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Resumen
La teoría de la inflación cosmológica fue introducida para explicar los defectos  dentro d e la cosmología del Big 
Bang. Esta ha sido usada como la pieza clave para muchas teorías modernas de cosmología y gravedad. Depende 
principalmente de un potencial inflacionario que describe la expansión acelerada del universo, dando como resultado 
datos experimentales observados en la radiación de fondo de microondas. Dependiendo del potencial, valores 
ligeramente diferentes de los observables pueden ser calculados.

Para este manuscrito, se usó el potencial generalizado de starobinsky V(φ, p) con base en la aproximación slow-roll 
para obtener el espectro de potencia escalar, tensorial, sus respectivos índices espectrales y la proporción tensor-
escalar. El principal valor calculado fue el espectro escalar de potencias, con un valor de ln(1010As) = 3.09376 
usando p = 1.004. Este valor muestra buena exactitud con respecto a la información experimental reportada por 
Planck 20181.

Keywords: inflación cosmológica, espectro escalar de potencias, observables, análisis numérico, aproximación 
slow-roll, modelo inflacionario de Starobinsky.
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Abstract
The inflationary cosmological theory was introduced to explain the shortcomings in the Standard Big Bang Cosmol-
ogy. It has been used as the backbone for many of the modern cosmological theories and gravity. It depends on an
inflationary potential that describes the accelerated expansion, giving as a result, the current observed data in the
CMB. According to the chosen potential, slightly different values of the observables can be computed.

For this manuscript, Generalized Starobinksy Potential V(φ, p) was used in the slow-roll approximation for obtaining
the scalar and tensor power spectrum, their spectral index, and the scalar-to-tensor ratio. The main computed value
was the scalar power spectrum ln(1010As) = 3.09376 by setting p = 1.004. This value is in good accuracy with the
experimental data reported in Planck 2018.

Keywords: cosmological inflation, scalar power spectrum, cosmological observables, numerical analysis, slow roll,
Starobinsky inflationary model.
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Chapter 1

Introduction

1.1 Standard Big Bang Cosmology
Assuming a homogeneous and isotropic universe on large scales, it is possible to use the Friedmann-Robertson-Walker
(FRW) metric4:

ds2 = dt2 − a(t)
[

dr2

√
1 − Kr2

+ r2dθ2 + r2 sin(θ)2dφ2
]
, (1.1)

where a(t) represents the scale factor, which states how space is expanding. K is known as the curvature parameter:
if K = 1, universe is positively curved, for K = −1 universe is negatively curved, and for K = 0 the universe is flat.
Einstein equations relate the scale factor expression with the energy distribution in the universe. The Einstein tensor
can be obtained from the metric and can be defined as:

Gµν = 8πGNTµν, (1.2)

Gµν = Rµν −
1
2

Rgµν, (1.3)

where Rµν is the Ricci tensor, R is the the Ricci curvature scalar. Tµν is the energy-momentum tensor of matter, GN

is the Newtonian constant. For obtaining the equations of motion associated with the expansion of the universe, it is
necessary to compute the Ricci tensor. Their non-vanishing components are:

R00 = −3
ä
a
, (1.4)

Ri j =

[
ä
a

+ 2
( ȧ
a

)2
+ 2

K
a2

]
gi j. (1.5)

1



2 1.1. STANDARD BIG BANG COSMOLOGY

By taking gi
j = δi j, the non-vanishing components of the Einstein tensor are:

G0
0 = 3

[( ȧ
a

)2
+

K
a2

]
, (1.6)

Gi
j =

[
2

ä
a

+

( ȧ
a

)2
+

K
a2

]
δi j. (1.7)

For this case, it is necessary to assume that the energy-momentum tensor has a similar structure to the metric. The
related fluid will be considered an ideal one with energy density ρ and pressure p. Then, the matrix takes the form
of:

T µ
ν =


ρ 0 0 0
0 −p 0 0
0 0 −p 0
0 0 0 −p

 . (1.8)

By replacing equations (1.2), (1.6), (1.7) into the diagonal components of the energy-momentum tensor (1.8), it is
possible to obtain the following relation: [( ȧ

a

)2
+

K
a2

]
=

8πGN

3
ρ, (1.9)

[
2

ä
a

+

( ȧ
a

)2
+

K
a2

]
= −8πGN p. (1.10)

By summing equations (1.9) and (1.10) an expression for the cosmic acceleration5 is obtained as follows:

ä
a

= −
4πGN

3
(ρ + 3p) . (1.11)

Another practical relation can be obtained by computing the derivative of equation (1.9) as follows:

8πGN

3
ρ̇ =

( ȧ
a

) [
2

ä
a
− 2

( ȧ
a

)2
− 2

K
a2

]
, (1.12)

therefore, it is possible to obtain:

ρ̇ = −3
( ȧ
a

)
(ρ + p) . (1.13)

Equation (1.13) is equivalent to the energy conservation equation. By defining:

H =
ȧ
a
, (1.14)

equation (1.9) and (1.13) take the following form:
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H2 +
K
a2 =

8πGN

3
ρ, (1.15)

ρ̇ = −3H (ρ + p) . (1.16)

Equation (1.15) is known as the Friedman equation, and equation (1.16) is known as the energy conservation
equation.

1.1.1 Equation of state

The universe is an ideal fluid which fulfills the following relation:

p = wρ. (1.17)

By replacing equation (1.17) in (1.16):
dρ
ρ

= −3 (1 + w)
da
a
, (1.18)

where it is possible to analyze the scale factor dependence of the fluid during different epochs of the universe6.
Furthermore, by setting K = 0 in equation (1.15) it may be also analyzed the time dependence of the scale factor.
The obtained results can be seen in Table 2.1.

epoch w ρ(a) a(t)
Radiation-dominated 1/3 ∝ a−4 ∝ t1/2

Cosmological Constant −1 ∝ a0 ∝ e
√

Ω
3 t

Matter-dominated −1/3 ∝ a−3 ∝ t2/3

Table 1.1: Behaviour of the energy density and scale factor for different epochs of the universe 3.

For matter-epoch, if w > −1/3 the expansion of the universe is accelerating while for w < −1/3 it is decelerating.

1.2 General and Specific Objectives
• Based on the literature, demonstrate the equations of the Cosmological Perturbation Theory in the Inflationary
epoch.

– Using the Einstein-Hilbert Action, calculate the equation for the Scalar Power spectrum and the Tensor
Power Spectrum.

• Identify the value of the free parameter p in the Generalized Starobinsky Potential which allows a high accuracy
with the observable data exposed by Planck 2018.
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– Compute the scalar power spectrum and its running index for different values of p. Then, make a
comparison of the obtained values with the experimental data in order to analyze the precision of the
results.

– Using the previously obtained p-value, compute the whole set of the parameters. Those include: scalar
power spectrum, tensor power spectrum, its running index, and the scalar to tensor ratio.

In section 2 it is described all the theoretical background of the thesis, obtaining the Friedman Equations, the Einstein-
Hilbert action and the Classical and Quantum Perturbation theory. In section 3 using the previously expressions;
slow roll parameters, power spectrum and their corresponding running indexes will be computed in terms of the
Generalized Starobinsky Potential, which is the key of the manuscript. Finally, in section 4 the theoretical values
of the scalar power spectrum and its running index will be compared with the ones obtained by Planck 2018. An
analysis will be done in order to analyze which is the best value of the free parameter p. Consequently, the rest of
the cosmological values will be plotted and computed with the final p-value.



