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Resumen

Por muchos anos, uno de los objetivos de teoria de control ha sido probar la siguiente
conjetura: bajo la influencia de ciertos fenémenos intrinsecos, tales como impulsos, retrasos
y condiciones no locales, que son fenémenos intrinsecos, la controlabilidad no cambia. Es
decir, si consideramos estas tres caracteristicas como perturbaciones del sistema, lo cual
es muy natural en los problemas de la vida real, la controlabilidad mantiene su robustez.
Tomando esto en cuenta, este trabajo estd dedicado a estudiar la existencia, unicidad de
las soluciones y la controlabilidad de un sistema semilineal impulsivo con retardo infinito y
condiciones no locales. Para lograr este objetivo, primero seleccionamos adecuadamente el
espacio de fase de tal manera que satisfaga la teoria axiomatica formulada por Hale y Kato
para estudiar ecuaciones diferenciales con retardo infinito. Después de definir el espacio
en el que trabajaremos, desarrollamos las tres pruebas principales de nuestro estudio. La
existencia de soluciones y la controlabilidad exacta se reducen al problema de encontrar los
puntos fijos de operadores, para lo cual aplicamos el teorema del punto fijo de Karakosta,
que es una extensién del teorema del punto fijo de Krasnosel’skii y el teorema del punto
fijo de Rothe, respectivamente. La tltima prueba trata del uso de una técnica desarrollada
por A. Bashirov et. at, que evaden el uso de teoremas de punto fijo y se aplicardn para
demostrar la controlabilidad aproximada del sistema semilineal. Al final de la prueba de
existencia mostramos un ejemplo que involucra impulsos, retardo infinito y condiciones no
locales.

Palabras Clave: sistema semilineal, impulsos no instantaneous, retardo in-
finito, condiciones no locales, controlabilidad, existencia, teorema del punto
fijo, bashirov, unicidad
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Abstract

For many years, one of the goals of control theory has been to prove the following con-
jecture: under conditions such as impulses, delays, and non-local conditions, which are
intrinsic phenomena, the controllability of a system does not change. That is, if we con-
sider these three characteristics as disturbances of the system, which is very natural in
real-life problems, the controllability of the system turns out to be robust. Taking into ac-
count this phenomena, this work is devoted to study the existence, uniqueness of solutions,
and the controllability of an impulsive semilinear system with infinite delay and non-local
conditions. To achieve this goal, we first select the phase space adequately in such a way
that it satisfies the axiomatic theory formulated by Hale and Kato to study differential
equations with infinite delay. After defining the space we will be working on, we develop
the three main proofs of our study. The existence of solution, and the exact controllability
are reduced to the problem of finding the fixed points of an operator, for doing so, we apply
Karakosta’s Fixed Point Theorem (an Extension of Krasnosel’skii’s Fixed Point Theorem)
and Rothe’s Fixed Point Theorem, respectively. The third proof use a technique developed
by A. Bashirov et. al, which evades the use of fixed point theorems and will be applied to
prove the approximate controllability of the semi-linear system. At the end of the existence
proof, we show an example that involves impulses, infinite delay, and non-local conditions.

Keywords: semilinear system, non-instantaneous impulses, infinite delay, non-

local conditions, controllability, existence, fixed point theorem, bashirov, unique-
ness
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Chapter 1

Introduction

1.1 Background

Modeling real-life problems that help to predict future changes has become of great im-
portance in the latest times, and control them even more. Nevertheless, it was not always
considered as indispensable as it is now. During the development of society in ancient
times and nowadays, control systems appear naturally, but not each improvement made
has had a mathematical foundation on it. Control problems have been studied for a long
time, but not from the mathematical point of view; the first work in control theory that
is worth mentioning is a regulatory mechanism with a float in Greece, around 250 BC, [1].
However, the most relevant antecedent was developed in 1788: James Watt’s centrifugal
regulator that worked with automatic feedback, [2]. Approximately until the end of the
19" century, control problems were considered merely intuitive, but as the necessity to im-
prove the responses and the precision of the control system appears, control theory started
its development. The 20" century, in particular between 1960 and 1990, control theory
was roughly investigated. The most important and remarkable were the works presented
by Kalman et al, which represent the base of the control theory we have now.

To achieve a better model, and in the attempt of making it as precise as possible,
there exist the need of setting conditions such as impulses, delay, and non-local conditions.
These perturbations are intrinsic phenomena of a real-life problem. Lately, several studies
in control theory have focused on proving the conjecture that controllability is preserved
under the three perturbations mentioned above.

In fact, let’s consider abrupt changes in the state which would imply the use of impulsive
equations. These kinds of equations had caught the interest of many scientists in a variety
of fields such as biology, economy, neural networks, and others. In [3] the authors study
some mathematical models involving impulsive equations, i.e. Lasota-Wazewska model,
Hematopoiesis models, and others regarding Biological models. In the rest of fields, to
mention some we have impulsive models in Populations dynamics, impulsive Hopfield Neu-
ral Network, impulsive Price Fluctuations Models. The impulses could be instantaneous,
where the changes on the states are short and the non-instantaneous ones, that remain for
a finite interval of time. Considering the first case, we can see studies such as [4] and [5],
where the authors prove the controllability of a system by using fixed point theorems. On
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the other hand, systems that take into consideration non-instantaneous impulses are con-
sidered in [6], where the existence of a solution of this type of impulsive system is studied.
In [7], a study of controllability by using different approaches is carried out. In both cases,
instantaneous and non-instantaneous, the conjecture restricted to impulses is proved.

The other two characteristics, non-local conditions and delayed differential equations
are also of our interest. The first one was a concept introduced in [8]. It is a Cauchy
problem that helps to get a more precise model of a real-life problem. To mention a few,
we have [9] and [10] that are studies related to systems containing these constraints and
where no problem arises in the controllability. Concerning to the second part, in [3] it
can be found models in Neural Networks and Economy that also delays,i.e., differential
equations where the time derivatives depend on the solution at previous times:

d

where, f: RT x ) — R, z(0) = z(0 + t) and $ is the phase space to be specified later,
defined on (—o00,0]. It is known that when r < oo, the use of the space of continuous
functions like the phase space of the solution, as it is defined on [11], [12] and [13], is not
always an option to be considered in retarded equations. Especially, if we want to avoid
problems on the existence, uniqueness, and stability of the solution of the system under
study. This problem becomes even worst when we take r = oo, that is, part of the initial
functions is always contained by the state z;. As a consequence, a deeper analysis must
be taken into consideration for differential equations with infinite delay. Hale and Kato in
[14] defined appropriated conditions for this kind of system, which will be detailed later.
Notice that neither in a system with non-local conditions nor with delay, the controllability
is destroyed. So, the conjecture with each of these two perturbations holds.

It can also be considered more than one perturbation simultaneously in the same system.
That is the case of [15], [16] and [17], to mention a few, where impulses and non-local
conditions are added to the known linear control system. We can see in [18] and [19] that
the authors focus on bounded and unbounded delayed systems with impulses, respectively.
It can even be possible to add more than two characteristics as it was done in [20], [21]
and [22] where the controllability of systems is studied by using fixed point theorems, and
in the case of the last one, techniques avoiding it, used by Bashirov in [23], [24] and [25].
It is worth emphasizing, that the controllability under the influence of one, two, or even
three of the perturbations is not ruined.

