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Abstract

In this work, a master-slave system of autonomous chaotic ordinary differential equations
that are not identical is considered. In order to refer to the master-slave system being
synchronized, the aim is that the evolution of the solutions of the master and slave equations
should coincide as closely as possible. Given a bounded solution for the master equation,
we use this as an input in the slave equation. This leads us to a non-autonomous system
where the conditions, that are represented by a class of systems illustrated by Chua’s
equations, are identified. Next, for the non-autonomous system, we are able to show,
under suitable conditions, the existence of solutions that ensure synchronization of our
master-slave system.

The theoretical results shown are recreated, using Chua’s equations, with numerical
simulations that effectively show that the solutions of the master and slave equations
match as closely as possible.

Keywords: synchronization, master-slave system, Chua’s equations, Banach
Fixed Point Theorem.
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Resumen

En este trabajo se considera un sistema maestro-esclavo de Ecuaciones Diferenciales Or-
dinarias cadticas autéonomas no idénticas. Para referirse a que el sistema maestro-esclavo
estd sincronizado, el objetivo es que la evolucién de las soluciones de las ecuaciones mae-
stro y la ecuacion esclavo coincidan lo més posible. Dada una soluciéon acotada para la
ecuacion maestro, esta es usada como entrada para la ecuacion esclavo. Esto nos con-
duce a un sistema no auténomo donde se identifican las condiciones que representan una
clase de sistemas ilustrado por las ecuaciones de Chua. Por consiguiente, para el sistema
no auténomo vamos a mostrar, bajo ciertas condiciones, la existencia de soluciones que
encierran sincronizaciéon por parte de nuestro sistema maestro-esclavo.

Los resultados tedricos mostrados son recreados usando las ecuaciones de Chua con
simulaciones numéricas que muestran efectivamente que la solucion del sistema maestro-
esclavo se ajustan al maximo.

Palabras Clave: sincronizacion, sistema maestro-esclavo, ecuaciones de Chua,
Teorema de Punto Fijo de Banach.
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Chapter 1

Introduction

Synchronization between two or more dynamical systems describes the correlation process
of two or more chaotic systems under specific conditions for a time interval [1, 2]. This
process is a basis to understand an unknown dynamical system from one or more well-
known dynamical systems [1].

This phenomenon has been studied since the century 17th when the scientist Christiaan
Huygens gave a detailed description about the inanimated synchronization of dynamical
systems by studying a system formed by two pendulum-clocks hanging from simple support
and observing phase to phase the synchronized behaviour that this system presented after
of a certain time [3]. Huygens’ research was a key element in the study of synchronization
of dynamical systems until becoming an active research topic.

An important scientific revolution was the chaos in dynamics introduced by Henri
Poincaré at the end of the 19th century [4]. Chaotic dynamical systems present an even
greater challenge because they defy synchronization, implying that the signals that produce
a chaotic system could not synchronize with any other system [5]. In other words, the
trajectory of two identical autonomous chaotic systems that begin in the same initial point
in the same phase space uncoordinated quickly in time. However, if the two dynamical
systems exchange information in the right way, they can synchronize [6].

Over time, the general interest in synchronization has increased, since this phenomenon
has presented relevant manifestation in fields such as technology, physics, biology and
engineering [2]. Synchronization, besides being a fundamental element to understand the
natural phenomena, describes a spontaneous transition to order due to the interaction
between different processes in a time interval [4].

Reference [7] shows that it has not been possible to establish a single definition of
synchronization that encompasses each and every example of synchronization known and
yet to be known. A lot of forms of synchronization have been established over the last
decade. One of them is classified on the basis of the unidirectional or bidirectional nature
of the coupling process.

At the end of the century 20th, Pecora and Carroll introduced in [5] a new phenomenon
where the synchronized systems present a unidirectional interconnection known as master-
slave synchronization [8]. This synchronization implies that one subsystem flows freely and
directs the flow of another one.

Master-slave synchronization consists of two non-identical subsystems which are cou-
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pled such that the solution of one of them (slave system) always converges, or at least stay
close, to the solution of the other (master system), independently of the initial condition
[9]. There exist some forms to represent a master—slave system. In our case, let us consider
a master system in the following form

X = f(x, ), (1.1)

where x € R™ is the state variable and i is a constant vector in R?
The slave system is written in the following form

y=rf(y,p)+rvly—x), (1.2)

where y € R" and p is a constant vector in R?. The system (1.1)-(1.2) is called the master-
slave system. The solution of (1.2) follows the evolution of a given bounded solution of the
system (1.1).

In this work, we will discuss the conditions and results for master—slave synchronization
of chaotic systems, more specifically, let us apply the last unidirectional synchronization
in a specific example, that is, in Chua’s equations. This review is inspired by [10], where,
using exponential dichotomies, it is established specific conditions on non-identical chaotic
dynamical systems to obtain master-slave synchronization. It is also important to note that
in our work the main interest, when it comes to thinking about applications, is directed to
chaotic systems. Certainly if the systems considered are not chaotic and evolve freely, are
not coupled, they could synchronize. The same is not true for chaotic systems.

This work is organized as follows.

e In chapter 2, we present some basic definitions related to normed spaces and com-
plete normed spaces. Next, we give some important examples of complete normed
spaces startling the set of bounded continuous functions on R™ with the infinite norm.
Then, we present the Banach Fixed Point Theorem, also known as the Principle of
contraction mappings which states sufficient conditions for the existence and unique-
ness of a fixed point. Later, we summarize some general properties of differential
equations as the basic existence theorem and uniqueness of solutions. Also, we re-
call some important facts concerning linear systems. The chapter closes with a brief
discussion of eigenvalues and eigenvectors as well as some very simple propositions
relating to these concepts. The concrete case of one type of matrix, which appears
when considering Chua’s equations is considered.

e In chapter 3, we present the problem to be considered. Specifically the type of
master—slave system mentioned above. Through a transformation, the master—slave
system is brought to a non-autonomous system on which our study is performed.
Thus our main theoretical result, which of course guarantees synchronization of the
master-slave system, is obtained on the non-autonomous system and provides con-
ditions that guarantee synchronization. Finally, a simple application of Gronwall’s
lemma allows us to say more about theoretical results.

e In chapter 4, we present the application of the results in Chua’s equations. We begin
highlighting important aspects about the circuit from which these equations derive
and establishing explicitly the system to discuss. Next, we propose a transformation
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on Chua’s equation such that the conditions given in Chapter 2 are satisfied and
we can apply the theoretical results. In the end, we work with a Computer Algebra
System, Maxima, to expose the numerical results of master-slave synchronization in
Chua’s equations.

e In Chapter 5, we present some conclusions and recommendations related to this work.
There we highlight the characteristics that the systems considered in our work have,
and also mention considerations that may lead us to carry out further research on
what has been developed in this work.
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Chapter 2

Mathematical Framework

In this chapter we present a number of basic facts from analysis, ordinary differential
equations and linear algebra, which are fundamental in this work. For the development of
this chapter, the main references are the following [11], [12], [13], and [14].

2.1 Concepts and Definitions

This section introduces some conventions, notions and theorems related to Vector Spaces.

2.1.1 Banach spaces and examples

We start recalling that a linear vector space (or linear space) X over R (or C) is a set
{z, y, z,...} such that

1. for each x, y, z € X, the sum = + y is defined, z +y € X, as

r+y=y+z, (x+y +z=2+(y+2),

2. there is an element 0 € X such that for every x € X,

z+0=ux.