Chapter 2

Theoretical Background

2.1 Shortcomings in the SBB cosmology
The following discussion was developed by Brawer7.

2.1.1 Flatness Problem

The flatness problem arises from the observational constraints on omega Ω, a dimensionless parameter that relates
the universe’s actual mass density with the critical mass density. A universe with Ω = 1 is globally fat. First
observations demonstrated that this value is between 0.1 < Ωo < 2. Therefore, this value needed to be around 10−15

during the Big Bang for having this value. This is known as a fine-tuning problem; thus, it is a sporadic case. A
mathematical demonstration can be shown as follows: As it was said, ω can be described by the following relation:

Ω =
ρ

ρc
, (2.1)

ρc =
3H2

8πGN
. (2.2)

In which the critical density value comes from equation (1.15) by setting K = 0. For obtaining the value of ω at the
Big Bang epoch, it is needed to evaluate the transition from the radiation-dominated epoch to the matter-dominated
epoch. This will be expressed as ρrad/ρmat = 1 By using the expressions in the table 2.1, the following equation is
obtained:

ρrad(t)
ρmat(t)

=
ρrad(to)
ρmat(to)

(
a(to)
a(t)

)
. (2.3)

For matter-dominated epoch:
ρrad(t)
ρmat(t)

= 10−4
( to

t

)2/3
. (2.4)

5



6 2.1. SHORTCOMINGS IN THE SBB COSMOLOGY

By taking the universe’s age as to equals 13 billion years, then the transition time tT is about 13000 years. Nowadays,
its actual value is approximately: ∣∣∣∣∣Ωo − 1

Ωo

∣∣∣∣∣ < 10. (2.5)

During matter-dominated epoch: ∣∣∣∣∣Ω − 1
Ω

∣∣∣∣∣ =

(
t
to

)2/3 (
Ωo − 1

Ωo

)
. (2.6)

Therefore, the transition between radiation-dominated and matter-dominated epochs is:∣∣∣∣∣ΩT − 1
ΩT

∣∣∣∣∣ = 10−4
(
Ωo − 1

Ωo

)
. (2.7)

Finally, in radiation-dominated era, this ratio scales directly with t. At t=1, which was the time when nucleosynthesis
took place: ∣∣∣∣∣ΩN − 1

ΩN

∣∣∣∣∣ = 2 × 10−16
(
Ωo − 1

Ωo

)
, (2.8)

|Ω − 1|t=1s < 10−15. (2.9)

As it can be seen, to have the actual values of omega, its initial value needed to be about 10−15.

2.1.2 Horizon problem

Horizon problem arises from the observed uniformity of the CMB. Experimental observations found that the radiation
temperature is isotropic to better than 1 part in 104. Analyzing the time of the emission and considering regions
in opposite directions, those were significantly outside their horizons. Thus, any information exchange between
photons from each region could not be possible for reaching thermal equilibrium. For understanding this problem,
consider a photon which propagates along the world lines such that:

ds2 = 0. (2.10)

By considering the light emitted by one comoving observer at re at te and a receiver at ro and to. The time propagation
is: ∫ to

te

cdt
a(t)

=

∫ re

o

dr
√

1 − Kr2
. (2.11)

If the light frequency is ν and ∆te = 1/νe, then equation (2.11) will describe the trajectory of the final wavefront, the
crest of the second wavefront is described by:∫ to+∆o

te+∆e

cdt
a(t)

=

∫ re

o

dr
√

1 − Kr2
. (2.12)

By using equations (2.11) and (2.12) and considering a(t − ∆t) ≈ a(t):

∆to
∆te

=
a(te)
a(to)

→
λo

λe
=

a(te)
a(to)

. (2.13)
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The red-shift parameter z is defined as:
1 + z =

λo

λe
=

a(to)
a(te)

, (2.14)

where it expresses the amount of expansion of the universe since the light was emitted. If z = 1, then the universe
has doubled its size. The proper distance is defined as:

dprop = a(to)
∫ to

te

cdt
a(t)

. (2.15)

Given a emission time te, there exists a region of comoving space r ≤ rc such that signals outside the region could
not reached r = 0 by time to. Then:

a(t) =

∫ t

0

cdt′

a(t′)
, (2.16)

represents how far a signal could have traveled from t = 0. If it converges, is is known as the particle horizon.
Another useful relation is:

dh(t) = a(t)
∫ t

0

cdt′

a(t′)
= a(t)

∫ rh

0

dr
√

1 − Kr2
, (2.17)

where dh is the proper distance and rh is the radial comoving coordinate. By setting K = 0, the previous equation
may be solved:

dh(t) = t1/2
∫ t

0

cdt′

t1/2 = 2ct, (2.18)

where this is for radiation-dominated epoch and:

dh(t) = 3ct, (2.19)

is for matter dominated epoch. Furthermore, CMB radiation came uniformly from every direction of the space, then:

dCMB(te) = a(te)
∫ to

te

cdt
a(t)

, (2.20)

where dCMB is the distance of the source of the measured radiation. At te sources come from opposite directions so:

dsep = 2dCMB(te), (2.21)

where dsep is the distance of sky and the size of the horizon at the time of emission was:

dh(te) = a(te)
∫ te

0

cdt
a(t)

. (2.22)

Therefore, it is possible to obtain a relation between the separation distance and the horizon distance to analyze how
far they were at the emission. Then:

dsep(te)
dh(te)

=
2
∫ to

te
cdt
a∫ te

0
cdt
a

, (2.23)
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and by setting K = 0:
dsep(te)
dh(te)

= 2
[
(1 + z)1/2 − 1

]
, (2.24)

the CMB was emitted at z = 1500, then the separation distance was about 80 times larger than the horizon distance
at the light emission. Then, it was impossible that those photons had the same temperature if they were never in
thermal equilibrium.

2.2 Inflationary Cosmology
Inflation is defined as a brief period in which the expanding universe’s scalar factor is an exponential equation. This
was a rapid process from about 10−35 to 10−32 after the Big Bang. This was introduced for solving the Flatness
and the Horizon problem. Nevertheless, better applications had been found, such as the explanation of the density
perturbations presented in the CMB. This will be analyzed later. Equations for inflation can be obtained as follows.
First, recall equation (1.15): ( ȧ

a

)2
=

8πGNρ

3
−

k2

a2 , (2.25)

and assume that the energy density ρ is constant and that curvature constant K is negligible, then the Friedman
equation for the inflationary epoch is:

ȧ2 =
8πGNρ

3
a2, (2.26)

where the scale factor is defined as:
a(t) = CeHot, (2.27)

by taking:

Ho =

√
8πGNρ

3
. (2.28)

It is said that inflation lasts for 10−32s, then the scale factor is taken to be about e100 and its scale factor takes a value
about 1050.