1.2 Setting of the problem

The system under study contains these three mentioned perturbations simultaneously, that
is, non-instantaneous impulses, infinite delay and non-local conditions at the same time,
and it is defined as follows:

Z(t)y=At)z(t) + F(t,z), tel,, k=0,1,2...,
2(8) + h(zny, - 2n,)(5) = 0(s), s€R_ = (—00,0], (1.1)
z(t) = Gi(t, 2(t)), te€Jr, k=12,...,

Mathematician 2 Graduation Project
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where Iy = (O,tl], I, = (3k7tk+1]7 Ji = (tk,Sk], D=5 <t <81 <tlg <8< -+ <851 <
ty — 00, as k —> oo. There exists a fixed number ¢ > 0 such that 7, < min{(, 7},
where [0,7) is the maximal interval of local existence of solutions of problem (1.1); and
0<m <m <---<my,1t=1,...,q, selected under certain rules marked by the real life
problem that the mathematical model could represent, such as: m; = im,/q, i=1,...,q.
Some measurements at more places are incorporated with the use of non-local conditions,
which is one the advantages of it in order to get better models. h: 9 — 9, ¢ : R. —
R" ¢ €% F:R,x$H — R"is an smooth enough function, Gy : Jp x R* —
R™ k = 1,2,3,..., are continuous and represents the impulsive effect in the system
(1.1), i.e., we are considering that the system can have abrupt changes that stay there for
a finite interval of time. These alterations in state might be due to certain external factors,
which cannot be well described by pure ordinary differential equations, (see, for instance,
[26] and reference therein). Here, A(t) € R™ ™ is a continuous matrix function and the
function z;(0) = z(t + 0) for € (—o0, 0] illustrate the history of the state up to the time
t, and also remembers much of the historical past of ¢, carrying part of the present to the
past. It is important to remark that this system will be used to prove the existence of
solutions of (1.1).

In order to study the controllability of (1.1), the function F in (1.1) will be taken
as F(t,z) = B(t)u(t) + f(t, 2z, u(t)) for every fixed u € L*(0,7;R™). Thus, the system
becomes:

2(t) = A(t)z(t) + B(t)u(t) + f(t, z,u(t)), te€ly, k=0,1,2,...,p
2(8) + h(2ry, - 2n,) = @(s), s €R_=(—00,0], (1.2)
2(t) = Gp(t, 2(ty)), te€Jy, k=1,2,---,p

where 0 = 5o <t <81 <ty <83 <+ <8, <tpy1 =7, BeR™7, the control u belongs
to L2(0,7;R™). f: R, xH x R™ — R" is an smooth enough function in (1.1) and ¢ € .
The rest of terms are defined as in (1.1). Here, notice that we have a finite number of
impulses, since our main objective is to prove the controllability of the system on a finite
interval [0, 7].

Something that it is worth to mention, as we will use it, is that some authors have
considered the differential system with non-instantaneous impulses of the following form

y'(t) = Ay(t) + F(t,y(t), t€ (sitin],i=0,1,...,m,
y(t) = Gi(t,y(t)), te(t,s],i=1,...,m, (1.3)
y(0) = yo,
who was firstly introduced by Hernandez in [27]. Feckan et. al. consider in [28] a special

remark over the impulsive condition of (1.3). It specifies that, there are positive constants
dp, k=1,2,...,p such that

IGk(t,2") = Gi(t, 2)|| < dillz" = 2%, V2!, 2" €, R", T € [ty, i,

where, Gy, € C ([tx, sg); R) and max{dy : k =1,2,...,p} < lisanecessary condition. Then
the Banach fixed point theorem gives a unique y; € C([ty, sk], R) such that z = G(t, z) iff
z = yx(t). So (1.3) is equivalent to

2(t) = yp(t), te (tesk], k=1,2,3,...,p,

Mathematician 3 Graduation Project
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which does not depend on the state variable z(-). Thus, it was necessary to modify the
impulses of the system (1.3) and consider the condition:

2(t) = Ge(t, 2(ty,)), t € (tg,sk], k=1,2,3,...,p.

This work shall prove that under some conditions on F, G and h, the problem (1.1)
admits a solution on (—oo, 7], for some 7 > 0. Then, under some additional conditions,
we shall prove that this solution can be extended on the whole real line R. Finally, after
the existence, uniqueness, and the prolongation of solutions are proved, we consider (1.2)
for the controllability proofs under some other different conditions on f, h and G}, which
will be stated later on the Chapter 3

The next Chapter, that is Chapter 2, is focused on state some important definitions,
theorems, and lemmas, that are a clue key in the development of the main results of this
work. It begins with some necessary linear control theory, then it continues with the spaces
where the operators of the proofs are defined and finally it mentions some of the two fixed
point theorems that we used, Arzela Ascoli theorem and other results.

Chapter 3 aim is to show the main results of this work. It starts with the proofs, unique-
ness, and prolongation of solutions of (1.1), where Karakosta’s fixed point theorem is used,
followed by a mathematical example. Then, it continues with the proofs of approximate
controllability, where Bashirov techniques that avoid the use of fixed-point is used, and it
concludes with the proof of exact controllability by applying Rothe’s fixed point theorem.

Finally, Chapter 4 presents a conclusion of the work and at the end, a final remark is
given.

Mathematician 4 Graduation Project



Chapter 2

Theoretical Framework

This chapter is devoted to state, without proofs, some of the necessary definitions, theorems
and lemmas that are fundamental to achieve the main objective of this work.

2.1 Linear control systems in finite dimensional spaces

Since we are focusing on non-autonomous linear systems, we shall consider, in the first
place, the following linear system:

(1) = A(t)=(t) (2.1)

where, A(+) is a n X n continuous matrix and z(¢) € R™. Its fundamental matrix is denoted
by ® and it is the solution of the Cauchy Problem

(1)
P A(t) (1),

®(0) = 1.

The evolution operator is defined by U(t, s) = ®(t)P!(s), s,t € R, also we will consider
the following bound
M = sup [U(t,s)]

t,s€[0,7]

Let’s now take into consideration the following linear control system with initial condition

) — 0 (2.2)

{ Z(t) = A()z(t) + B(tu(t),  z(t) € R",t € [to, 7]

where B(-) is a continuous matrix of dimension n x m. The rest of terms are defined in
the same way as in (2.1). The previous system admits only one solution, which is given by

2(t) = U(t,t0)2° + /tju(t, 0)B(o)u(o)do, t € [to, 7] (2.3)
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Definition 2.1 The system in (2.2) is controllable on [ty, 7] if given two points 2° and 2,
there exist a control u € L*(to, 7;R™) such that the corresponding solution of (2.2), z(-),

satisfies the boundary conditions
2(tg) = 2° and 2(1)=2".

It is known that the controllability of (2.2), with ¢y = 0, is obtained by the surjectivity of
the operator G : L?(0, 7; R™) — R", which is defined by

Gu = [ U(r.0)Ble)u(e)de. (2.4)

and, a control u € L?([0, 7]; R™), that steers the system (2.2) from the initial state z° to a
final state 2! on [0, 7], is given as follows:

u(o) = B (U (1, 0) Wio,) ' (2! = U(7,0)2%), o€ [0,7], (2.5)

where, W) : R* — R™ is the Controllability Gramian Operator in the interval [0, 7],
defined as

Wz = GGz = /OTU(ﬂ 0)B(0)B*(o)U*(7, 0)z do. (2.6)

In fact, the next theorem is a characterization of the controllability of system (2.2). The
proof can be seen in [29].

Theorem 2.1 The following statements are equivalent:
i) The system (2.2) is controllable on the interval [0, T].
it) Rg(G) = R™.

iii) There exist A > 0 such that

AB (e ()2

2Nl z€R

w) If B* ()@ *(t)z = 0 with 0 < t < 7, then z = 0.
v) The matriz
W = [ 27 (0)B(0)B' ()0 de
is positive definite, i.e., there exist § > 0 such that

Wz, 2) > Bl1z|)*.