3. For a given z € X there is an element z € X such that

z+x=0.

4. Also, for each o, f € R (or C) and for each x, y € X, scalar multiplication azx is
defined, ax € X and 1x = x,

(af)z = a(Bz) = B(azx)
(a+ p)r = ax + px
alx +y) = az + ay.



School of Mathematical and Computational Sciences Yachay Tech University

From now on will be enough for us to pay attention to linear spaces over R (real linear
spaces). Let X be a real linear space, a norm on X is a map |[|-|| : X — [0,00) which
satisfies

i) Vee X :|jz|| >0 if z#0, ||0] =0.
ii) Va e R,Vr € X : [Jax| =| | ||z]].
iii) Vae,y € X ¢ ||l +y|| < |lz]] + |ly]| (triangle inequality).

The pair (X, ||-||) is called a normed linear space. When confusion may arise, we
will write ||-|| for the norm function on X. The resulting space is called a normed space.

Some well known facts and definitions related with normed linear spaces are the fol-
lowing

e The e—neighborhood of an element = of a normed linear space X is

ye X |ly—=zf <e}.

A set S in X is open if for every x € S, there exists an e—neighborhood of = which
is contained in S.

e S is closed if and only if X — S is open.
e Aset Sin X is bounded if there exists > 0 such that S C {x € V : ||z|| < r}.

e An element z is a limit point of a set S in X if each e—neighborhood of = contains
points of S.

e A set Sin X is closed if it contains its limit points.

e A sequence {z,} in a normed linear space X converges to z in X if
lim ||z, — x| = 0.
Jim [z, — 2

We shall write this as
lim z,, = x.
n—od

e A sequence {z,} in X is a Cauchy sequence if for every ¢ > 0, thereis an N(¢) € N
such that if n,m > N(e) then

|xn — 2wl < e.

e The space X is complete if every Cauchy sequence in X converges to an element of
X. A complete normed linear space is a Banach space.

e A Cauchy sequence {z,}, in a Banach space X, which is contained in a closed set S
converges to an element of S.

e The real line and the complex plane are complete normed spaces.

Mathematician 5) Graduation Project
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e A subset A of X is complete if (A, d) is complete.
Examples

1. Let X = R"™ be the space of real n—dimensional column vectors. For a particular
coordinate system, elements = in R™ will be written as x = (x1,...,x,), where each
rjisin R. If o = (21,...,2,) , y = (Y1,...,yn) are in R", then ax + Py for o, f in R
is defined to be (axy + Sy1,...,ax, + Py,) . The space R™ is clearly a linear space.
Moreover, it is a Banach space if we choose ||z]|| to be either

2

n n
sup{|z;| :i=1,...,n}, D |z or (fo)
i=1 i=1

Each of these norms are equivalent in the sense that a sequence converging in one
norm converges in any of the other norms. The fact that X = R" is complete
follows because convergence implies coordinate wise convergence and R is complete.
In particular when n = 1 all the above norms coincide for any = € R.

Also, an important consideration, which we frame in this example, corresponds to
the set of real matrices of size n x n and which will be denoted by M, «,. Certainly
M, «n can be identified with R™* and one has that X = M., «n is a Banach space if

we choose ||Al|, where A = (aij>,z',j =1,...,n, to be either

1
n n 2
sup{|a;;| 14,7 =1,...,n}, Z la;;| or (Z afj) .

1,j=1 1,j=1

We close this example by pointing out that throughout this work, unless otherwise
1

specified, we will use the Euclidean norm, i.e., ||z|| = ( " xf) *x=(r1,...,2,) €
1

R™ . Of course if A € M,,«, it corresponds to ( el a?j)i.

2. Let X = C ([a,b],R") be the linear space of continuous functions which maps the
closed interval [a, b] into R™. If we define for a given z € X

2]l = sup [z(®)]];
t€la,b

then || - ||, is a norm on X and also X is complete with this norm. Thus, the pair
(C’ ([a, 0], R™) | - ||Oo) is a Banach space.

3. Let X = C} ([0,00),R™) be the linear space of bounded continuous functions which
maps the interval [0, 00) into R™. If we define, for a given = € X,

|l = sup (@),

te[0,00

the pair (Cb ([0, 00),R™), ||||Oo) is a Banach space. Let us prove that X is complete.
We start by considering a Cauchy sequence {z,} in X. Given t € [0,00) , we have
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that {x,(t)} is a Cauchy sequence in R™ and since R" is complete its limit is in R",
i.e, lim, . 2, (t) exists. Now, define z : [0,00) — R™ as

x(t) = Jim. x,(t) ( pointwise limit).

We claim that
z € X and lim [z, —z| =0.
n—o0

Given an arbitrary ¢ € [0,00) and a closed interval [a,b] that contains ¢, the limit
function lim,,_,o ,, () is, with the norm |[|-||_, in C' ([a, b], R™). Thus, = is continuous
at t.

To prove that z is bounded, we proceed by contradiction. Suppose that z is not
bounded, then there exists a sequence {t,,} in the interval [0, 00) such that ¢, < t,;,41,
m=1,2,..., limy, o t, = 0o and ||z (t,)|| = m. Now, given m > 1 we have that
lim,, o0 Ty, (t) = @ (t). Next, given 0 < ¢ < 1, if we choose N and m such that
lzn]l, <m—1and ||y (t,) — @ (tm)|| < e, then

m < [l ()| = || @ (tn) = @ (6n)) + 2 (1)
<e+m-—1

This is a contradiction. Now, we have to prove that x, converges to x in norm.
Given € > 0, there exists an N such that for n,m > N, ||z, — 2,/ < 5. Now, for
t € [0,00) and n,m > N we have that

lzn(t) = 2(®)] = ||@a(t) = 2m(t) + (@m(t) — 2(2)|
< Natn = Tmlloo + lom(t) — 2(2)]

5
<5+ lem(t) = (@)
Next, choose m = m(t) > N such that
£
o (8) — 20)] < 5

This implies that ||z, (t) — z(t)|| < € for all ¢t € [0, 00). Thus, ||z, — z|
lim,, o ||z, — 2| = 0.

« < €. Hence,

2.1.2 Banach Fixed Point Theorem

A function taking a set A of some linear space into a set B of some linear space is called
a transformation or mapping of A into B. A will be called the domain of the trans-
formation and the set of values of the transformation will be called the range of the
transformation. The notation 7' : A — B corresponds to the case where 7' is a transforma-
tion of A into B. We are interested in transformations that act from A to A, i.e., A = B,
where A C X and X is a Banach space. In this case, a fixed point of a transformation
T:A— Aisapoint z in A such that

Tr = x.
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Among the many results on existence of fixed points, for a given transformation, we high-
light that three important results are Banach’s fixed point theorem, Brouwer’s fixed point
theorem and Schauder’s fixed point theorem. These results play an important role con-
cerning the existence of solutions for differential equations. In this work a fundamental tool
is Banach’s fixed point theorem also known as the contraction mapping theorem. Before
stating the contraction mapping theorem we need to introduce the following

Definition 1 (Lipschitz continuity, contraction). If A is a subset of a Banach space X
and T is a transformation mapping A into a Banach space Y (written as T : A — YY),
then T is a contraction on A if there is a A, 0 < \ < 1, such that

[Tz = Tylly < Mz —yly, withz, ye€ A

The constant X is called the contraction constant for T on A.