2.2.1 Horizon problem revisited

Compute the horizon distance for the new scale factor:

dH(tend) = a(tend)
∫ tend

tstart

cdt
a(t)

, (2.29)

where tend and tstart were the time where inflation end and started respectively. Then:

dH(tend) =
ceH(tend)

H
. (2.30)

By using the values defined previously:

dH(tend) =
1
H

ce100 ≈ 1019cm. (2.31)
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At the present, the radius of the observable universe was computed from (2.19) giving 1028 cm. At the end of the
inflationary expansion, the scale factor was 10−27. Then, its physical size was about 10 cm. This value falls inside
the horizon distance calculated previously. This means that regions from the space were in contact, thus thermal
equilibrium took place and then in inflation those blow up for occupying huge regions of space.

2.2.2 Flatness problem revisited

By recalling the following equation:

Ω − 1
Ω

=
3k

8πGNρa2 , (2.32)

where all values are constant in the inflationary epoch expect for the scale factor which scales up to e50. Then, the
denominator of the R.H.S. will have a factor of 10100. This means that after inflation, Ω will be very close to 1.

2.3 Scalar field
Having a large cosmological constant is trouble for the cosmology because the energy density does not decay in the
inflation. Therefore, a large cosmological constant does not match with the experimental observations. To solve
this, it is needed to introduce a fluid capable of mimic a sizeable cosmological constant during this period. for some
time. The solution for this is a scalar field.

The simplest case of a single real scalar can be obtained with the Lagrangian8:

L =
1
2
∂µ∂µφ − V(φ) =

1
2

(
φ2 − ∇2φ − V(φ)

)
. (2.33)

By using Noether’s theorem, the energy-momentum tensor can be related with the field:

T µν = ∂µφ∂νφ − gµνL, (2.34)

where the pressure and the energy density of this new fluid are expressed by:

ρ = T 00 =
1
2
φ̇2 + V(φ) +

1
2

(∇φ)2, (2.35)

p = T 11 =
1
2
φ̇2 − V(φ) −

1
6

(∇φ)2. (2.36)

By replacing the previously obtained equations in (1.15) and (1.16) it is possible to obtain:

H2 =
1

3Mpl

(
V(φ) +

1
2
φ̇2

)
, (2.37)

φ̈ + 3Hφ̇ = −V ′(φ), (2.38)

where those are the equation of motion for the scalar field in the inflationary epoch and the reduced Planck mass is:
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Figure 2.1: General representation of an inflationary potential. Inflation occurs when kinetic energy is much smaller than the
potential of the field. Inflation ends at φend when the kinetic term is comparable with the potential. CMB fluctuations φCMB are
created before inflation ends at 60 e-folds. Finally, reheating occurs, and energy density is converted into radiation 2.

Mpl =

√
1

8πGN
. (2.39)

2.3.1 Slow-roll approximation

Inflation must be finite, and thus it is required to end up after some brief period of time. At this point, all its energy
is converted into matter/radiation. This is called reheating. To explain this, it is possible to have two models: The
first one considers a cosmological constant, which is the principal actor that generates the accelerated expansion,
and by imposing that it may decay, it can fulfill the reheating process. The second alternative is much more accurate
by defining scalar fields with the property to behave as a dynamical cosmological constant.

Therefore, as shown in Figure 2.1, it is convenient to start with a nearly flat potential: φ̇2 << V(φ), which will
behave as a false vacuum. After some evolution, the scalar field is slowly rolling down: |φ̈| << |V ′(φ)| until it
reaches the true vacuum. This is the reason why it is called slow-roll9. This inflationary regime occurs when the
kinetic term can be neglected, and the potential dominates the whole expression. When both quantities become
comparable, reheating process occurs3. It is verifiable that the slope and the curvature of the potential must be small[
V ′(φ),V ′′(φ) << V(φ)

]
. Once these conditions are fulfilled, equations (2.37) and (2.38) may be rewrite as:

H2 '
V

3M2
pl

, (2.40)

3Hφ̇ ' −V ′, (2.41)
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2.3.2 Slow-roll parameters

It is imperative to introduce the potential slow-roll parameters ε and δ. In the Einstein frame those have the following
structure:

εv =
M2

pl

2

(
V ′(φ)
V(φ)

)
, (2.42)

δv = M2
pl

(
V ′′(φ)
V(φ)

)
. (2.43)

And equations (2.40) and (2.41) are in agreement with slow-roll if and only if:

εv(φ) << 1, (2.44)

|δv(φ)| << 1. (2.45)

A physical meaning can be seen for the εv as follows:

ä
a
> 0→ εv(φ) < 1. (2.46)

Hence, inflation ends when the following equation is reached:

ε(φ f ) = 1. (2.47)

Finally, another useful parameter for describing inflation is the e-fold number N. It can be calculated by dividing the
scale factor at the beginning and at the end of the expansion. For convenience, it is written in terms of its logarithm
as it may be seen:

N = ln
a(t f )
a(ti)

. (2.48)

And a a more general expression is:

N =

√
1

2M2
pl

∫ φi

φ

V(φ)
V ′(φ)

dφ. (2.49)
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2.4 Cosmological perturbation Theory
The universe was made almost uniformly by a primordial inflationary stage. It was originated from small seed
perturbations, which gave birth to all the structures that may be observed. Those seeds started to grow by gravitational
instabilities in the matter-dominated era and formed complex matter structures.

The Cosmic Microwave Background anisotropies measurements confirmed the presence of those primordial infla-
tionary seeds, and one of the most accepted hypotheses is that those come from the inflationary epoch. Nevertheless,
the main goal of inflation was to explain the shortcomings of the Standard Big Bang theory, such as horizon and
flatness. However, the essential characteristic is that it generates the spectra of density perturbations and gravitational
waves.

At the end of inflation, thematted-dominated era started, and fluctuations re-enter because theHubble radius increased
faster than the scale factor. The small fluctuations in inflation are related to the space-time metric fluctuations, the
energy-momentum tensor, and the Einstein field equation. By taking the wavelength of the perturbations as λ,
it is said that those grew exponentially and leave soon of the Hubble radius when λ > H−1. At supper-Hubble
scales, curvature fluctuations were frozen, therefore those can be considered as classical and their amplitude remains
constant. Once they reenter the horizon, curvature perturbation gives rise to matter and temperature perturbation
and give that forms the structures of today.

For analyzing the cosmological perturbation theory, it will be divided into two sections: First, the simplest case will
be analyzed which is the quantum fluctuations of a generic scalar field. Then, those results will be used to compute
quantum fluctuations in which metric perturbations and consequently, tensor will be now considered.

2.4.1 Inflaton perturbation theory

The following theory was developed by Alexander Riotto10. The Lagrangian of the inflaton is written as follows:

S [φ] = −

∫
d4x
√
−g

[
1
2

gµν∂µφ∂νφ + V(φ)
]
, (2.50)

where its equation of motion in function of time and x is defined as:

φ̈ + 3Hφ̇ −
∇2φ

a2 + V ′(φ) = 0. (2.51)

By splitting the inflaton and writing up to first order (linear perturbation):

φ(~x, t) = φo(t) + δφ(~x, t). (2.52)

Now, construct both terms in equation (2.52):

φ̈o + 3Hφ̇o + V ′(φo) = 0, (2.53)

δφ̈ + 3Hδφ̇ −
∇2δφ

a2 + V ′′δφ = 0. (2.54)
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Assume perturbations of very long wavelength, larger than the Hubble radius of inflation λ >>> H−1, therefore the
gradient of equation (2.54) can be neglected. By taking the time derivative of equation (2.53), and assuming H
constant at first approximation: ...