Moreover, given z',2° € [0,7], the control a (2.5) transfer the system from the initial

state 2° to the final state z'.
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The adjoint operator G* : R™ — L%(]0, 7]; R™), which is actually used in the proof of last
theorem, is given by
(G"2)(0) = B* (U (1, 0)2 0 €[0,7]. (2.7)

In the same way, the linear system (2.2) is controllable on [«, 5] C [0, 7], if and only if, the
controllability operator given by

Gosi = [ U(B,0)B(0)uledo,  we I¥([a, B R™), 2:8)

is surjective. i.e., The Gramian Operator Wy g given by
B
GapGis® = Wiastz = | UB,0)B(0)B" (U (5. 0)de. (2.9)

1
is invertible. For the foregoing matrix, there exist o, > 0 such that HW[;lﬁ]H < 5 and a

control u steering the linear system (2.2) from 2* to z? on [«, 3] is given by

u(o) = B (0)U*(8,0) Wiag) (27 —U(B,2)2%), o€ [a,f]. (2.10)

In particular, for 7 > 0 and 0 < § < 7, we consider the following system

v =At)y(t) + Bt)u(t), yeR* telr—2467],
) (2.11)
y(r—0) =27,
which admits only one solution given by
t
y(t) =Ult,T =)+ [ Ult,)BleJu(e)de, t € [r—5,7] (2.12)
Corresponding with (2.11), we shall denote the Gramian controllability matrix by:
Wes = [ Ulr,0)B(0)B (U’ (+. o)de. (2.13)

As it can be seen in [20], the system (2.11) is controllable on [r — ¢, 7] if, and only if, the
matrix W;;s is invertible. Moreover, a control that steers the system (2.11) from the initial
state 20 to a final state z! on the interval [7 — §, 7] is given by

v’ (0) = B*(o)U* (T, WS (2 —U(T, 7 —6)2°), o€[r—4 7] (2.14)

i.e., the corresponding solution 1°(t) of the linear system (2.11) satisfies the boundary
condition:

(1 —0)=2" and 9°(7) = 2" (2.15)

Remark 2.1 When we study the exact controllability in L?-spaces and we are dealing with
finite-dimensional linear control systems, it is important to keep in mind that the system
under study is controllable iff, it is controllable with controls in any dense subspace of L.
Thus, the system (2.2) is controllable with controls on L* iff, it is controllable with controls

on PW, (see [30]).
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2.2 Spaces, definitions, lemmas and theorems

In this section, we shall define the spaces where our problem will be studied, and will
review some definitions, theorems and lemmas that are used to prove the main results of
this work.
First of all, let us define the control function space PW, = PW,(((0, 7];R™), by
PW, ={u:(0,7] = R™: u is bounded and u € C(I; R™)} .

where I = UY,(s;,ti11], endowed with the norm

Jullp = sup [ut) e

(0,7

Also, let us define PW = PW((—o0,0]; R") as the normalized piecewise continuous func-
tions, as follows:

PW = {go : (—00,0] — R™: | is a piecewise continuous function, Va < O}

[a,0]
Using ideas from [31], we consider a function g : R — R, satisfying the following conditions.
a) g(0) =1,

b) g(—o0) = 400,

¢) g is decreasing.

Remark 2.2 A particular function, that holds the conditions above-mentioned, is g(s) =

exp (—as), with a > 0.

—3 —2 -1 1 2 3 4
Figure 2.1: Example of g function described above.

Now, we define the following functions space

Cy = {z € PW : sup [=(s)l < oo} )
s<0 g(s)

C, is a Banach space, and a sketch of the proof is given in [32]:

Mathematician 8 Graduation Project
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Lemma 2.1 The space C, equipped with the norm

[12(s)l

zl|le, = su , zeCy,
H Hcg SSIOD g(S) g

is a Banach space.

Our phase space will be
$ = Cy,
equipped with the norm
I2lle, = [12lls-
We shall take into consideration the following space PW, := PW,((—oo, 7]; R"™) defined
by

€ 9 and z
R_

is a continuous except at ¢y,
(0,7]

k=1,2,..,p ,with s,_1 < 7 where side limits z(t}), 2(¢; ) exist and z(¢;) = z(tx)},

PWyr = {z i (o0, 7] > R" : 2

which is larger, and where z(t) = lim, 2(t), z(t;) = lim, - z(t). From Lemma (2.1),
we have the following lemma:

Lemma 2.2 PW,, is a Banach space endowed with the norm

llpw,. = |21z, + 21l

where |[2li]l, = sup [[z(1)]]
teI=(0,7]

It is not hard to verify that the axiomatic theory proposed by Hale and Kato for the phase
space of retarded equations with infinite delay is satisfied:

A1) If z belongs to the whole space where the differential equation is defined, then for
every t € [0, 7] the following conditions hold:

i) z is in 9;
i) [lz()]ler < Hl[2]ls;

i) [|zlls < K () sup{||z(s)[| - 0 <s <t} + M(t)||z0ll5, where H > 0 is a constant,
K, M : [0,00) — [0,00), K is continuous and M is locally bounded, and
H, K, M are independent of z(t).

A2) For the function z(-) in Al), z is a H—valued continuous function on [0, 7].

A3) The space $) is complete.
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More detail about this theory can be found in[14, 31, 33, 34].
Now, let us denote by

q
H1=HxHx..xHn=][9
i=1

i.e.,
z=(21,..., zq)T € H4,

and the norm in the space £ is given by
q
1Yllge =D llwill; -
i=1

The following Lemma is a key to obtain our results. In fact, it is stronger than the axiom
A1)-iii) from Hale and Kato axiomatic theory previously mentioned. Its proof, which can
be found in [32], is due to the fact that the function ¢ is defined on the whole real line.

Lemma 2.3 For all function z € PW,, the following estimate holds for all o € [0, 7]:

1Zells < ll2ll2w,,

Definition 2.2 (Exact Controllability) The system (1.2) is said to be exactly control-
lable on [0,7] if for every ¢ € 9, z' € IR", there exists u € L*(0,7;R™) such that the

solution z(t) of (1.2) corresponding to u verifies:

2(0) + h(zpys - ooy 22,)(0) = ¢(0)  and z(1) = 2.

Figure 2.2: Exact Controllability

Definition 2.3 (Approximate Controllability) The system (1.2) is said to be ap-
proximately controllable on [0, 7] if for every ¢ € §, z1 € IR" and ¢ > 0, there ezists
u € Lo([0, 7]; R™) such that the solution z(t) of (1.2) corresponding to u verifies:

2(0) + hlzny, -5 27,)(0) = $(0), and ||2(7) = 2| <.
In addition to the definitions of the spaces and some related lemmas, it is also necessary to

state some extra definitions, lemmas and theorems that will take part in the development
of the proofs of the main results.
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#(0) — (=7 22,)(0)

Figure 2.3: Approximate Controllability

Definition 2.4 (Equicontractivity) Let Z be a Banach space and {T),}ncr be a family
of operators T,,: Z — Z. The family {T,, }nen is said to be equicontractive, if there exists
0 < L <1 such that:

||TnZ1_Tnz2|| SLHZl—ZQH, 214529 EZ, nEI:N

Lemma 2.4 (Gronwall inequality) Letv: [a,b] — R and n: [a,b] — RT be continuous

functions. Consider the continuous function y: [a,b] — R such that

y0) <o)+ [ns)ds,  tela)

Then, for all t € [a,b], we have

y(t <o) [

a

t

v@ﬂﬂm{[www)m

In particular, if f(t) =k

y(t) < kexp (/at v(s)ds)

)

Theorem 2.2 (G.L. Karakostas Fized Point Theorem, [35]) Let Z and Y be Banach
spaces and D be a closed convexr subset of Z. Also, let C : D — Y be a continuous

operator such that C(D) is a relatively compact subset of Y, and

T:DxCD)— D

is a continuous operator such that the family {T(-,y) : y € C(D)} is an equicontractive
family. Then, the operator equation

T(2,C(2) ==
admits a solution on D.
Theorem 2.3 ( Rothe’s Fized Theorem, [36]) Let Z be a Banach space. Let B C Z be a
closed convex subset such that the zero of Z is contained in the interior of B. Let ® : B — Z

be a continuous mapping with ®(B) relatively compact in Z and ®(OB) C B. Then there
is a point z* € B such that ®(z*) = z*.
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Chapter 3

Main Results

As it was already mentioned, the aim of this chapter is to prove the results of this work.