The Banach fixed point theorem to be stated below gives a constructive procedure for
obtaining better and better approximations to the solution of the practical problem. This
procedure is called an iteration. Moreover, iteration procedures are used in nearly every
branch of applied mathematics, and convergence proofs and error estimates are very often
obtained by an application of Banach’s fixed point theorem.

Theorem 1 (Banach Fixed Point Theorem). If A is a closed subset of a Banach space X
and T : A — A is a contraction on A, then T has one and only one fized point, i.e.,

NieX:TE) =1

Moreover, if xo in X is arbitrary, then the sequence {x,+1 = Tx,, n=0,1,2,...} con-

verges to T as n — oo and
||y — 0|

— 7 <

where X is the contraction constant for T on A.

Proof. Let T be a contraction on A. Then, there is some A € [0,1) such that, for any
r,y e X
1T (z) = T ()|l < Mz = yl|. (2.1)

Let x,y are elements of A such that Tx = x and Ty = y, then
|z =yl = ITz = Tyl < Mz —yl|.
Thus,

(1 =Nz =yl <O
|z =yl =0

T =y.
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(Uniqueness) Let xy € A be arbitrary and define the "iteration sequence” (z,)nen by

Tnt1 = T([L’n)
Given n > 1, let us see how close z,,,; and z,, are

|41 — 2| =[[T2n — Ty
g)‘”xn - :Un—1||
:HTxn—l — TZL'n_QH

g/\2||xnfl - xanH

SA*[|#1 — @ol|-
Thus,
[#nt1 = @nl| < A"z — xoll. (2.2)

Now, let us prove that (z,)nen is a Cauchy sequence so that it converges in the complete
space X. This limit z will be the fixed point we are looking for. In fact, for m >n > 1 we

have, using the triangle inequality and (2.2), that

|Zm — @ull = [(@m — Tm1) + (Tme1 = Tna) + - + (Tng1 — 24)]|
< wm = Tmaall + |2m1 = Zmall + -+ |01 — 20|
<N @y — @ol| + A2 |y — @ol| + - - - 4 ||z — o
= A" (AT AT 1) [ — o

| — mn
_ <H> o — o]

n

S 1z )\Hfﬁl — zol|.
Then, giving € > 0 pick N = N(¢) > 1 such that % |z1 — xo]| < e. For m >n > N we
have,
n )\N
s~ all < T2 oy — 0]l < o s — o] < =

Since {z,} converges, {z,,} C A and A is closed, there exists € A such that

lim z, = .

n—oo

Finally to show that T'(z) = = (existence) we use that 7" is continuous. In fact, if z,, — Z,

then T (x,) — T(z). But, z,41 = T(z,) and then uniqueness of the limit implies that
T(z) = x.

]
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Remark 1. The above theorem can be formulated in a more general framework which
corresponds to metric spaces. However, due to our interests in this work, we restrict

attention to a framework corresponding to Banach spaces.

2.2 Aspects of Ordinary Differential Equations

In this section we recall some general definitions and results of ordinary differential equa-
tions. We begin with the definition of solutions and theorems concerning with existence
and uniqueness of solution for first order ordinary differential equations in a general form.
Next, we pay attention to linear equations.

2.2.1 Existence and Uniqueness

Let t be a scalar, let D be an open set in R"™! with an element of D written as (¢, z); let
f D — R™ be continuous and & = ‘é—f. Consider a system of d first order differential
equations
T = f(t,x). (2.3)
For the most part, it will be assumed that f is continuous. We say x is a solution
of (2.3) on an interval I C R if = is a continuously differentiable function defined on I,
(t, z(t)) € D, t € I and x satisfies (2.3) on I. Suppose (tp,z9) € D is given. An initial
value problem for the equation (2.3) consists of finding an interval I containing ¢y, and a
solution z of (2.3) satisfying x(tg) = xo. We write this problem as

{ i(t) = f(t (1)), (24)

l’(to):l’o, tel.

If there exists an interval I containing to and an x satisfying (2.4), we refer to this as
a solution of (2.3) passing through (¢y, zo). These requirements on z are equivalent to the
following lemma

Lemma 1. Problem (2.4) is equivalent to

(t) = o + /tt (. 2(7))dr, (2.5)

provided f(t,x) is continuous.

The next theorem to be introduced drops the assumption of Lipschitz continuity and
the assertion of uniqueness.

Theorem 2 (Peano). If f is continuous in D, then for any (to,zo) € D, there is at least
one solution of (2.3) passing through (to, o).
A proof of this theorem is given in [11].

If f(t,z) is continuous in a domain D, then the fundamental existence theorem implies
the existence of at least one solution of (2.3). The basic existence and uniqueness
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theorem under the hypothesis that f(¢,x) is locally lipschitzian in z is usually referred to
as the Picard-Lindeldf theorem. This result as well as additional information is contained
in

Theorem 3 (Picard- Lindelof Theorem). If f(t,x) is continuous in D and locally lips-
chitzian with respect to x in D, then for any (to,zo) in D, there exists a unique solution
x(t, to, o), x(to,to,T0) = xo, of (2.3) passing through (to, xo). Furthermore, the domain
D in R™™2 of definition of the function x(t,to, zo) is open and x(t,tq, x¢) is continuous in
D.

The proof of this theorem can be found in [11].

2.2.2 Linear Systems

A linear system of n first order equations is a particular case of (2.3) that is expressed by
,I.'j = Zajk(t)m—l—h](t), j: 1,2,...,7’1,,
k=1

where the a;, and h; for j,k = 1,2,...,n are continuous real valued functions on the
interval (—oo,+00). In matrix notation this equation can be written in more compact
form as

&= A(t)x + h(t) (2.6)
where A = (ajk),j,k = 1,2,....,n; h = (hy,..., hy)". When h(t) = 0 for all t €

(—00,+00), we obtain the system

i=Alt)x . (2.7)

We will refer to (2.7) as a homogeneous linear system. In another case, when h is not
the null function, we will say that equation (2.6) is a non-homogeneous linear system.
To continue our discussion of the systems (2.6) and (2.7), we recall some aspects of
linear algebra. A set of vectors z!,...,2" in R™ are said to be linearly independent if
f) cjz? = 0 for any real constants ¢; implies ¢; = 0 for j = 1,...,n. The vectors
xl, ..., 2" are said to be linearly dependent if they are not linearly independent. A useful
and very known criterion for deciding on linear dependence is the following;:

The vectors z',...,z" are linearly independent if and only if det {:L‘l, e ,a:”} # 0.

Now, an n x n matrix X (¢),¢ > 0, is said to be an n x n matrix solution of (2.7)
if each column of X (¢) satisfies (2.7). A fundamental matrix solution of (2.7) is an
n X n matrix solution X (¢) of (2.7) such that det X (¢) # 0. A principal matrix solution
of (2.7) at initial time ¢, is a fundamental matrix solution such that X (ty) = I, where
I denotes the identity matrix. The principal matrix solution at ¢y will be designated by
X (t, to).

From the above definition of a fundamental matrix solution it is clear that a fundamental
matrix solution is simply a matrix solution of (2.7) such that the n columns of X (t) are
linearly independent.
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Lema 1. If X(t) is an n x n matriz solution of (2.7), then either det X (t) # 0 for all t
or det X(t) =0 for all t.