φo + 3Hφ̈o + V ′′(φ̇o) = 0. (2.55)

For this case, equation (2.55) is equivalent to (2.54) without the gradient, and it reduces to: φ̇o ≈ δφ. Therefore, at
very long wavelengths the:

δφ(~x, t) = −φ̇oτ(~x), (2.56)

and equation (2.56) can be written as:
φ(~x, t) = φo(t − τ(~x)). (2.57)

The universe has the same value of the inflaton up to small fluctuations.

2.4.2 Perturbation of a Massless field in De Sitter

The Langranian of an arbitrary massless scalar field is:

χ[~x, t]→ S [χ] = −
1
2

∫
d4x
√
−g

(
gµν∂µχ∂νχ

)
, (2.58)

where the potential term is zero and the kinetic term is the only one in the action. The equation of motion can be
defined as:

χ̈ + 3Hχ̇ −
∇2χ

a2 = 0. (2.59)

By expanding the scalar field χ in Fourier modes:

χ(~x, t) =

∫
d3k

(2π)3/2 ei~k·~xχk(t). (2.60)

By applying equation (2.60) in (2.59):

χ̈k + 3Hχ̇k +
k2

a2 χk = 0. (2.61)

During inflation and a the Sitter period, Hubble radius is assumed to be constant. Therefore it is possible to have
two periods of interaction.

• Wavelengths inside the Hubble radius: for this case, the following relation is fulfilled:

λ =
a
k
→

k
aH

>> 1, (2.62)

therefore, we can neglect the 3Hχ̇k in equation (2.59) Then, the equation of motion can be written as:

χ̈k +
k2

a2 χk = 0. (2.63)

This is the equation of an oscillator with a time dependent frequency. The solution will have the form of an
propagating wave.
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• Wavelengths outside the Hubble radius: in this regime, the relation is the following one:

λ =
a
k
→

k
aH

<< 1, (2.64)

and the k2

a2 χk is neglected. The equation (2.59) reduces to:

χ̈ + 3Hχ̇ = 0. (2.65)

The solution for this equation is a constant. Therefore, for super-Hubble regime, the wavelength will remain
frozen.

For obtaining an accurate result, it is necessary to solve explicitly the equations of motion. One possible path for
doing this is by introducing the conformal time. This is defined as:

dτ =
dt
a
, (2.66)

and by replacing its value in the FLRM metric:

ds2 = a2(τ)
[
−dτ2 + (d~x)2

]
. (2.67)

Which is said to be conformal to Minkowski due to its structure. Consequently, the scale factor can be rewrite as:

a = −
1

Hτ
. (2.68)

For τ = 0 inflation ends and for τ < 0 inflation was taking place. By plugging these equations into the action of a
massless field (2.58):

S =

∫
d4xa2

[
1
2
χ′2 −

(∇χ)2

2

]
, (2.69)

where the time derivative is taken with respect of τ. By considering the new scalar field transformation:

χ(~x, t) =
σ(~x, t)

a
, (2.70)

the new action is rewrited as:

S [σ] =
1
2

∫
d4x

(σ′)2 − (∇σ)2 + σ2 a′′

a︸︷︷︸
mass

 . (2.71)

Performing a Fourier transformation 2.60 in (2.71) it is possible to obtain the following equation of motion:

σ′′k +

(
k2 −

a′′

a

)
σk = 0. (2.72)

The same analysis must be performed to compute the analytical solutions of the perturbations:
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• Wavelength inside the Hubble radius: the following condition must be fulfilled:

− kτ >> 1, (2.73)

therefore, the equation of motion remains as:

σ′′k + k2σk = 0, (2.74)

and the solution is displayed as:
σk(τ) =

A1
√

2k
e−ikτ +

A2
√

2k
eikτ. (2.75)

For selecting the initial coefficients A1 and A2 it is assumed to start with a vacuum state which minimizes the
energy. A possible solution is the Bunch-Davies vacuum11. Therefore A1 = 1 and A2 = 0. The final solution
is a propagating wave.

• Wavelength outside the Hubble radius: the following relation must be achieved:

− kτ << 1, (2.76)

and the solution will be:
σk(τ) = B(k)a, (2.77)

where B(k) is a constant of integration. By applying the boundary condition at k = aH and taking both
equations, the constant of integration is defined as:

B(k) =
H
√

2k3
. (2.78)

2.4.3 Power Spectrum

The power spectrum of an arbitrary quantity χk is defined as:

Pχ(k) =
k3

2π2 |χk | . (2.79)

Furthermore, the power spectrum can be constructed as a power law in the following way:

Pχ(k) = A(k∗)
(

k
k∗

)nχ−1

, (2.80)

where k∗ is a chosen pivot.The nχ is its associated spectral index that is defined as:

nχ − 1 =
ln Pχ

d ln k
, (2.81)

where it may be expanded for convenience as:
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ln Pχ

d ln k
=

(
d ln Pχ

dt

) (
dt

d ln a

) (
d ln a
d ln k

)
. (2.82)

By taking the quantum fluctuation of equation (2.78) and recovering the previous transformation, its power spectrum
can be defined as:

Pχ(k) =
k2

2π2

(
H2

2k3

)
→

( H
2π

)2

, (2.83)

for this special case, as there nχ is equal to 1.

2.4.4 Massless scalar field in quasi-de-Sitter

In a quasi-de-Sitter period, the Hubble radius is not constant anymore. Furthermore, it varies with time and it is
described by the slow roll parameter ε as follows:

Ḣ = −εH2. (2.84)

Then, it is necessary to compute the new scale factor. After some calculations, the scale factor for not constant
Hubble radius in conformal time is:

a(τ) ∼ −
1
H

(
1
τ1+ε

)
. (2.85)

By adding equation (2.85) in (2.86):

σ′′k +

[
k2 −

1
τ2

(
ν2 −

1
4

)]
σk = 0, (2.86)

where a expression for ν is:
ν2 −

1
4

= 2 + 3ε. (2.87)

The solution can be written in terms of Hankel’s function as follows:

σk(τ) =
√
τ
[
c1H(1)

ν (−kτ) + c2H(2)
ν (−kτ)

]
. (2.88)

By applying once again the Buch-Davies vacumn, an approximation of the power spectrum can be read as:

σk(τ) ∼
1
√

2k
(−kτ)

1
2−ν → (−kτ)

3
2−ν, (2.89)

and by replacing:
ν ≈

3
2

+ ε, (2.90)

in equation (2.89):

Pχ(k) ∼
(

k
aH

)−2ε

. (2.91)

Therefore, the spectral index for a massless scalar field in a quasi-de Sitter epoch is described by equation (2.91). At
quasi-de Sitter, ε = 0 and we recover the classical expression demonstrated in equation (2.83).
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2.4.5 Scalar and Tensorial modes

The linear evolution of the cosmological perturbations is obtained by perturbing the FRW metric. In a linear order,
the scalar, vector, and tensor perturbations evolve independently, and therefore they may be decoupled for analyzing
them separately. As vector perturbations do not get excited in the inflationary epoch, there is not possible to compute
them. Tensor perturbations or their tensor modes will appear as gravitational waves originated during inflation.
Finally, scalar perturbations will be related to the CMB anisotropies.