3.1 Existence and uniqueness of a solution

This first section is devoted to prove the existence and uniqueness of solution with some
other important results and not less important to find a solution for the semilinear system
with non-instantaneous impulses, infinite delay and non-local conditions (1.1).

3.1.1 Integral formula of the solution

Proposition 3.1 Let F, Gy and h be smooth functions. Then, problem (1.1) admits a

solution z(-) on (—oo, 7|, if and only if, z(-) satisfies the following integral equation for

k=1,2,...

U(t, sk)Gr(sk, 2(t;)) + /S: U(t, s)F(s,zs)ds,

Gr(t,z(t ),
(;S(t)—h(zm, B 7Z7rq)(t)

Proof =-) Suppose that z is a solution of the problem (1.1).

« By the variation of constant formula, for t € [0,¢;], we obtain

2(0) = UL 0)B(0) — hory, 22 O] + [ UL )T

13

UL 0)D(0) ~ hlzrss -2, )(O)] + | U, $)F (s, 2)ds,

t € Io - [O,tl]
t el
t e Jy,
t € (—o0,0]
(3.1)
(s, zs)ds
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) -1 Lo
— Zy Z . w .
? J"'}“}
1 T . . - .
G_’,,f'ﬁ W ® w ® LI
- A
IJ ® ® ® ®

-0 =0 & & t = f ... codpr B8 b L

v
=

F

Figure 3.1: Scheme of the behaviour of the solution

o For t € I, we use the variation constant formula again
t
() = UL s)2(si) + [ UL )F(s, 2)ds
Sk

=U(t, sk)Gr(sk, 2(t;)) + /S: U(t, s)F(s,zs)ds

The other two cases are explicitly defined, then it is not necessary to prove them.
By continuity, the solution z shall be defined on each s, £k =0,1,2,... by

2(sk) = 2(s) = 2(s5) = Glsw, 2(ty))

and for k=0
z(s0) = 2(0)) = ¢(0) — h(zr, ..., 2,)(0)

<)
o Let us consider ¢ € (0,t;]. Then, applying Leibniz’s rule, we get

d

Z(t) = pr [Z/{(t, 0)[#(0) = h(zmy, - - -, 2x,)(0)] + /Otbl(t, s)F (s, zs)ds]

= A(L)U(t,0)[¢(0) = h(2r,, - - -, 2x,)(0)] + /Ot aatZ/{(t, s)F (s, zs)ds
UL OF( )
= AU 0D0) — hlens 20, (0)] + A [ U ) F(s, 2)ds + F(t, )

= A(t) {L{(t, 0)[#(0) = h(zmys - - 2x,)(0)] + /OtU(t, s)F (s, zs)ds} + F(t, z)
= A(t)z(t) + F(t, z).
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o Consider now t € I, k =1,2,3,---

, d

Ut 51)Grlsn, 2(£)) + / tu@,s)f(s,zs)ds]

= AU, si)Gr(sk, 2(t;)) + st ;L[(t, S)F (s, zs)ds + U(t, t) F(t, z)

= A(t) [Z/l(t, sk)Gr(sk, 2(t;)) + /S: U(t, s)F(s, zs)ds] + F(t, z)
= A(t)z(t) + F(t, ).

Since the other two cases are explicitly defined, it is not necessary to prove them. 0

3.1.2 Hypotheses

It is necessary, in order to use Karakosta’s fixed point theorem, to state some conditions
on the functions and operators. The hypotheses that we shall consider are the following:

(H1) The function F : Ry x §) — R™ satisfies the following conditions:
i) FE2) = Ft o)l < K2l 12llg) 12 = zlly, V2,2 €9, Vel
i) |F( 2)llgn < ¥(llzllg), V2 €9,

where I : Ry xR, — R, and ¢ : R, — R are continuous and increasing functions.

(H2) There exist constants d,, L > 0 such that, for all k = 1,2, ..., and y,z € R*, (,t € J},
we have that:

D Gkt y) = Gil(l, 2)lpn < LAt = €] + [ly = 2[|rn}

ii) There exists © > 0 such that |Gx(t,0)|| <O, k=1,2,---,t € J, and

1h(x) = h(Y)lly < dgllz =yllge, Yo,y €H,
with h(0) = 0, where,
M(L +dyq) <

DN | —

(H3) There exist 7, p > 0 such that

M ((dya + L) (191 + )+ 750161 + ) +©) < &,
where the function ¢ € PWg, is defined by
U(t70)¢<0), le ]07
2 o), teR_,
= 3.2
¢ 0, tel, ( )
0, te .
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Theorem 3.1 Suppose that the hypothesis (H1)-(H3) hold. Then, system (1.1) has at

least one solution on (—oo, T].

3.1.3 Existence of solutions

Since we want to apply Karakosta’s fixed point theorem, we consider the following opera-
tors:

T PWyr X PWyr — PW,,,
C PWyr — PW,,,

where
qb((t)) — h(Zrys s 2m,) (1), te (—m,?],
£, t e,
TEDO =8 0+ 24(r 50 (sp. 2(12)). tel,
Gr(t, 2(t))), teJ,
and
U(t,0)[p(0) — h(2ry, - . -, 2r,)(0)] + /Otbl(t, s)F(s, zs)ds, t € I,
C(2)(t) = /Sk U(t, s)F(s, zs)ds, t e I,
¢(t)7 t e R,,
0 t e Jy

Also, the following closed and convex set
D= D(p,7,¢) = {y € PWy : |ly — ¢l < p}, (3.3)

where the function ¢ is defined in (3.2). Therefore, the problem of solving system (1.1) is
reduced to find solutions of the operator equation

T(2,C(2)) = =.

To find solutions of such equation, we shall apply Karakostas Fixed Point Theorem as it
was mentioned. We are going to verify that the operators C and 7 satisfy the assumptions
presented in Theorem 2.2. First, we will prove that the operator C is continuous and that
C(D) is a relatively compact set. After that, we shall prove that {7(-,%) : y € C(D)} is
equicontractive and that 7 (-,C(-))(D) C D. Therefore, we divide the proof in the following

steps:

Step 1: C is a continuous operator.
In order to prove this, we shall use the hypotheses (H1)-i),(H2)-ii) and Lemma 2.3. We
have the following equalities for z,y € PW,,.