Proof. A proof of this lemma is found in [11] page 80. O

Lema 2. If X(t) is any fundamental matriz solution of (2.7), then a general solution of

(2.7) is X (t)v where v is an arbitrary vector in R™.
Proof. A proof of this lemma is found in [11] page 80. O

Theorem 4. If X is a fundamental matriz solution of (2.7) then every solution of (2.6)

is given by formula

z(t) = X(t) [Xl(T)x(T) + /:Xl(s)h(s)ds] : (2.8)
for any real number T € (—00, +00).

Proof. A proof of this theorem is found in [11] page 81. O

2.2.3 Linear Systems with Constant Coefficients

In this subsection, we consider the homogeneous equation
T = Az, (2.9)
and the non-homogeneous equation
T = Az + h(t), (2.10)

where A is an n X n real constant matrix and h : (—o0,00) — R” is continuous.
Given any fundamental matrix solution X (¢) of (2.9) it is well known that

e = X(1)X7H0) (2.11)

where X ~'(0) denotes the inverse matrix of X (0), is the only matrix solution of (2.9) that
evaluates at ¢ = 0 gives the identity matrix; see for instance discussions given in [11], [12]
and [13]. Some important properties of the principal matrix solution e, which provide
the reason for this choice of notation, are the following:

6A(t—l—s) _ €At€AS
-1

(eAt) — oA

ieAt — AeAt — €AtA,

dt

and
At = 1 nyn 1 242
et =3 A" :I+At+§At e (2.12)
—on !
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Particularly, the formula (2.12) is useful in some cases where A decomposes as A =
PJP~! where P is an invertible matrix and for J its powers are known.

We close this subsection by noting that, according to the previous subsection, a general
solution of (2.9) is e*v where v is an arbitrary vector in R™ and, for the equation (2.10),
(2.8) lead us to the formula

x@):eM[xmy+Aﬂzmh@y%]. (2.13)

2.3 Eigenvalues and Eigenvectors

A real or complex number A is called an eigenvalue of an n x n matrix A, if there exists
a non-zero vector v such that

Av =2 v, or (A—X)v=0, (2.14)

where [ is the n x n identity matrix. If A is an eingenvalue of the matrix A and v is any
non-zero solution of equation (2.14), then v is called an eigenvector associated with the
eigenvalue A\. Hence, A is an eigenvalue of the matrix A if A is a solution of the polynomial
equation

det(A — \I) = 0. (2.15)

We refer to equation (2.15) as the characteristic equation of the matrix A. This
equation has n solutions, with possible repetitios
Now, let us consider an n X n matrix A and define a matrix B as

B :=A+vl, (2.16)
where v is a real or complex number.
Proposition 1. ) is an eigenvalue of A if and only if A + v is an eigenvalue of B.
Proof. If X is an eigenvalue of A, there exists a non-zero vector v such that Av = Av. Now,

Bv=(A+vl)v=Av+viv
=A+v)v.

Thus, A + v is an eigenvalue of B.
If A\+v is an eigenvalue of B, then there exists a non-zero vector v such that Bv = (A4v)v.

The fact that B is given by (2.16) implies Av = Av. Hence, ) is an eigenvalue of A. O]

Proposition 2. v is an eigenvector of A if and only if v is an eigenvector of B. Moreover,

Av=X <= Bv=(A+r)v.
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Proof. If Av = Av,v # 0, then

Bv=(A+vi)v=v+rvv
=A+rv)v.

Thus, v is an eigenvector of B.
If Bv=(A+v)v, v #0, then (A+ vI)v = (A + v)v. Therefore Av = \v. O

The following propositions will be of great importance for the discussion of chapter 4
of this work.

Let A be a real matrix in Mj3.3 and suppose that A has two eigenvalues that are
complex conjugates and one real eigenvalue, i.e., Ay = a+ i, A\ = a — i and A3, with
a,f € Rand > 0. Let B be a real matrix in M3y3 defined as in (2.16), with v € R.

Proposition 3. There exists a real invertible matriz P in Msys such B can be decomposed

as
B=PJP !,
where J is given by
a+v (B 0
J=| = a+v 0 . (2.17)
0 0 A3+ v

Moreover, P does not depend on v.

Proof. Let v be an eigenvector of A associated to the eigenvalue A;. Since A; is complex,
v could be expressed as v = vy + iv,, where v, and vy are two non—zero real vectors. Now,

from Proposition 1, we have that
B (Ul + ’L.U2> = (Oé + v+ ’LB) (Ul + 1'122) . (218)

We claim that vectors vy and vy are linearly independent. Indeed, suppose that they were
linearly dependent. Then there would be two non—zero real constants ¢; and ¢y such that

c1v1 + cavg = 0, or equivalently v; = — (c2/¢1) vo. Using this in equation (2.18) we obtain
B (— (ca/c1) vg + iw) = (a+v+1ip) (— (ca/c1) va + iv2> )
Now, straightforward computations allow us to conclude
Bvy = (a +v—(c2/c1) B) vy and Buvy = (a + v+ (c1/co) 5) vy .

Therefore, o + v — (ca/c1) f = a4+ v+ (c1/¢2) f and from this we obtain the contradiction
¢ +c2 = 0. So, the vectors v; and v, must be linearly independent.

Let us now consider an eigenvector vz of A corresponding to the eigenvalue A3. Defining
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P as the matrix whose columns consist of the real vectors v, vy and vs; it is denoted by
P = (v1|va|vs), we have that P is invertible and satisfies BP = P.J, where J is given by
(2.17).

In fact, observe that by equating its real and imaginary parts, complex equation (2.18) is

equivalent to the following pair of real equations
Bvy = (a+v)vy — fuy , Bug = fv; + (a+ v) vs.
Now, routine matrix multiplication yield
BP = (Bv|Bvy|Bvs) = ((a+ v) vy — Pug|fvr + (a + v) vg| (A3 + v) v3) = PJ.

If we multiply both sides of this matrix equation, we obtain the desired result. Finally,

since the matrix A depends on «, 5 and )3, the same is true for P. n

Proposition 4. For the matriz B as in the previous proposition we have that

elettcos Bt el TVt sin Bt 0
Bt = P | —eletigin gt et cog Bt 0 P (2.19)

Proof. From (2.12) and the fact that B" = PJ"P~! it is obtained that
eBt = peltp~t .

Our task is to obtain e’. We write the matrix J given by (2.17) as the sum of two

commuting matrices

a+v 0 0 0 B 0
J= 0 a+v 0 |+|=8 0 0
0 0 A3+ v 0 00
In this scenario, commuting matrices, e’* = eP*e*, where
a+v 0 0 0 B 0
D= 0 a+v 0 andC=[—-5 0 0
0 0 A3+ v 0 0 0

Now, by using (2.12) and Maclaurin’s knowledge of series it is obtained

elotv)t 0 0 cosBt  sinfBt 0
ePt = 0 elotv)t 0 and e = [ —sint 1lcosBt 0
0 0  elatt 0 0 1
Finally, e/t = eP*e“? and this allows to obtain the desired result.

O
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Chapter 3

Setting of the problem and

Theoretical results

This chapter is divided into two sections. The first part shows the problem statement
where we establish conditions on the master—slave system to obtain synchronization in
chaotic systems. In the last part, we present the main theoretical results obtained.

3.1 Setting of the Problem

Let us consider the master—slave system as follows
% = £(x, i), (3.1)
y =1y, n) +vly —x),

where v is a real constant, f, 4 are vector parameters in R™ and f : R® x R™ — R" is a
continuous function.