Perturbed equations

The perturbed FRW metric is:

gµν = g(o)
µν (t) + δgµν(x, t), (2.92)

Where the Ricci scalar perturbation is:

δRµν = ∂αδΓ
α
µν − ∂µδΓ

α
να + δΓασαΓσµν + ΓασαδΓ

σ
µν − δΓ

α
σνΓ

σ
µα − ΓασνδΓ

σ
µα, (2.93)

and the perturbation of the scalar curvature is:

δR = δgµαRαµ + gµαRαµ. (2.94)

The perturbed Einstein tensor is:
δGµν = δRµν −

1
2
δgµνR −

1
2

gµνδR. (2.95)

The perturbation of the stress energy-momentum tensor is defined as:

δTµν = ∂µδφ∂νφ + ∂µφ∂νδφ − δgµν

(
1
2

gαβ∂αφ∂βφ + V(φ)
)
− gµν

(
1
2

gαβ∂αφ∂βφ + gαβ∂αδφ∂βφ + 2
∂V
∂φ

δφ

)
. (2.96)

Full calculations were written explicitly by Alexander Riotto10.

Curvature perturbation

In order to analyze cosmological density perturbations, gauge theory must be considered. General relativity is a
gauge theory where a gauge transformation is a coordinate transformation from a local frame to another. Therefore,
it is necessary to define physical quantities that may be observable and must be gauge invariant. The perturbation of
a given quantity is the difference between its physical value and an unperturbed value in the background (this will
be defined with the o subscript. For making the connection of these two quantities, a gauge choice must be done,
which is referred to as a gauge transformation.

The metric for computing the curvature perturbation is:

ds2 = a2(τ)
[
−(1 + 2Φ)dτ2 + (1 − 2Ψ)d~x2

]
, (2.97)
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where the term next to the dτ2 is known as the longitudinal gauge or conformal Newtonian gauge and the term
corresponding to the space part is the gravitational potential. For computing the quantum fluctuations of the
curvature, these two relations will be taken into account:

Ψ→ Ψ + Hδx0, (2.98)

ρ→ ρ − ρ̇oδx0. (2.99)

Therefore, it is possible to introduce the comoving curvature perturbation:

ζ = Ψ + H
δρ

ρ̇o
, (2.100)

which is gauge invariant. It is possible to prove it in the following way:

ζ → ζ̃ = Ψ̃ + H
δρ̃

ρ̇o
, (2.101)

and by using equation (2.98) and (2.99):

ζ̃ = Ψ + Hδxo + H
δρ

ρo
− Hδxo. (2.102)

Then, it can be seen that the initial quantity was recovered. This gauge has two possibles forms which are described
as follows.

ζ

∣∣∣∣∣
Ψ=0

=
Hδρ
ρo
→ f lat gauge, (2.103)

ζ

∣∣∣∣∣
δρ=0

= Ψδρ=0 → uni f orm density gauge. (2.104)

For the computing of the density perturbation, it will be used the expression in (2.103). Additionally, it can be
obtained another useful gauge invariant which is:

R = Ψ + H
δφ

φ̇o
. (2.105)

It may be derived from the comoving density perturbation by applying the following conditions:

ρ̇o + 3H(ρo + Po) = 0, (2.106)

po + ρo = φ2
o, (2.107)

δρ = V ′δφ. (2.108)

By replacing the previous equations and the slow roll equation from the last part in (2.105), ζ takes the form of:

S = Ψ + H
δφ̇

φ̇o
. (2.109)
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Thus, it may be seen that:
S ≡ R. (2.110)

Once the mathematical tools were proved, it is possible to compute the power spectrum of the comoving curvature
perturbation which is related to the density fluctuations. For simplicity, the equivalence in equation (2.105) will be
used by applying the condition for the flat gauge. Then:

ζ

∣∣∣∣∣
Ψ=0

= H
δφ

φ̇o
, (2.111)

and the power spectrum is written as follows

Pζ ≈
1

2M2
plε

( H
2π

)2

. (2.112)

For obtaining the spectral index, it is necessary to solve the following equation:

nζ − 1 =
d ln Pζ

d ln k
. (2.113)

where the final result is:
nζ = 1 − 6ε + 2η. (2.114)

Finally, the full expression for the comoving curvature perturbation for super-Hubble scales written in power law is:

Pζ =
1

2Mplε

( H
2π

)2 (
k

aH

)nζ−1

. (2.115)

Gravitational waves

As well as scalar perturbations, quantum fluctations in the gravitational fields are generated in the same way. It can
be seen as a ripple of space time in the FRW metric. The action of the tensor perturbation can be written in the
following way:

S [h] =
M2

pl

2

∫
d4x
√
−g

 (h′i j)
2

2
−

(∇hi j)2

2

 . (2.116)

It can be seen that this action has the same form of the massless scalar field in a quasi-de Sitter space. Therefore, we
may write the same result that was obtained. Perturbations are almost frozen on the super-Hubble scales, then we
may use the following power spectrum.

Ph ≈
8

M2
pl

( H
2π

)2

, (2.117)

where the dependence of the tensor spectral index can be approximated by:

PT ∼ knt . (2.118)

Thus, the value of the index is:
nT = −2ε. (2.119)
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Finally, the power spectrum of the tensor perturbations for super-Hubble scales written as a power law is:

PT =
8

Mpl

( H
2π

)2 (
k

aH

)nT

. (2.120)

Consistency relation

An intuitive way to analyze the inflationary potential is by using the following relation:

r =
Pt

Ps
= 16ε. (2.121)

This quantity may be compared with the one presented in the CMB anisotropies. If the value does not vary much
with the experimental data, it implies that the inflation has not been driven for a single field.



Chapter 3

Methodology

Once the fundamental theory of the manuscript was defined, it is necessary to compute all quantities by using the
desired inflationary potential. The first part is for analyzing the Starobinsky Inflationary Potential, obtained by the
Einstein Modified gravity. After that, a new f (R) variant is introduced which leads to the Generalized Starobinsky
Potential, the fundamental equation that will be studied. Th second part consists of computing slow-roll parameters
for calculating the scalar factor and the scalar field. Finally, in the last part, it is obtained the perturbation equations
by using the slow-roll approximation in terms of the previously obtained potential.