« Consider t € (—00,0]. Then,
IC(2)(t) = C(y) () lrn = l|O(t) = &()[|rn = 0, (3.4)

that is, [| (C(2) — C(y)) Rina =0.
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» Now, let’s consider ¢ € (0,t;]; then we have that

IC(2)(8) = C(y)(B) || <

‘U(t, 0)h(2mys- - - 2x,)(0) + OtU(t, s)F (s, zs)ds

U, 0V h (Y )(0) — / U(t, s)F(s,y,)ds

0
S M||h<y7r17 s 7y7Tq)<0) - h(zﬂu s 7Z7Tq>(0)
t
M [ F(s2) = Fs.9) lands

R"

Rn

t
< Mdy||Z = gllae + M/O K(llzsllo, lwslis)llzs = ysllods

t
< Mdyqllz — ylls + M/O Kzl vz = yllds
< Mdyqllz =yl + Mtz lyDIz = yll
Hence, on the interval (0,;], we get that
IC)E) — Cu)B) e < (Mdga+ ML D) 12—yl (35)

e Consider t € I, for k=1,2,...,. Then

ICE)E) = CoNOller = | [ Utt,5)F(5,20)ds — [ th(t,)F (s, 5)ds

Sk Sk

]Rn

t
< [ e ) IIF s, 20) = Fls, o) ands
Sk

t
<M [ Kzl lgsllo)lzs = welsds
Sk
< ME(|lz[l lyIDllz =yl
Therefore, on I, we get that

IC(2)(t) = C(y) (D) lrn < 7MEE(|I2] [lyIDN2 = wll- (3.6)

Since ||C(2)(t) — C(y)(t)|lgn = 0 for t € Jx, k = 1,2,..., we get in combination
with (3.4), (3.5) and (3.6) that the operator C is locally Lipschitz, which implies the
continuity of the operator C.

Step 2: C maps bounded sets of PW,,, into bounded sets of PW,.
It is enough to prove that for any R > 0 there exists r > 0 such that for each
y € Bp={z € PW,y : |z < R}, we have that |[C(y)|| <.
Indeed, let’s consider an arbitrary R > 0 and z € Bg. Then, due to Lemma 2.3 and
hypotheses (H1)-ii)-(H2)-ii), we get the following:

o For t € (—o0,0], we obtain that
IC(2) () Ik = l&(t)[|rer,
from which follows that,

lcls |, = sup 16Xl _ Hw@w

H <0 g(t) = [|@lls == R (3.7)
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o Fort € (0,t], we have instead that,
e @ < 0420 {00) = bz 20,)(0)}
+ /Ot (L, s)F (s, 2s)||rnds

t
— Bz 2) O) e+ M [ 0(z]15)ds
e+ MUA(ry, - 20, )(O) -+ MEri(l2])
e + My 1210 + M2t 2])
e + Mdlgllzlls + Mero(l21)
e + Mdyglz[| + Mtp(][=]])
|gr + MdyqR + Mt1))(R) == R

Rn

Mo

Ml¢
Ml¢
Mo
M|¢
Ml¢

0

0
0
0
0
0

o~~~ o~ o~ =
~— — — ~— ~— ~—

VAN VAN VAN VAR VAN

o Fort € I, we have
t
1C(2) () lr = / LA, ) F (s, 2) | mnds
Sk

M [ bl)ds
Ml < TMU(R) 1= Ra

IN

IN

Hence, letting r = Ry + Ry + R3, we get that [|C(2)|| <.

Step 3: C maps bounded sets of PW,. into equicontinuous sets of PW,..

Let’s consider By as it was previously defined in the foregoing step. We shall prove that
C(Bg) is an equicontinuous family.

Since the equicontinuity on (—oo, 0] is trivial, we only need to prove the equicontinuity in
the remain part.

Let’s take y € Bg, and consider Lemma 2.3 and hypotheses (H1)-ii), (H2)-ii). Then, we
get that

o For ty,ty € I such that 0 < t; < to, it turns out that
IC()(t2) — Clo)t1) e = [Uh(12,0) {(0) = Bl 92, )(0)}
+ /0 * Ults, ) F (s, y)ds
— U(t1,0) {6(0) = h(Yry - 9=,)(0)}
ARG
< [|(U(t2,0) = U(t1,0)) {$(0) = h(Yny, -, Y, )(0)} [[2n

t1 to
+ ||/ u(t27 S)‘F(S>ys)ds + U(tg, S)F<Syys)d8
0

t1

t1
— [ Ut o) F(s.p)ds
0

R”
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< U (t2,0) = U(t2, 0)[16(0) = Al - ) (0) |
[ty s) s, )1 (s, w2 llds

/tzl/{(tg, s)F(s,ys)ds

t1

+

R

< |U(t2,0) = U(t2, 0)I| (160} + dylyllse)

0 [ Blyellds + [ 10 5) — Ut )1l
< [[U(ts, 0) = Uk, 0)] (116(O0)]] + dyalyll)
Ml — 0) + S0yl [ e, 5) ~ Uttr, )]s
< [[U(ta, 0) = U(ts, 0)|| ([ ¢(0)]| + dygR)

F MRt — 1) +OR) [ ez, 5) ~ Ut 5)|ds.

By the continuity of the evolution operator, we have that

IC(

y)(t2) —C(y)(t1)|lgr = 0 as ta =t (3.8)

independently on y € Bp.

e for tq,ty € I}, such that 0

IC(y)(t2) = C(y)(t1) [l

< t1 < ty, we have that

t1

/t2 L[(tz,s)f(s,ys)ds—/ U(ty,s)F(s,ys)ds

Sk Sk

]Rn

_ /“(u(tg,s)—U(tl,s))f(s,ys)ds

Sk
t2

+ Z/[(t27$)f(8,ys)d$
t1

R

< [ et s) = Ut IF (s, s

[ Ut 17 s

< [ ta.s) = thtes ) 3l s + 01 [ 3l
<Ol [ 0t 5) = Uttr,9)lds + Myl e~ 1)
< O(R) [ 0d(tars) ~ Ut ) lds + MUtz ~ 1)

The continuity of U(t, s) implies that

I

y)(tg) — C(y)(tl)HR" —0 as to — 11 (39)

independently on the chosen y.
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Therefore, from the definition of the operator C and (3.8) and (3.9), we can conclude that
Bp is an equicontinuous family.

Step 4: The subset C(D) is relatively compact in PW,,,. Without loss of generality we
can assume that ¢, < 7. Let D C PW,, be the bounded set defined in (3.3) and let us take
a sequence {y, }nen € C(D). By steps 2 and 3, it is bounded and equicontinuous in PW,,,.

Note that y,|(—,0 = ¢, then by Arzeld-Ascoli theorem applied to {yn|(0,tl]} e C((0,t1]),

ne
there exist an uniformly convergent subsequence {yl},cn on (—oo,t;]. Let’s consider

now the sequence {y!},cn on the interval (t1,t,], which is also bounded and equicon-
tinuous. Then, applying Arzeld-Ascoli theorem, it has a convergent subsequence {42}, en
over (t1,t3]. This sequence is actually an uniformly convergent subsequence of {y,}nen
over (—oo,ts]. We continue this process iteratively over each interval (to,t3],- - , (¢, 7]
and finally arrive to the conclusion that the subsequence {y2}, . € {¥n}nen is uniformly

convergent on the whole interval (—oo, 7]. This implies that C(D) is compact, and so the
operator C.
Step 5: The family {7 (-,y) : y € C(D)} is equicontractive.