To pose the problem from which we will be able to guarantee conditions that imply
the synchronization of the system (3.1) — (3.2), we will begin by considering a bounded
solution x(t, X, it) of (3.1). Here x(¢,xo, ft) stands by a solution such that at t = 0 gives
x(0,xq, 1) = xg. Now, consider the following transformation

z =y — x(t,Xoq, 1) (3.3)

If we consider y as a slave solution, i.e., solution of (3.2) with input x(¢, %o, i), then
the previous transformation yields the non-autonomous equation

2= vz + f(u,z + x(t, %0, 1)) — £ (i, x(t, %0, 1)) = F (t,2,v, 1, ) (3.4)
We will now focus on the equation
z=F(t,z,v,p, i), (3.5)

where F': [0,00) X R" x R x R™ x R™ — R" is a continuous function. It is assumed that
F' can be decomposed as the sum of three functions

F(t,z,v,pu,jn) = Bz+ G (t,p, 1) + H (t,z, 1), (3.6)

16
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and for this decomposition we impose the following hypothesis:

H1) B is a constant real n x n matrix for which all the eigenvalues have negative real
part.

H2) G :[0,00) x R™ x R™ — R" is continuous and satisfies: if given £ > 0, then § > 0
exists such that

|G (t, . w)l| < e,
for any ¢ > 0 and p, g with ||u — al| <.

H3) H :[0,00) x R" x R™ — R™ is a continuous function such that H (¢,0, u) = 0 for any
1w e R™and t > 0. Also it satisfies the following type of Lipschitz condition: for any
p € R™ there is a positive constant L = L () such that

\H (1,21, 1) — H (8,22, )| < Lllzs — 2a]] £ > 0.
About H1), H2) and H3:

Corresponding to hypothesis H1), let us propose an interesting result that will be useful
in the next section.

Proposition 5. If B is a constant real n X n matriz for which all the eigenvalues have

negative real part, then there are positive constants K,~y such that
|eP'2]| < Ke||zl|, t>0, zeR™ (3.7)

Proof. The proof of this result is strongly based on the Jordan canonical form of the matrix
B and can be seen in [11] (Theorem 4.2., (ii)). O

Hypothesis H2) tells us that the norm of G, depending on how close the parameters p
and g are, can be made sufficiently small. H3) is a type of condition that is often considered
when looking for existence and uniqueness of solutions for differential equations.

Now, in our problem we study the system (3.5) with the decomposition given in (3.6)
and under the hypotheses H1), H2) and H3). We pursuit to find solutions of (3.5)
that, when associated with the transformation (3.3), guarantee synchronization of the
master—slave system (3.1) — (3.2).

3.2 Theoretical Results

We start with a lemma relating the equation (3.5) with an integral equation

Lemma 2. The initial value problem

z=F(tz,u, i) (3.8)
z(0) = 2y, .
where F' is decomposed as in (3.6), is equivalent to
t
alt) = Py + [ P (Gs, ) + Hs.als), ) ds. (3.9)
0
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Proof. 1t is a direct consequence of the main Theorem of Calculus. O

Suppose K, v are the constants appearing in (3.7). Let p > 0 and pu, u € R™ such that
s
|G (k) < 22, >0 (3.10)

With this choice of p, u and ji, and for zy € R™ satisfying ||zo|| < % we define

G a1 = {2 € € (0,008l = sup (0] < p e 2(0) = 0

Proposition 6. G (zo, p, i1, i) is a closed subset of the Banach space X = Cp ([0, 00), R?)

with the supremum norm.

Proof. We are going to show that X —G (z, p, i1, i) is open i.e. given z € X —G (zq, p, 14, 1)
there exists an e—neighborhood of z which is contained in X — G (zg, p,u, ). If z €
X — G (zo, p, , 1) then z(0) # zg or for some ¢ > 0 we have that HZ(E)H > p.

If z(0) # 2o, then [|z(0) — zo| := 7 > 0. Choose € =  and consider the set

{z€Cy(0,00),RY) : |1z — 2] < £} .

We have that this ¢ -neighborhood is contained in X — G (zg, p,u, 1). In fact: If
z € {z€C,([0,00),R") : ||z — Z|oo < £}, then

12(0) — zo|| = [|2(0) — 2(0) + 2(0) — 20|
> [[2(0) — o[ — [12(0) — z(0)]
> 0.

_ T
=r - —
2
Thus, z(0) # zo.

If ||z(%)]| > p for some ¢ > 0, then the & -neighburhood of z, with ¢ = ||z(¢)|| — p, is

contained in X — G (zg, p, i, t). In fact: If z € {z € Cy ([0,00),R") 1 ||z — 2]|oo < 5}, then

=]

Z —z +z H

=
|20 ~[[=(2) - 2(0)]

WV

<ot 20

V

-
Thus,

z(t_)H > p. O
Inspired in the last lemma, for any z € G (z,, p, i, i) we define an operator Tz by

t
(Tz) (t) = "'z +/ P (G s,y 1) + H(s, 2(s), ) ds, ¢ > 0.

0

We have, due to the fact that e®()z, is continuous and the hypothesis H1), H2), that
Tz is a continuous function for ¢t > 0.
Now, we state our main theoretical result.
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Teorema 1. If
KL 1
=<
v T4
where L = L(j) is the constant given in H3), then T acts from G (z,, p, i1, it) into itself and

(3.11)

also has a unique fized point in G (2o, p, 4, [1)-

Proof. Let z € G (zg, p, i1, £). From H1), (3.10), (3.11), we obtain

@2 O <[]+ [ ¢ (Gls. o)+ Hs, o) H%

<Ke Mg + K [ e
0

(G(syp, 1) + H(s,z( Hds
¢

<Ke |z + K / e~(t=9)
0

+ K /t e V(=9

<G@uﬂ»W5

(H(s,z( Hds

<L 2 etagg 4 KL/ e ) 1z(s) || ds
2 4 o 0
t
§B+ﬂ e "9 ds + KL| 2| / e =9 (s
2 4 Jo *Jo
P (P 1 —t
== KL —(1—e"
5+ (G + KLzl ) - -
P, (PY 1
<= KL
—2 i ( 4 * Izl ) ¥
_p P KL
=2+ 8+ el
<p

ThU.S, HTZ” S p and Tz € g (thnu“aﬁ)'
Now, let us take z1,2z2 € G (2, p, i, [t), the same type of estimates yields

I(T2) (1) = (o) (O] < [ [[e24) (H (5. 22(5), ) — H (s, (5 H%

</ Ke (=)
—Jo

(H(s,z2(s), 1) — H(s,z1(s Hds
< [ KL ag(s) 21 (s) | ds

t
< </ KLe_V(t_S)ds> |z2 — 21| o,
0

:ﬂ(

1= e [|z2 — 24l

KL
< —lz2 — 2zl
Y

1
< 1||Z2 — 71|

Thus, T is a contraction on G (z,, p, i1, i) and there is a unique fixed in G (z,, p, u, ). O
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We close this chapter with an interesting application of the famous Gronwall’s inequality
which, of course, here is related to the Theorem 1. First, let us to state and give a proof
of the Gronwall’s inequality

Lema 3. Let M be a non-negative constant and let f and g be continuous non-negative

functions, for a <t <b, satisfying

£(#) < M+ /tf(s)g(s)ds, 0 <t<b

then
b
Ft) < Mela 994 g <t < b .