3.1 Starobinsky Inflation
The first self-consistent model of inflation is R2 potential, postulated by Alekséi Straobinsky12 in 1980 where R is
defined as the Ricci Curvature. It was one of the earliest models of inflation that basically considered an additional
term in the Einstein-Hilbert action proportional to the squared curvature scalar R2 as can be seen:

S =
M2

p

2

∫
d4x
√
−g

R +
κ

2M2
p

R2
 , (3.1)

where κ is a real parameter, g is determinant of the Friedmann–Lemaître–Robertson–Walker metric and Mp is the
Planck mass13. In order to analyze how suitable is this f (r) it is necessary to perform a Weyl Transformation14 or
conformal transformation on the metric as follows:

ḡµν = Ω2gµν. (3.2)

By taking:
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Ω2 = 1 +
κR

2M2
p

= e−w. (3.3)

Under this transformation, the Ricci scalar is transformed as

R̄ = e−2w
[
R − (2D − 1)∂µ∂µw − (D − 1)(D − 2)(∂µw).(∂µw)

]
(3.4)

Where D = is the space-time dimension. The derivative can be omitted cause is a total derivative. By imposing the
scalar field as

φ = Mp

√
3
2

log
(
1 + κ

R
Mp

2

)
, (3.5)

and by setting D = 4 it is possible to write the transformed scalar in the following form:

R̄ = e−
√

2
3 φ/Mp

 M2
p

k
(e
√

2
3 φ/Mp − 1) −

1
M2

p
∂µφ∂

µφ

 . (3.6)

By squaring (3.6) and keeping only terms up to second order which can be understand it as no interactions:

R̄2 =
M4

p

κ2 (1 − e−
√

2
3 φ/Mp )2 −

2
κ

Ω−2gµν∂µφ∂νφ + .... (3.7)

Finally, by inserting equation (3.7) into equation (3.1) and writing all in terms of barred quantities is possible to
write Einstein modified gravity as follows:

S =
M2

p

2

∫
d4x

√
−ḡ

 M2
p

2
R̄ −

1
2
∂̄µφ∂̄

µφ +
M4

p

4κ
(1 − e−

√
2
3 φ/Mp )2

 . (3.8)

Where the last term in equation (3.8) is the inflationary potential which is:

− V(φ) =
M4

p

4κ
(1 − e−

√
2
3 φ/Mp )2. (3.9)

Equation (3.9) is known as the Starobinsky Inflationary Potential.
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3.1.1 Generalized Starobinsky Potential

Several variations of the Starobinsky potential have been analyzed, such as the RpI potential15,16, the Rp potential17,
or even some f (r) generalizations18,19. For this manuscript, it was decided to study one of those that comes from a
generalization of the f (r) by adding a free parameter that can be tuned to obtain better consistency with experimental
data. This one is theGeneralized Starobinsky Potential studied by Renzi et al20. This potential, represented as R2p

may be calculated analytically by performing the same calculations presented previously. Starting from the action:

S =
M2

pl

2

∫
√
−gd4x f (R), (3.10)

Mpl is the reduced Plack mass, and f (r) is an arbitrary function that depends on the Ricci scalar curvature. By
performing a conformal transformation:

gE
µν = F(R)gµν, (3.11)

and setting F(r) as

F(R) ≡ f ′(R) = e
√

2
3 φ/Mpl . (3.12)

Therefore, the action takes the form of:

S =

∫
d4x
√
−g

[
−

Mpl2

2
RE +

1
2

gµν∂µφ∂νφ − V(φ)
]
, (3.13)

where V(φ) is the potential that will be calculated. For this potential, it is imposed the following relation:

f (R) = R +
R2p

(6M2)2p−1 . (3.14)

After some extra steps, the generalized Starovinsky potential R2p has this structure:

V = 6
(

2p − 1
4p

)
M2

plM
2
(

1
2p

) 1
2p−1

︸                              ︷︷                              ︸
V0

e−2
√

2
3

φ
Mpl

(
e
√

2
3

φ
Mpl − 1

) 2p
2p−1

, (3.15)

where p is a free parameter that can be tuned, Nevertheless it is necessary to choose a range for the possibles values
it can take.
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Figure 3.1: Generalized Starobinsky Potential for several values of p. Left: Potential evaluated at p > 1, black arrow represents
the growth of a maximum. Right: Potential evaluated at p 6 1. The black arrow represents how only one vacuum is generated.
Fig. 3.1a represents the vacuum at the origin while Fig 3.1b represents a possible vacuum when φ/Mpl tends to positive infinity.

3.1.2 Domain of the p-value

The shape of this inflationary potential depends basically on the chosen p − value. For p 6 1, the potential only has
one vacuum, which corresponds to the origin. Furthermore, it violates one of the slow-roll conditions. For p > 1,
the potential has a maximum located at:

φp

Mpl
=

√
3
2

ln
(

2p − 1
p − 1

)
. (3.16)

For this case, there exist two vacuums. The first one is also located in the origin, while the second one is at φ→ ∞.
Therefore, it also violates the slow-roll conditions. Consequently, only small deviations on p will be considered.
Finally, for p = 1, the potential takes the form of the starobinsky potential. For a better illustration, Figure 3.1 can
be seen. For those reasons, it was decided to impose that the possible p-values than can be taken must be close to
one. Therefore, it will be analyzed a smooth deviation of the Starobinsky Potential. These p-values will be from
0.995 to 1.005. Figure 3.2 shows the values that will be tested in the cosmological observables.

3.2 Solving Friedman slow-roll equations
Rewriting equation (2.40) and (2.41) in terms of the scale factor:

3
ȧ(t)
a(t)

φ̇(t) + V ′(φ(t)) = 0, (3.17)
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Figure 3.2: Generalized Starobinsky Potential. Warm colors represent small values of p while cold colors symbolize large values
of p. For p = 1, denoted by the black line, it represents the well-known Starobinsky Potential.
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˙a(t) − a(t)

√
V ′(φ(t))

3Mpl
= 0. (3.18)

As it may be seen, there are two differential equations of first order, which depend on the scale factor and the scalar
field. Therefore two initial conditions are needed. The first one is:

a(0) = 1. (3.19)

For the second one, it is necessary to compute the scalar field’s value at the beginning of the inflation. Thus, rewriting
the slow-roll parameters in terms of the chosen potential it is obtained:

ε(p, φ) =

4
[
(p − 1)e

√
2
3 φ/Mpl − 2p + 1

]2

3(2p − 1)2
(
e
√

2
3 φ/Mpl − 1

) , (3.20)

δ(p, φ) =
8(1 − p2) + 8e2

√
2
3 φ/Mpl (p − 1)2 − 4e

√
2
3 φ/Mpl (4 − 13p + 10p2)

3
(
−1 + e

√
2
3 φ/Mpl

)2
(1 − 2p)2

. (3.21)

By using the given relation in equation (2.47), compute the scalar field’s final value:

ε(p, φ f ) = 1→ φ f (3.22)

Now, using the e-folding number from equation (2.49), two different equations can be obtained:

N(p, φi, φ) =

√
6

4Mpl
(φ − φi) ln

1 + e
√

2
3 φi/Mpl (p − 1) − 2

1 + e
√

2
3 φ/Mpl (p − 1) − 2

 , (3.23)

N(1, φi, φ) =
1
4

−3e
√

2
3 φ/Mpl + 3e

√
2
3 φi/Mpl +

√
6(φ − φi)

Mpl

 . (3.24)

Equation (3.23) is used for p , 1 while equation (3.24) is for p = 1. Then by setting N as the total number of e-folds
during inflation, the scalar field’s initial value can be computed as follows:

N(p, φi, φ f ) = N → φi. (3.25)

Equation (3.25) is known as the second initial condition for solving the slow-roll approximation of the Friedman
equations.
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3.2.1 Horizon Crossing

For analyzing the primordial spectrum and their running indexes, the following equation will be used.

k = a(t)H(t). (3.26)

Where k = 0.05 which is the value where the amplitudes of the perturbations were frozen.