Let us take z,x € PW,,; and y € C(D). Also, consider Lemma 2.3 and (H2), then

o Let us chose t € (—00,0]. Then

1Tz C0) 0 — T, Cw) Ol _ [P 20)(8) = hlwn, 22,1

Rn
g(t) g(t)

< Hh(zm, oy Zny) — WX g) 5

< dg [|12 = E 5

< doq ||z — x|

< dggllz — |-
By taking the supremum on ¢t € R_, we have that,

|(Tzcw) = T.coNls_||, < duallz— . (3.10)

e Let t € Iy. Then, we have that

1Tz Cy))(#) = T(x,C(y))(#)

re = ly(t) — y(O)|lr» = 0.
e Let t € I,. Then,we have

1T (2, C)) () = T, C) (Ol = [Ut, 55) Gk, 2(t;)
— U, s1)Gr(sk, (1))

< M |G, 2(t)) = Grlsw, 2(t))] .,
< ML|[z — x|
Thus,
I (2.C)(E) = T (@, Cu)(O)llen < ML||z = ll, ¢ €(0,7]. (3.11)
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o Consider t € Ji. Then, we get
IT (2, C) () = T (@, Cu)Ollen < |Gt 2(t:)) = Gult (1)),

< Ll2(ty)) = 2(t) e
< L[|z — 2|

Hence,

17 (2,C(y))(t) = T(x,C(y)()|[ga < Lz — . (3.12)
Therefore, from the foregoing inequalities and equation (3.12), we get that

I7(2,C(y)) = T (2, Cy)l < ;Hz — x|

which is a contraction independently of y € C(D). So , the family {7 (-,y) : y € C(D)} is
equicontractive.

Step 6: Finally, we shall prove that
T('7 C())<D(p7 T, ¢)) - D(p7 T, ¢)

Let us consider z € D(p, 7, ¢). In order to prove Step 6, we shall take into consideration
Lemma 2.3, the hypotheses (H2)-ii), (H1)-ii) and (H3).

o Let t € (—00,0]. Then, we have the following estimate

1 ~ 1
g(t) ||T(Z7C(Z)>(t) ¢(t)||R" - g(t) “h(zﬂ'l? te 7Z7Tq)(t)||R”
< dg|Z ]
< dqql|2l5
< dgql|=||

< dyq(||9ll + p) < p/2.
o Next, for t € Iy, we get that
IT(2,C(2)(t) = ¢(t)[lan < Mdy [|Z] 50 + /Ot UL, $)F (s, 25)||gn ds
< Mdya 2l + M [ 51 ll)ds
< Mdyq || 2| + t: M (||=])

< Mdyq(||6]| + p) + Mr(]|9l| + p)
< p/2.

« Considering t € I, we get that
IT(CEDE) = )l < U(E 1) Gilses 20 + [ Ut )F (s, 2)|| ds
<[ (t, si)|l||Grsir 2(8) = Gilsi, 0) + Grlsi, 0)]
+ [ T ) s
< MIL(|8]l + p) + 751l + p) + 6] < p/2
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o Finally, to complete this part, if ¢t € J;, we get that

17 (.0 — $D)llzn = Gult, 2 < Lzl +©
< L6l +p)+ 6 < p/2

Hence, 7—(7 C())D(p7 T, (b) - D(pa T, (b)
Since Step 1, Step 4 and Step 5 hold, the conditions of Karakostas Fixed Point Theorem
are satisfied for the closed and convex set given in (3.3), and the proof of Theorem 3.1
immediately follows by applying Theorem 2.2. 0

3.1.4 Uniqueness and prolongation of solutions

Theorem 3.2 [n addition to the conditions of Theorem 3.1, we suppose that for p,7 > 0
the following inequality holds

N —

TME(|6] + p. 91| + p) + Mdyq + L] <
Then, the problem (1.1) has only one solution on (—oo, 7].

In order to prove the uniqueness of the solution, let z' and 2% be two solutions for
problem (1.1). Then, we have that:

 Consider the following estimate for ¢t € (—o0, 0]:
1

1 o Z2 - i 22 Z2 _ Zl Zl
@HZ () = 2" ()lle g(t)Hh( mo e 2 ) () = Rz sz ) (0]

< dyl|22 = 25
< dqQHZ2 - ZlHﬁ

L 1
< = — .

o Now, let ¢t € (0,t],
22 = 2 ) < U 0)[600) = B2, 2 )O) + [ Ut )7 (5, 2)ds

U O)D(0) — (=L 2 )0)] — [ U ) F (s, s
< Mh(zh,, .. 2r )(0) = h(22, ..., 22 )(0)]|gn

Tq T Tq

t
[ ) 1T (5. 22) = Fs, 28 o
t
< M, 2" = 2o + M [ K122, 28122 — 22llsds
< {Mdyg+ MEK(|2] 2D} )12 - 22|
< {Mdgg + MUK(I]| + p. 8] + p)} 121 = 2|

1 1 2
< = — .

Mathematician 22 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

e Now, we consider t € I;. Then

I22() = (0l = Huos, su)Gusn, 2(60) + [ Ut s)F (s 2D

t

—L{(t,sk)Gk(sk,zl(t,;))—/ UL, 5)F (s, 22)ds

Sk

< M||Gr(sk, 2°(8) = Grlses 2" (8)

t
+ M [ NF(s,2) = Fls, ) nds
Sk

< ML = 2+ M [ I, oL o)l22 = 2L

< MLJ2 = 24 4+ M(thsr — s, 12D = 2|

< MLJ2% = 214 Mtess = 5K + o, 18]+ |22 = 21|
< [ML+ MK+ p, 60+ )] 122 = 21

Lo 1
< = - .

e Consider t € Ji. Then we have that

12%(t) = 2 (D) = |Gi(t, 2 (t)) — Gi(t, 2" ()]
< Ll2(t) — 2 ()l

1 2 1
< =|lz% =2
e

Hence, from the foregoing inequalities and the last expression, we get that
122 = 21| < [l% = 2],
which implies that z! = 22. 0
In remaining part of this subsection we shall study the prolongation of the solutions of
problem (1.1). To this end, we shall consider the following subset D of R™:
D={yeR":|y|lg~ < p}. (3.13)

Therefore, for all z € D, we have that z(t) — ¢(t) € D for —oo <t < 7.

Definition 3.1 We shall say that (—oo, 1) is a mazimal interval of existence for the

solution z(-) of problem (1.1) if there is not solution of the (1.1) on (—00, Ty) with T2 > 7.

Theorem 3.3 Suppose that the conditions of Theorem 3.2 hold. If z is a solution of
problem (1.1) on (—oo,m) and 71 is maximal, then either 71 = +oo or there exists a

sequence T, — T1 as n — oo such that z(1,) — gE(Tn) — dD.

Mathematician 23 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

Proof Suppose, for the purpose of contradiction, that 7 < oo and there exist a neighbor-
hood N of 8D such that z(t) — ¢(t) does not enter in it, for 0 < s, <t < 7. We can take
N = D\B, where B is a closed subset of D, then z(t) — ¢(t) € B for 0 < s, <t < 7.
We need to prove that lim {z(t) — ¢(t)} = 21 — ¢(71) € B. For that purpose, it enough to

4)7’1

prove that lim z(¢) = z;, and we will divide the proof in two cases:
t—=1

e Suppose that 0 < s,_; <t, <t < 7. Then consider ¢,¢ > 0 such that
0<t,<l<t<m <sp.
Hence ¢,1 € J, and
12(8) = 2(OlF = Gp(t, 2(,) = Gpll, 2t ) < LAJE =]}

Then
|z(t) = z(O)|| < LIt —¢] =0 as t,£—0.

Therefore, li)m 2(t) = 2z exists in R”, and since B is closed, z, — ¢(71) belongs to B.

