B4)
1—00

Moreover, it was also proven in [27] that the first eigenvalue is positive and isolated, i.e.,

Avi<Ayp < <Ay <o (B.5)
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Appendix C
Legendre-Fenchel transform

Let 7 be a Hilbert space. Let f: 7 — R U {co}. The Legendre-Fenchel transform of
f is the function f*: .# — R U {co} defined by

f*(s) =sup{sA — f(A)}, se 2.
AER

Example C.1. The Legendre-Fenchel transform of the exponential functions is given by

uln(u) —u , ifu >0,
exp*(u) =<0 ,ifu=0,
00 , ifu <O0.

The following proposition is a compilation of various properties of the Legendre-
Fenchel transform.

Proposition C.1. Let f,g: 7 — R U {co}. Then
(i) f*<f.
(ii) If f < g. Then f* > g* and f** < g**.
(iii) If f is even, then f* is even.
(iv) Let > 0. Then (af)* = af*(-/a).

(v) f* is lower semi-continuous.

A proof of these results can be found in [4].

107



	Dedication
	Acknowledgments
	Abstract
	Resumen
	Contents
	Introduction
	Theoretical framework
	Some results and definitions of Functional Analysis
	Topological, normed and inner product spaces
	Properties of Banach and Hilbert spaces
	Convex functions and semi-continuity

	Lebesgue and Sobolev spaces
	Lebesgue spaces
	Sobolev spaces and Sobolev embeddings

	Bounded linear operators
	Definitions and properties. Adjoint operators
	The spectrum
	The polar decomposition of a bounded linear operator
	Projection operators

	Compact linear operators
	Compact self-adjoint linear operators
	Trace-class and Hilbert-Schmidt operators

	Spectral theorem
	Spectral representation of a bounded self-adjoint operator
	Functional calculus
	Other ideals


	An introduction to Quantum Mechanics
	The birth of Quantum Mechanics
	Operators in Quantum Mechanics
	Basic concepts. The position and momentum operator
	Heisenberg uncertainty principle

	Schrödinger operators

	Results
	Sobolev-like cones
	Free energy functionals
	Compactness results
	Minimization of a free energy functional

	Conclusions and recommendations
	Conclusions
	Recommendations

	Bibliography
	Appendices
	The Riemann-Stieltjes integral
	The eigenvalue problem for the p-Laplacian operator
	Legendre-Fenchel transform

		2021-05-19T12:28:06-0500
	SEBASTIAN JOSUE CASTILLO JARAMILLO


		2021-05-19T12:28:31-0500
	SEBASTIAN JOSUE CASTILLO JARAMILLO