3.3 Cosmological Observables

3.3.1 Parameters

The previous chapter demonstrated the equations for the scalar power spectrum, tensor power spectrum, spectral
index, and tensor-to-scalar ratio by deriving them explicitly from the Einstein-Hilbert action. Nevertheless, it was
decided to rewrite those equations more conveniently in terms of the slow-roll parameters and the chosen potential
for this section21,22. By performing this transformation, these final equations are obtained:

Scalar power spectrum

The equation for the primordial scalar power spectrum (2.115) for a general potential is:

AS '

[
1 +

25 − 9c
6

ε −
13 − 3c

6
δ

]
V

24π2ε
, (3.27)

By replacing equations (3.20), (3.21), and (3.15) in (3.27), we obtain the final result:

AS '

[
1 +

25 − 9c
6

ε −
13 − 3c

6
δ

]
1

24π2ε
V0e−2

√
2
3 φ/Mpl

(
e
√

2
3 φ/Mpl − 1

) 2p
2p−1

. (3.28)

For convenience with the experimental data, it is necessary to use the following relation:

ln[1010AS ], (3.29)

this new quantity is the one reported by the experimental sources, which will be explained later.

Scalar spectral index

The final equation for the spectral index can be obtained by replacing the slow-roll parameters and the potential in
equation (2.114) as follows.
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nS = 1− 6
4
[
(p − 1)e

√
2
3 φ/Mpl − 2p + 1

]2

3(2p − 1)2
(
e
√

2
3 φ/Mpl − 1

) + 2
8(1 − p2) + 8e2

√
2
3 φ/Mpl (p − 1)2 − 4e

√
2
3 φ/Mpl (4 − 13p + 10p2)

3
(
−1 + e

√
2
3 φ/Mpl

)2
(1 − 2p)2

. (3.30)

Tensor power spectrum

The final equation for the tensor power spectrum (2.120) for a general potential is:

PT '

[
1 +

1 + 3c
6

ε

]
2V
3π2 . (3.31)

By replacing equation (3.20), (3.21) and (3.15) in the last relation, it is possible to obtain:

PT '

1 +
1 + 3c

6

4
[
(p − 1)e

√
2
3 φ/Mpl − 2p + 1

]2

3(2p − 1)2
(
e
√

2
3 φ/Mpl − 1

)


2
3π2 V0e−2

√
2
3 φ/Mpl

(
e
√

2
3 φ/Mpl − 1

) 2p
2p−1

(3.32)

Tensor spectral index

By replacing in equation (2.119) the slow roll parameter ε:

nT = −2
4
[
(p − 1)e

√
2
3 φ/Mpl − 2p + 1

]2

3(2p − 1)2
(
e
√

2
3 φ/Mpl − 1

) (3.33)

Tensor-to-scalar ratio

Finally, the tensor-to-scalar (2.121) ratio can be computed as:

r = 16
4
[
(p − 1)e

√
2
3 φ/Mpl − 2p + 1

]2

3(2p − 1)2
(
e
√

2
3 φ/Mpl − 1

) (3.34)

3.3.2 Experimental observations

To analyze how accurate the generalized Starobinsky potential, it is necessary to compare the theoretically obtained
results with the experimental values that may be found in the literature. Therefore, the values of the cosmological
parameters that will be considered for this manuscript are described in Table 3.1 .
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Parameters Starobinsky inflation
AS 2.21093 × 10−9

ln (1010As) 3.096
nS 0.9656
r 0.00363

Table 3.1: Experimental values of the Cosmological observables. AS is the scalar power spectrum, nS is its spectral index, r is
defined as the scalar-to-tensor ratio and the ln 1010AS is a more convinient way for describing the scalar power spectrum. Those
values are taken from Planck 2018.





Chapter 4

Results & Discussion

This section consists of the numerical calculations of the equations in the last chapter. The first part is dedicated
to computing the scale factor and the scalar field by using the Friedman Equation’s slow-roll approximation.
Secondly, the following part is computing the scalar power spectrum and the scalar spectral index with the slow-roll
approximation. Those results will be compared with the ones reported in Planck 2018, and a final value of the
p-value will be obtained. Finally, the last part focuses on analyzing the tensor power spectrum, its Spectral Index,
and the tensor-to-scalar Ratio using the previously obtained p-value. At the end of the chapter, a set of cosmological
parameters will be reported.

4.1 Scalar field and Scale factor
Calculation of the scalar field and the scale factor can be displayed by solving equations (3.17) and (3.18). Addition-
ally, both equations were solved coupled, and it is needed to compute first the initial parameters. The initial value of
the scalar field can be obtained by solving equation (3.23). Moreover, for the special case of p = 1, equation (3.24)
must be used instead. Explicit results can be found in Table 4.1. For the scale factor’s initial value, a(0) = 1 was set.
The number of folding was set at N = 60, the mass value was taken as M = 130/107 and the Reduced Planck mass
value was set as Mpl = 1. Both equations were solved for a set of p values, from 0.995 to 1.005, increasing 0.001
units.

p 0.995 0.996 0.997 0.998 0.999 1.000 1.001 1.002 1.003 1.004 1.005
φo 5.724 5.668 5.613 5.558 5.505 5.454 5.401 5.351 5.301 5.252 5.204
φ f 0.9473 0.9458 0.9444 0.9430 0.9415 0.9491 0.9387 0.9373 0.9359 0.9345 0.933

Table 4.1: Initial φ0 and final φ f values of the scalar field in the inflationary epoch for different values of p.
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Figure 4.1: Left: Time evolution of the scalar field during the inflationary epoch. Right: Time evolution of the scale factor. For
both graphs, different values of p are displayed.

Figure 4.1 (left) shows the scalar field’s time evolution for a discrete range of p-values. Oscillation of the scalar field
is only visible if a full calculation is performed. On the other side, Figure 4.1 (right) shows the dynamics of the scale
factor, consistent with the information reported in the literature. An exponential expansion takes place during the
inflationary epoch. Similarly, it is shown its behavior by using several values of p. For both graphics, warm colors
represent small values of p while cold colors symbolize large values of p. For p = 1, denoted by the black line, it
represents the well-known Starobinsky Potential. It is important to notice that these slight changes of p vary a few.
Nevertheless, they become more fundamental at computing the cosmological observables.

4.2 Scalar power spectrum and spectral index
Once the scale factor and the scalar field were obtained, it is possible to compute the Scalar Power Spectrum. For
doing this, equation (3.28) is solved by using the set of p values. For all the cosmological observables that will
be obtained, equation (3.26) is used by setting k = 0.05. For convenience, equation (3.29) is used to obtain the
ln (1010AS ) which are the generic values reported in the literature. Therefore, it will be possible to compare the
accuracy of the computed values with the experimental values. For the scalar spectral index, equation (3.30) is
solved for different values of p. Similarly, obtained values are also compared with the reported ones.