« Suppose that 0 < s, <7 <t,. Indeed, if we consider 0 < s, 1 <l <t <7 <1,
then ¢, ¢ € I, and

[2(t) = 2(O)|lre < U, sp-1) = UL, 5p- )1 Gp(8p-1, 2(,1)) [ Rn
b [ )~ U2 s

p—1

N /; @, 8111 £ (s, 2)llds

< WUt sp-1) = UCL: 55 G512t 2)) o
+ ( [ e —uesylas+ [ e s)Hds) Bl=1)
< Ut spm1) = UL ) (L] +©)

+ ( [ e —uesylas+ [ s)Hds) Bl=1)
< Ut sp-1) = U(E s, (L] 2]+ ©)

+ ( [ e —uesylas+ [ e s)Hds) U(R)

Since U(t, s) is uniformly continuous on ¢,s > 0, then [[z(t) — 2(I)[|r= goes to zero as
¢ = 7. Therefore, lim z(t) = z; exists in R™, and since B is closed, z; — ¢(1) belongs to
T1

B. This will contradict the maximality of 71. In fact, we have that z; € B+ Qg(rl),which is
contained in the interior of the ball D+ ¢(7,). Hence, z(-) can be extended to (—oo, 71]. In
this regard, for € small enough, the following initial value problem admit only one solutions
on (—oo, 7 + ¢€)

(3.14)

V() = A v(t) + f(t,v), t€(m, 7 +¢€)
0(S) 4+ h(Vr,, Uy, Uy - -, U, ) (S) = P(5), s € (—00,71],
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This is a contradiction with the maximality of 7. So, the proof is completed.
Corollary 3.1 Under the conditions of Theorem 3.1, and assuming the following condition

H]:(t7¢>|| < :U’(t)(l + ||¢(O)||R")a ¢ €9, tekR, (315)

where u(+) is a continuous function on (—oo0,00), the unique solution of problem (1.1)

exists on (—00,00).
Proof We will divide the proof in two cases:

» suppose that 0 <s, 1 <t, <7. Then 0 <5, 1 <1, <t <7 <s, Therefore,
12 len = 1Gp (¢, 2(8, ) [[en < Ll2(2,)] + ©.
 Suppose that 0 < s,_1 <71 <t,. Then, fort € [s,_1,71] C I, we have that
Izl < A 5p-0)I|Grsp-15 2(8, ) |ren +/s:1 24 (2, )15 (s, 2s)l|ds
< ML)l +€)+ [ Muls)(1+ [12(5))ds

< Mty o+ ©) + [ Muts)ds+ [ Mu(s)](6) e

M (D)l + 0+ [ utohds) o+ [ M) s

Then, applying Gronwall Inequality, we obtain that

IA

[2(t)||rn < M (LH (t, )llrn +© —|—/ ds) efspilMu(S)ds’

The two cases imply that ||z(t)||g» remains bounded as ¢ — 71, then applying Theorem 3.3
we get the required result.

3.1.5 Application

In this section we shall consider an example of semi-linear system with infinite delay, non-
instantaneous impulses and non-local conditions where Theorem 3.1 can be applied

S(t) = —2(t) 4+ & WG, fe
2(s) = (1+22) (s) + 6(s), s € (—00,0] (3.16)
z(t) = Sn(lt(zfs)l) cos(t —tx), teJy
In this case we have that the terms involving system (1.1) are given by: A(t) = —1,
F(t, z) = exp{—lo(tig))g}, h(z) =1+ SI;OQZ and G(t,z) = 4(Sti:fg4) -cos(t — tx). Then. we

have,

Mathematician 25 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

F(t,2) = Flt,a)] = |o 0007 — e W0 < gilgle - 2],
|Gi(t, z) — Gi(t,z)| < (t+8 4]sm( ) —sin(x)| < 14 lz — 2], (3.17)
h(z) = h@)] = gslsin(z) —sin(2)] < gz — al,
In this case, we have that
1
— — o (t=s — —
qg=1, Ut,s) =e 79, M=1, IC—10.53
and 1
(2] I 2) = F(0) +F(50)) < rglel + 1 (3.15)
Therefore, if we put W(¢) = =& + 1, with £ > 0, then
[F(t, 2)| < W(z])
Now, for € > 0 small enough, let’s take as initial function
o(s) = ecos(s), seR
and define 4(0)
T ) e o0 ,t>0
#t) = { o) 1€ (—00,0
Then, we have
3 |¢] +»
o (jé+0) =z +1
E+p
1
—10-53 *
Therefore, the last condition of the hypothesis H2-ii) is satisfied. In fact,
M(L+dyq) = (L+d,)
(o
S \4-84 302
4321
= 3.19
3686400 (3.19)
1
< =
-2

Since G(t,0) = 0, then, © = 0. Hence, the condition of the hypothesis H3) is satisfied. In
fact, the following inequality

M(dyq+ L) (Hcf? + pH) + 79 ( ¢

+p>=(dq+L)<~ >+T@E<HQZ~5H+p)

1 1 eE+p
_ 1 1
(4-84Jr302>(‘(54”))4”<10~53Jr )
P
2
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holds for infinitely many values of 7, p and . In particular, we can take, for example,
T:%, p=1and e =1. So, we get that

1 1 e+p 1 1 1 (141
LS. STl ) = () (141 ~
<4ﬁ4+3m>@+ﬁﬁ+7<m-w+’> <4ﬂ4+3m>(*_)+4<m-§+‘>

8642 +1 1252
3686400 4 \ 1250
23292389
_ £0adeond 3.20
92160000 (3.20)
<L
=9

Thus, by (3.18),(3.17),(3.19),(3.20) we have that H1)-H3) holds. So, Theorem 3.1 ensures
the existence of solutions for problem (3.16).

3.2 Approximate controllability

In order to study the controllability of system (1.2), with techniques that evade the use of
fixed point Theorems, We will assume the following conditions on the nonlinear term f.

[F(t o)l <Cle(=t))  weR™,  peh, tel0,7] (3.21)
where ¢ : R, — [0, 00) is a continuous function. In particular, ((£) = a(£)? +b, with 3 > 1.

Also, we shall assume the following hypothesis:

A1) The linear control system (2.11) is exactly controllable on any interval [T — ¢, 7],
for all 6 with 0 < d < 7.
Since, the system (1.2) was slightly changed, the solution was also altered. Therefore, once
the existence and uniqueness of solution is proved, for the controllability part, the solution
for k=1,...,pis given by

UL, 0)[¢(0) = h(2ry, - -+ 22,)(0) + /Otl/l(t, $)f(s, zs,u(t))ds
+ [ ULt $)B(s)u(s)ds, tel,
s =] UG ) + [ U (s, u(®)ds
+/t U(t, s)B(s)u(s)ds, t e I
Gr(t, 2(ty ), te Jy
©(t)—h(zmys- -, 2r,)(), t € (—00,0]
(3.22)

Theorem 3.4 If the functions f, Gy, h are smooth enough, condition (3.21) holds and the
linear system (2.11) is exact controllable on any interval [T —0,7|, 0 < § < T, then system

(1.2) is approxzimately controllable on [0, T].
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Proof Consider ¢ € ), a final state z! and € > 0, we want to find a control u¢ € L*(0, 7; R™)
steering the system to a ball of center z! and radius € > 0 on [0, 7]. In indeed, we consider
any fixed control v € L?(0, 7;R™) and the corresponding solution z(t) = z(t,0, ¢, u) of the
problem (1.2).