Proof. Define h(t) = M + [! f(s)g(s)ds. We have that h(a) = M and h(t) = f(t)g(t).
Now, since f(t) < h(t), f(t) = 0 and g(t) > 0 for a < ¢ < b it is obtained

By multiplying both members of this inequality by e~ . 94 we obtain
O A GO AR
Thus,
¢~ L9 (i(t) — h(t)g(t)) < 0 and ;i <e— fig(s)d&h(t)) <0.
Now, integrating from a to t we get
e Ju 9)dsp () — e~ fatg(s)dsh(a) <0,

which implies e~ fatg(s)dsh(t) < h(a) = M and h(t) < Melus@is Finally, the fact that
f(t) < h(t) produces the result
F(t) < Meda 99,

]

Consider the sets G (zo, p, i1, 1) and G (Zo, p, i, it). Let us denote by z* := z*(-, z¢)
and z* := z*(-,Zo) the fixed points of the operator T" on G (2o, p, i1, it) and G (2o, p, i1, i),
respectively, i.e. T'z* = z* and TZ* = Z*. We have

t
z*(t,z) — 7*(t, 70) = "' (2o — 7o) +/ eBU=9) (H(s,2"(s,20), ) — H(s,2*(s,20), 1)) ds.
0
Now,

¢
|z*(t, zo) — Z*(t, Z0)|| < Ke |20 — Zol| +/ KLe_W(t_S)HZ*(s,zo) —7"(s,70)|ds.
0
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By multiplying both members of the previous inequality by e, we obtain
t
e|z*(t, z0) — 2% (L, Zo)|| < K||Zo — Zo| +/ KLe"|z*(s,20) — 2*(s,Z0)||ds.
0

For this inequality we have, with M = K|z — Zo||, f(t) = €""||2*(t, zo) — Z*(¢, Zo)|| and
g(t) = KL, the hypotheses of Gronwall’s lemma. Therefore, we can conclude that

||z* (¢, 7o) — 7 (t, %o)|| < K||Zo — Zol|elo KX, ¢ > 0.
Thus,
2*(t, z0) — 2" (t, Z0)|| < KeSEY |29 — Zol|, t >0, (3.12)

KL 1
because in the Theorem 1, — < 1 Relation (3.12) implies |z*(t,20) — Z*(t,Z0)| ap-
Y

proaches zero exponentially as ¢t — oo and ||z*(-,2z¢) — Z2*(+, Zo) ||, < K||Z2o — Zo]-
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Chapter 4

Application in Chua’s equation

In this chapter, we present the application of the theoretical results obtained in the last
chapter to Chua’s equations. We begin with a brief description of Chua’s circuit. Then, we
prove that Chua’s equations satisfy the conditions described above and, using a Computer
Algebra System, we show graphically the result of the system to be synchronized.

4.1 A brief aspects about Chua’s circuit

The absence of a reproducible functioning chaotic system would imply that chaos could be
a phenomenon that will solely exist in mathematical abstraction and computer simulations
[15]. In 1983, intending to build an autonomous electronic circuit that exhibits a chaotic
electronic natural behavior, Professor Leon O. Chua proposes an electronic circuit which
models non-linear dynamics and present convoluted bifurcations and chaos.

Chua’s circuit is the bridge to understand the characteristic associated to dynamics
of nonlinear phenomena as stable orbits, bifurcations, and attractors, and to study ex-
perimentally the chaos control. This circuit, in its classic configuration, is one of the
simplest chaotic systems containing an inductor L, two capacitors C', C; which are the
linear energy-storage elements, a linear resistor i;, and one 2-terminal nonlinear resistor
Npg characterized by a current-voltage v — i characteristic which has a negative slope [16].

All circuit elements are passive except for the nonlinear resistor Ng; this element must
be active in order for the circuit to become chaotic, and hence the instability condition
implies that each equilibrium point must lie on a segment of piecewise linear v — i [15].

Reference [17] shows that Chua’s circuit can be analyzed using Kirchoff’s Laws. Thus,
the following equations are obtained describing the circuit behavior

dUC’1 1

_ Lo _ 4.1
Cl dt R(UCQ UCI) f(/UCl> ( )

dUC’z 1 .
_to 4.2
2 dt R (UCI UCQ) + ?’L ( )

di;

LE = —’0027 (43)

where 1
J(vr) = Gyor + 5(Ga = Gi) [Jur + By| — lor — Byl
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is the response function of non-linear element (vg —ig). It consists of five linear segments,
as shown in Figure (4.1).

Figure 4.1: Ilustration of the 5-segment v — iz characteristic for the nonlinear resistor
corresponding to Chua’s circuit (4.1)—(4.3) used in the first research of the chaotic behavior

of this circuit [15]

In this work, we will use the adimensional form of equation system which is obtained
by rescaling the parameters of the system

T = v = U z = Ri—L
- Bp ) y — Bp i - Bpa
Cy Cy
t =tRC = = R*—=
2, Q Cla ﬁ L )
a=—RG,, b= —RG,.
. . . vo dx 1 d/UCI
For (4.1) the following procedure is carry out. Taking, v = 5* then — = —- and
P dt B, dt
taking y = %, SO
dU01 1
C T E(UCQ —vey) — flvey)
de B
OprE = ﬁp(y —z) — f(xB,)
de B 10 a
e, =By ) (Gbep t3 (5= 5) (B s 0l 1B - 1>|})

dx 1 b 1
dr _ e L - | —1
il Ton ) (chl T TR R D) !
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since t = tRC5 then Cy = %, it follows that
dx CQ CZ C’2
o 2y —a)— b (b — -]z —1
= == oG+ o) o1l - e 1)
dx

1
Y oy — ) — “(h— =]z —1
=l =aiet 50-0) (41~ o= 1))
by taking f(z) = bz + (b — a) (Jz + 1| — |z — 1), then (4.1) becomes

t=oaly—z)—af(x).

d 1d
For (4.2) the following procedure is carry out. Consider x = UBS; then di; = gp 2(;2
and taking x = 3% and i, = 222, so

dv 1 _

2 d§2 = E(vcﬁ - UCQ) + 1
dy B 2B

CoB,—2 = 2 (y — ~Dp
By = RV R

dy 1

zZ
i " RGE Y ey

as before, since t = t RC'y then % = (. Thus

y=x—y+ =z
For the last equation, (4.3), Let us consider ve, = yB,, and z = R;—Lp then % = B%%L,
SO
LB, dz
Ay o
R a7
& R
it~ LV
R  RC
since t = tRC5 then — = 2 = [, so that
L L
z = —py.

Thus, the resulting system is a set of interdependent equations in the form of a 3-
Dimensional autonomous piece-wise linear ordinary differential equation (flow) described

by
& =aly—z— f(z)),
y =x—y+ 2z, (4.4)
i =Py,
where .
fl@)=br+ 500 —a)llz+1] = e - 1]],
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and a,b, @ and f are real parameter, a < b < 0, o > 0 and § > 0. The system (4.4) is
known as Chua’s equation.
This piece-wise function can be written as follows

br — (a—0b), ifx<-—1,
f(x) =1 ax, it —1<x>1, (4.5)
br + (a—b), ifx>1.

Unlike the Figure (4.1), the non-linear function f(x) has three negative slopes as shown
in the following figure

1(x)

—~

Figure 4.2: Ilustration of the three negative slopes corresponding to the non- linear con-
tinuous function (4.5) of the Chua’s Equation (4.4).