Figure 4.2 (left) shows the behavior of the ln (1010AS ) for p from 0.995 to 1.005. Red line represents the experimental
value reported by Planck 2018, which is 3.096. It may be seen that near from p = 1, both values coincide. This
makes sense since, we recover the Starobinsky potential. Values of the ln (1010AS ) get higher as p increases. Scalar
spectral index is plotted in Figure 4.2 (right) for the same values of p.
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Figure 4.2: Behaviour of the cosmological observables with respect of different values of p at k = 0.05. Left: ln (1010AS ). Right:
Scalar spectral index.

p 0.995 0.996 0.997 0.998 0.999 1.000 1.001 1.002 1.003 1.004 1.005
(a) 1.5548 1.6556 1.7646 1.8824 2.0098 2.151 2.2969 2.4586 2.6339 2.8241 3.0301
(b) 2.7439 2.8068 2.8705 2.9351 3.000 3.0686 3.1341 3.2022 3.2710 3.3407 3.4111
(c) 0.9685 0.9673 0.9661 0.9649 0.963 0.9626 0.9609 0.9596 0.9582 0.9568 0.9553

Table 4.2: Computed values of the cosmological observables: (a) Scalar Power Spectrum As, (b) ln (1010As), (c) and its spectral
index (ns).

Similar; the red line shows the experimental value obtained in literature which is ns = 0.9656, reported by Planck
2018. In contrast with the previous result, the index decreases when p increases. Both sets of values are reported
in Table 4.2 . Red values represent the inferior and superior limit of the observables previously explained. It is
fundamental to choose in which parameter we want the higher accuracy. For this manuscript, we decided to focus
on the Scalar power spectrum, or as it has been reported here, ln (1010As).

p 1.0003 1.0004 1.0005 1.0006 1.0007
ln(1010As) 3.08705 3.09376 3.10047 3.1072 3.11393
As(x10−9) 2.19124 2.20598 2.22085 2.23583 2.25093

Table 4.3: Computed values of the cosmological observables As and ln(1010As) from p = 0.0003 to p = 0.0007 at k = 0.05.

For obtaining a better accuracy for p, its interval value is decreased up to 0.0001. Figure 4.3 shows a zoom of the
ln (1010As). Data can be seen closely in table 3. From these, it was decided that the optimal value of p for having
a high accuracy for our cosmological observable is p = 1.0004. Described values are shown in Table 4.3 . It is
important to clarify that it was possible to add more decimals in order to obtain better results, but for this manuscript,
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Figure 4.3: Deeper view of the ln (1010As) from p = 1.0003 to p = 1.0007 at k = 0.05.

we decided to stop in four decimals.

Figure 4.4 (left) shows the dynamics of the Scalar Power Spectrum of the Generalized Starobisnky Potential for
different values of k. For this analysis, it was taken the previously computed values in equation (3.26) . Figure 4.4
(right) displays the behavior of the Scalar Spectral Index for the same value of p. In both graphs, the red dot refers
to the final computed value at p = 1.004 and k = 0.05.
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Figure 4.4: Dynamics of the cosmological observables for p = 1.0004 at different values of k. Left: Scalar Power Spectrum.
Right: Scalar Spectral Index. Red dots describes the values at k = 0.05.

4.3 Tensor Power Spectrum, Spectral Index and Tensor-to-scalar Ratio
In Figure 4.5 is presented three different plots. The left one is the tensor power spectrum (3.32), the right one is the
tensor-to-scalar ratio (3.34), and the one at the bottom is the tensor spectral index (3.33). All graphics were computed
at k = 0.05 and for different values of p. This was made to analyze the behavior of the cosmological parameters when
p varies slightly. For the tensor power spectrum and its spectral index, the same tendency is observed, a decreasing
of those values at large values of p. In contrast, by analyzing the tensor-to-scalar ratio, it increases its magnitude
when p increases too. Explicit values can be found in Table 4.4 .

p 0.995 0.996 0.997 0.998 0.999 1.000 1.001 1.002 1.003 1.004 1.005
Pt 8.6964 8.6190 8.5438 8.4707 8.3997 8.3307 8.2632 8.1978 8.1340 8.07199 8.0115
nt -7.220 -6.728 -6.265 -5.831 -5.423 -5.031 -4.681 -4.344 -4.029 -3.735 -3.460
r 0.0057 0.0053 0.0050 0.0046 0.0043 0.0040 0.0037 0.0034 0.0032 0.0029 0.0027

Table 4.4: Computed values of the cosmological observables PT , nT and r for several values of p at k = 0.05.
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As the p − value was already found, it is now represented, in Figure 4.6, the dynamics of the three cosmological
parameters concerning k for the Generalized Starobinsky Potential at p = 1.004. Similarly, the red dot represents
the computed value of the parameters at k = 0.05.

Numerical value of the tensor power spectrum has a very good approximation with the value reported in the
literature23. In addition, the scalar-to-tensor ratio coincides with the values reported in Planck 2018.

Figure 4.5: Behaviour of the cosmological observables for different values of p at k = 0.05. Left: tensor power spectrum. Right:
tensor-to-scalar ratio. Bottom: tensor Spectral Index.
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Figure 4.6: Dynamics of the cosmological observables for p = 1.0004 at different values of k. Left: Tensor Power Spectrum.
Right: Tensor-to-scalar ratio. Bottom: Tensor Spectral Index. Red dots describes the values at k = 0.05.

Finally, it is concluded that the final set of cosmological parameters, including scalar power spectrum, scalar power
spectrum amplitude, scalar spectral index, tensor power spectrum, tensor spectral index, and tensor-to-scalar ratio,
are in good agreement with the ones reported in the literature. For a final comparison, those are displayed in Table
3.1 . It can be seen that the obtained values are consistent with the ones reported by Planck 2018.
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Parameters Computed with p = 1.0004 Observational data
AS 2.20598 × 10−9 2.21093 × 10−9

ln (1010AS ) 3.09376 3.096
nS 0.9618 0.9656
PT 8.30343 × 10−12 —
nT −0.0004893 —
r 0.00391 0.00363

Table 4.5: Set of cosmological observables using computed at p = 1.004 by using the Generalized Starobinsky Potential and the
experimental values reported in Plank 2018.



Chapter 5

Conclusions & Outlook

The main objective of this manuscript was to introduce inflationary c osmology a s a  s uccessful s olution for the 
shortcomings of the Big Bang Standard Cosmology. The flatness p roblem a nd Horizon p roblem a re s olved by 
defining a scalar field, which will behave as an ideal fluid thus it mimics a cosmological constant. Furthermore, it is 
possible to explain the formation of large structures and the anisotropies of CMB by using cosmological perturbation 
theory as the theoretical framework. Starting from the most basic case, perturbation of a massless scalar field in De 
Sitter, then it can be obtained the equations that describe the scalar and tensor perturbations during the inflationary 
epoch. By using approximations it was derived the scalar power spectrum As, tensor power spectrum Pt, their 
respective spectral indexes ns, nt, and the scalar-to-ratio tensor r in the slow-roll approximation for an arbitrary 
potential.

Using the Generalized Starovinsky Potential V(φ, p) that can be computed from the Einstein modified gravity, 
it is possible to mimic the well-known Starobinsky inflation V(φ, 1 ) a nd o btain b etter a ccuracy c oncerning the 
experimental data shown in Table 3.1. Specially, a better approximation for the scalar power spectrum which was 
obtained by setting p = 1.004.

One interesting analysis that could be applied in the future is to perform different calculations where the number of 
e-fols N, and the mass M are not fixed. Thus, a better accuracy could be obtained for different cosmological 
observables.
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