Each coordinate of (4.4) corresponds to physical quantities describing by the circuit
e 1 is the voltage drop on the first capacitor,
e y is the voltage drop on the second capacitor, and

e 2 is the current through the coil.

4.2 Application of Theoretical Results

In order to apply the theoretical results obtained to the system (3.1) — (3.2) in the Chua’s
sytems (4.4), we consider

’ X(t,Xo, ﬂ) =

N

I
N QL 8I
IS IS

=

Il
/
@ R
S~

=I

Il
/
=R
~__—
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We have to find the representation of (3.4) for the case of (4.4). For that, first let us
compute f(z + x(¢,xq, i1), ) — £ (x(t, X0, i1), ft). Then,

a((y+y) — (T +2) - f(T+1))
flz +x(t, %0, ), )= | (@+2)— Gty +(E+2) |,
—B(y +v)

so that,

f(Z—i—X(t,XO’ﬂ),,U,)—f(X(t,X()’ﬂ),ﬂ) = f_g_l'z + 0
By (3-5)
a(f(z) — f(2 + )
+ 0
0
Rewriting the last expression we have
—a a 0) [z (a—a)ly—z— f(z))
f(Z+X(t,X07ﬂ),u)—f(X(t,XO,ﬂ)“H) = 1 -1 1 g + _ 0
0 —p 0)\z (B— By
a(f(z) = f(z +2))
+ 0
0
Now, setting
—a a 0
A=Apw =1 -1 1|, (4.6)
0 -6 0
(a—a)(y —z— f(x))
G(t,p, 1) : -0 , (4.7)
(8- By
and
a(f(z) = f(z +2))
H(t,pu,z) = 0 , (4.8)
0

the system (3.1) — (3.2), in the context of Chua’s equations (4.4), becomes

z=vz+ Az +G(t,u, ) + H(t, pu,z)
= (A+v)z+ Gt pp) + H(t, p,z). (4.9)
Notice that, at this point, we get a mathematical formula written as in (3.6). Our

next goal is to establish that for the expression given in (4.9) the hypothesis H1), H2) and
H3) are satisfied. To prove H1), we consider B = A + vI where B € Mj,3 so that, it is
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important to know some properties about A matrix. Using a Computer Algebraic System,
Maxima [18], we can obtain the eigenvalues and eigenvectors of A. Then, for any «, § € R,
the eigenvalues of A are given by

(;i _ 1) (g n <—1>(;+1>2)
1 /3 2 (=1) (+1)
A ————1h —
14 ( 2 9 ) 2(a7ﬁ) hQ(Oé,B) 3 )
1 3\ (8 (=D (a+D)?
o (LY oy ) () e
2471727 @ ha(cv, B) 3 ’
B (=1 (a+1)?
b BN (1) (a+1)
A3a =h — 3 9
3A 2(a76) hg(Oé,B) + 3 )
where )
1)g—3 ~1 1)*\*
a0, 8) = (gl ) + CHDIZ500  ED @t 1)
6 27
and
VB (487 + (802 — 200 — 1) B + 4o + 1203 + 1202 + 4a)
h1<05a6) = 3 .
232
From here, we consider « =9 and 3 = &70 so, the eigevalues of A are

Aa = —0.0639 — 3.608i,
Aoa = —0.0639 + 3.6084,
Aga = —9.8721,

and the eigenvectors asociated to each \; for + = 1,2, 3 are given by

1 0 1
via=| 09929 |, wvoa=|-04009|, wvss=|-0.0069],
—1.5172 —3.9579 —0.1402

respectively.
By Proposition 2, for each i = 1,2,3, v;4 is an eigenvector of B. In order to prove H1)
in the Chua’s equation (4.4) we consider the following proposition.

Proposition 7. The matriz B satisfies H1). Moreover, there are positive contants K~y
such that
|| < ke, >0 (4.10)

Proof. Let B be a 3 x 3 real matrix given by

—a+v « 0
B=A+vI= 1 —14+v 1]. (4.11)
0 Rz
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By Proposition 1, for any value of «, 3, the eigenvalues of B are given by

)\IB:)\IA+V7 i:172737

100

then for values of a =9 and 8 = ==,

the eigenvalues become

Mg = —0.0639 + v — 3.60821,
Aep = —0.0639 + v 4 3.6082¢,
Asp = —9.8721 + 1.

By choosen v < 0.064, we have estabished that all the eigenvalues have negative real

part. By Proposition 3, B has the descomposition

B=PJP!,
where J is given by
—0.0639 +v  —3.6082 0
J = 3.6082 —0.0639 + v 0
0 0 —9.8721 + v

By Proposition 2, the eigenvalues of A are eigenvalues for B so P becomes

1 0 1
P=10.9929 —0.4009 —0.0969 |,
—1.5172 —-3.9579 —0.1402

the inverse corresponding to this matrix is

0.06728 0.8135 —0.0824
P 1= |-0.0588 —0.2830 —0.2240
0.9327 —0.8135 0.0824

We know that

Pt = pe’tpPt. (4.12)
By taking the Euclidean norm in both sides, we get
[ = |2 P~]
< 1212~ le”]
e(70063941)t cog (3.6082t)  —e0083% sin (3.60821) 0
=P HP—l\ 00639 giy (3.6082t)  e(~0-063941)1 o5 (3.6082¢) 0
0 0 6(79.8721+1/)t

< 5.8470 (e(*9.936+2u)t)
et Ke_'yt’
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where K = 5.8470 and v = 9.936 — 2v. O

Now, let us prove that H2) is satisfied. Let G(t, p, iz) be a continuous function given
by (4.7).

Proposition 8. Given € > 0, there exists 6 > 0 such that
|Gt ] < e (4.13)
fort >0 and ||p— pl| < 9.

Proof. Let € > 0 be arbitrary. For any z,y € R and ¢t > 0 choose

3

0<d< ———r, (4.14)
[z [+ ]y
and assume that ||u — ]| < 9, i.e.,
a—Q
-l =% <6 (415)
B=p

Then, by (4.14) and (4.15)

(@ —a)(y —x — f(x))
Gt = 0
(B=B)y

(@ —a)y (@ —a)(=z = f(z))
< 0 + 0

(B~ By 0
<|[*e a-a
<5 y+(5_5x+ﬂm
<Oo(lyl+]z+f(x)])
<di(lzl+lyl) <e

Since € was arbitrarily chosen, we have proved (4.13). O

Now, to prove H3) we consider H(t, i1, z) given by (4.8) and the following proposition.
Proposition 9. H(t,u, z) is Globally Lipschitz in z.

Proof. We have to prove that

Je>0,Y 21, 29 €R: ||H(t,p,20) — H(t, 1, 21)|| < cl|z2 — 24| (4.16)

Mathematician 29 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

Let z1, z2 € R3, be arbitrary elements. Then,

a(f(Z2+ ) — f(21 + )
H(t,pu,z9) — H(t,pu,21) = 0 ;
0

where a > 0 and f(x) is given by (4.5). It reminds to find a real constant M > 0 such that
la(f (Z2 + 2) — f(Z1 + 2))|| < M2z — 24| (4.17)

By the formula of f, we have to study 9 cases according the values that zo + x and
r1 + z take.
The cases where 5 + x and z; + x have the same conditions are immediately from the

definition of f. In the other cases, we have to work a little more. So,
i) ifzy+2>1and 2o + 2 > 1, then
la(f (Z2 +2) = f(Z1 + 2))[ =| ab | |72 — 2],
i) ifz;+2 < —1and s + 2 < —1, then
lac(f (22 +2) = f(Z1 4 2)) | =] ab [ |22 — Z ],
iii) if | 2y + 2 |<1and | Zy+ 2 |<1, then
la(f (22 + 2) = f(Z1 +2))| =| aa | |72 — 24,
iv) Ifzy+2>1and Z3 + x < —1, we deduce that ; — 75 > 2. Then,
o (f (@2 + ) = £ (@1 +2) || = ||o (b (72 — 71) + 2(b — @) (4.18)
Let us concentrate in b(Zy — z1) 4+ 2(b — a). By one hand we have
b(zy — 1) +2(b—a) <b(7y—21) + (b—a)(T1 — 72) = a(xs — T1). (4.19)
Now, since b(Z2 — z1) + 2(b — a) > 0, it follows that
b(zy —21) +2(b—a) > —a(xy — 7). (4.20)
Thus, by (4.19) and (4.20)
16 (22 — 21) +2(b — a)|| < [la(z2 — 21)],

therefore,
| (@ —20) +20b—a)| < [aa] (@ — 2]
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The procedure for the remaining cases is similar to iv).

v) If | 21+ 2 |< —1 and s + x > 1, then

o (f @2+ 2) = [ (@1 +2)| <l aa ] [|z2 — 5],
vi) if | Z;+ 2 |<1and Ty + 2z > 1, then

lo(f@+a) = f@+2)| < ab] |2 -2l
vii) if | 7y + 2 |< 1 and Zy + x < —1, then

la(f@+a2) = f@+a)| < Jaa] a2,
viii) if Z; + 2 < —1 and | T3 + 2 |< 1, then

lo(f @2t 2) = f@+2)| < Taal |z -],
ix) if 71 +2 > 1and | Ty + 2 |< 1, then

Ja(f @4 2) = f (@ +2)| < Taal |2 - 2]l

From i) - ix), Let us pick a constant M =| aa |. Thus, we have proved (4.17), conse-

quently we have proved,
HH(t,,U,, Z2) - H(tuu’? ZI)H < M||Z2 - ZlH'

]

Thus, we say that the Chua’s System fulfills the conditions H1), H2) and H3). Sum-
marizing for a = 9,5 = 1% 4 = —% and b = —%, we found constants K, v, and L such

7
that -
K =58472, ~v=9936—-2v and L=9]|al|= =

Thus, for values of v < —1.79, the condition % < i is satisfied. Therefore, we can

apply the Theorem 1 so that
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4.3 Numerical Results

The technique exposed in the system (3.1) —(3.2) considers two similar copies of the system
to be synchronized with different initial conditions on them. Let x = (x,y, z) € R? be the
generalized coordinates corresponding to the master system, and y = (zs,ys,2,) € R?
those of the slave system. Thus, the whole system is

& =aly—x— f(z)),

y=x—y+z,

z = —Py,

T = a(ys — xs — f(xs)) + v(zs — 7),
Us = s — Ys + 25 + V(Ys — y),

28 = —ByS—FV(ZS—Z).

As we mentioned before, we concentrate our attention on the master—slave system with
the usual parameters i = (@, 5) = (9, @), and (a,b) = (—%, —%) Let us choose v = —10
since it corresponds to the minor number respect to the negative real part of the eigenvalues

mentioned in Proposition 7. Also, let us consider a vector u = (o, 3) = (8.9, 9—79), closer to

L.

To represent the master—slave synchronization we use a Computer Algebraic System,
Maxima [18] and its graphical interface wxMaxima. To make the following figures, an
important guide is found in [2]. To explore this synchronization technique, master—slave
syncronization, we starting from two slightly initial conditions (0,0.5,0.6) and (—0.5,2, 1)

as shown in Figure 4.3

Figure 4.3: Ilustration of two systems (master and slave), corresponding to Chua’a equa-

tion (4.4), after synchronization.
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4.3.1 Synchronization by coordinates

In order to verify more explicitly the synchronization found in the Chua’s system (4.4),
we illustrate the synchronization through coordinates. In other words, we represent the
synchronization in the coordinates [z(t), z(t)] over time t, as the same way, we represent
the synchroization in the coordinates [y(t), ys(t)] over time and [z(t), z5(t)] over time.

Let us begin with the coordinates z(t) and x4(t). In Figure 4.4, it is represented
the trajectories followed by xz(t) (coordinate corresponding to master system) and z4(t)
(coordinate corresponding to slave system).

245 T T T

2

1.5

1

0.5

0

x(t), xsit)

0.5

-1

A5 _
2 _
25 1 1 1 1
0 50 100 150 200 250
t
Figure 4.4: Simulation of trajectories of two initial conditions, z(0) = 0 and z4(0) = —0.5,

for two coupled Chua’s systems. (4.4) .

Next, in Figure 4.5, it is represented the trajectories followed by y(t) (coordinate corre-
sponding to master system) and y4(¢) (coordinate corresponding to slave system). Clearly,
the initial values are far from each other, and over time, the synchronization achieved
becomes more clearly evident.
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0 50 100 160 200 250
1

Figure 4.5: Simulation of trajectories of two initial conditions, y(0) = 0.5 and ys(0) = 2,
for two coupled Chua’s systems. (4.4) .

Finally, we represent, in Figure 4.6, the trajectories followed by z(t) (coordinate cor-
responding to master system) and z4(¢) (coordinate corresponding to slave system). The
trajectory of each coordinate has a different initial value which, over time, the synchro-
nization achieved becomes more evident.

0 a0 100 150 200 250
t

Figure 4.6: Simulation of trajectories of two initial conditions, z(0) = 0.6 and z;(0) = 1,

for two coupled Chua’s systems. (4.4) .
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Chapter 5

Conclusions

In this work, we have considered a finite-dimensional master-slave system, which is coupled
through a linear term. The system has the form

x =f(j1,x) (slave)
= t(y)+v(y—x) (master)

Associated with this system and after the transformation z = y — x, a non-autonomous
system of ordinary differential equations has been considered

z=F(tz,pni) .

From this non-autonomous system, a class has been identified with the following char-
acteristics:

e A linear part with a matrix possessing eigenvalues with negative real part.

e An expression which is under control in the sense of its size and which depends on the
parameters involved in the problem as well as on a bounded solution of the master
system.

e A Lipschitz condition, in the global sense. Lipschitz in the difference given by the
coupling linear term of the master-slave system.

The class of conditions, on which synchronization is studied, is obtained without re-
sorting to linearization. This, in principle, avoids the consideration of approximations and
it can be an important point when considering numerical simulations.

As part of interest, it has been observed that Chua’s equations, which correspond to a
chaotic model, constitute a representation of the class identified here. We emphasize that
in these equations the nonlinear part is given by a piecewise continuous function and this
fact was fundamental for the global Lipschitz condition.

On the other hand, the theoretical results presented in this work come from very simple
ideas and show a relationship between the parameters involved in the system. Furthermore,
through the eigenvalues of the matrix mentioned above, we can give an estimate for the
coupling parameter v for which synchronization is guaranteed.
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Finally, in order to provide more elements in the class of systems that have been iden-
tified, we have in mind, for future consideration, the Lorentz and Rossler equations. Al-
though it is true that for these chaotic systems the non-linear terms are quadratic polyno-
mials, there are works that have incorporated modifications that introduce piecewise linear
functions, see for instance [19], [20]. In this sense, we believe that what has been developed
in this work can be applied.
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