For 0 < 6 < min{r — sy, sp, 775 }» We define the control u¢ € L*(0,7;R™) as follows

oo (), if o<t<r—4,
u(t)_{vé(t), if T—d<t<T

where K = supe(o 1 {C([|2(s)[[} and

Vo (t) = B* (U (1,t) Wys) (2" —U(T,7 = 8)2(T —6)), T—0<t<T.
Since 0 < 6 < T—s,, then 7—3J > s,; and using the cocycle property U(t, ) U(I, s) = U(t, s),
the associated solution 2°(t) = z(t,0, ¢, u) of the time-dependent impulsive semilinear

retarded differential equation with infinite delay and nonlocal (1.2), at time 7, can be
expressed as follows:

2(1) = U(T, 5,)Gr(8p, 2 +/ (1,8)f(s, 25,1 (S))dS—|—/TZ/{(T,S)B(S)U€(S)dS

=U(T,T =) {L{(T —0,85)Gp(sp, 2 )+ / (1 —9,5)[B(s)u(s)ds

T

+f (s A u(s)lds} + [ Ulr)[B(s)e7(s) + Fs, 2,07 (5))lds

T—

Therefore,
A =U(r, T — 8)z(r — 6 +/ V() + f(s,2°,0%(5))]ds.

The corresponding solution y°(t) = y(t, 7 — 6, 2(T — §),v°) of the initial value problem
(2.11) at time 7, for the control v° and the initial condition 2° = z(7 — §), is given by:

Y(r)=U(T, T — 8)z2(1 — ) + / U (T, 5)B(s)v°(s)ds,
)
and because of our assumption, we get that the conditions in (2.15) holds, particularly:

y’(m) =2,

Thus,
HZ‘S(T) - Zl)H / |U(T, s HHf 5,20, 0°( ))Hds (3.23)

Now, since 0 <0 <spand 7 -0 <s<r7,thens—s,<7—35,<7—0and
(s —s,) = 2(5 — 5p).

Hence, since § satisfies 0 < § < min{s,, 7 — s,, 17 }» from (3.23) we get:
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|5 == < [ It )l (s 20 (s) | ds

<M :_5 Cd’z(s — sp)H)ds

<MK(tr—7+4+6)<e

which completes the proof. 0
The geometric representation of this theorem can be found below:

2(0) = $(0) = hlzy, ..., 22, )(0)

Figure 3.2: Geometric representation of Theorem 3.4

3.3 Exact controllability

The main objective of this section is to use Rothe’s fixed point to prove that the system in
(1.2) is exactly controllable. In order to do that, we shall consider the following hypotheses:

E1) The nonlinear function f : R, x $ x R™ — R" satisfies

||f(t7 Vtﬂu)H]R" < a0||’/t||f~;0 + bOH“Hﬁgﬂ +oco, te (O’T]v venNuE R™.

E2) The non instantaneous impulses function, Gy € C ((t, sg] x R";R") for all £ =
1,2,3,...,p and satisfies:

1Gr(t: 2)lgn < arllzllzs + cx,

and
| Gi(s,2) — Gr(t,w)|| < di (Is —t] +[[z —w]]).

E3) The function for the non local condition h : 7 :— §) satisfies, for z,w € 7, the
following conditions:

1R(2)llg < cllzlla
and
[h(2) = h(w)|lg < dyllz — wllg,

where 1, oy, B € [0,1) and ax, by, ¢, di, ¢, d, are positive constants with
k2071a2737”' ) P-
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In addition to the conditions imposed to the operators and functions involving the system,
it is also necessary to define some operators that help us to prove the controllability of the
system (1.2).

S1: PWyr X PW, — PW,,
(z,u)(t) — y(t) = Si(z,u)(t)
Sy : PWyr X PW, — PW,
(z,u)(t) — o(t) := Sa(z,u)(t)
where, arbitrary states z'+' with k=0,1,2,...,p, are given by:
o(t) = Mz, 2, ) (1), t € (—o0,0]
U(t,0)[@(0) = (2, .., 2r,)(0) + /o 1 U(t,s)f(s, zs,ult))ds
. + Ut ) B(s)(YoLolz, w)(s)ds. tel,
y(t) = t
UL, s1)Galt, 2(t7)) + /SkL{(t,s)f(s,zs,u(t))ds
+ / :u@, $)B(s) (Tulu(z, u))(5)ds, tel,
Gi(t, (1)), t e Jy
(3.24)
and
o(t) = {Tkzk(z, w) 1= B (U (trp1,t) Wisen ) La(z,u) (1), t € (si, tep] (3.25)
0, t e (tk, Sk)
where,

Sz, 1) = 2% — Uy, 55)Gulsp, 2(67)) — / S Ut $) f (5, 2 u(s))ds, (3.26)

Sk

and

te+1
Wi o2 = / " Uty $)B(s)B (U (tysr, 8)2ds, (3.27)

Sk

with d; > 0, such that for each k, we have that the Grammian operatorH(W[%tkH])_l H < i.

Now, using the foregoing operators, we shall define an operator S to transform the problem
of controllability into a problem of finding fixed point of it.
S :PWyr x PW, — PWy x PW,
(Z(t)v u(t)) — S('Zv u) = (31(2, u)(t)v S2<Z7 u)(t))

The following remark describes the properties of § and it can be trivially shown from the
definition of it.
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Remark 3.1 The semi-linear system with non-instantaneous impulses, infinite delay, and
nonlocal conditions (1.2) is controllable on [0, 7], iff, for all initial state ¢ € PW and a
final state z' the operator S has a fized point. i.e., there exist (z,u) in the domain of S

satisfying S(z,u) = (z,u).

Theorem 3.5 Under the conditions E1)-E3), the system (1.2) is controllable. This is
equivalent to say that the operator S defined above has a fixed point. Moreover, given
© € 9, 2t € R" and arbitrary points 2+ € R", =0,1,2,...,p there exists a control
u € PW, such that the corresponding solution z(-) of (1.2) satisfies:

Z(O)_h(zﬂn‘“’zﬂ’q)(o) :SO(O)’ Z(tk-H) :Ztk+l7 k:Oa1727"'7p

where

2(tyeq) = 2t = 2t

In addition, for allt € (sg,txs1] and k=0,1,2,...,p
u(t) = B (U (tiesr:t) Wisptsn) ™ iz, 1),
with £i(z,u) as showed in (3.26)

The proof of this theorem will be given by steps.

Step 1 Operator § is continuous.
Consider hypotheses E2) and E3) and lemma (2.3). Since the solution depends on the
inteval we have to consider the following cases:

i) t e (0,t]

I1(z, ) (1) = Si(w, 0)(B)]| < Collz —w|| + Do sup }I!f(& zs,ul(s)) = f(s, ws, v(s))

s€(0,t1
11) te (tk,Sk]

1S1(2, w)(t) = Si(w, v)()]| < doflz — wl]

111) t e (Sk,tk+1]
181(2,w) () = Si(w, v)(#)]| < Cyllz — w]|
+ Dk‘ sup ||f(57 ZS,U(S)) - f(vasW(S))H

Se(sk,tk+1]
iv) t € (—o0,0], then

1S1(z, u)(t) = Si(w,v) ()] < dogljw — =]
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where,

o A > A - tosr — si)||B||” M2
Co=Cll+ K, Do=Di+ D), Ry = 0 §>|| (s
k

Co = Mdyq, Cr = Mdy, Dy = M(tpq1 — sk)

Then, because of the continuity of f, G, h, we get that S; is continuous.
Aditionally, S, is continuous since B, U, £, and (W, ¢, H})*l are also continuous. Using
this two results we obtain as consequence, that the operator S is continuous. Note that in
the interval (—oo, 0] we get right bound of S; from the hypothesis E3), and the operator
S, is zero there.

Step 2 Operator S maps bounded sets into equicontinuous sets.

First, we notice that

1S (z,u)(ta) — S(z,u)(t)|| =[S1(2,w)(t2) — Si(z, u)(t1)]] (3.28)
+IS2 (2, u) (t2) — Sa(z,u)(t1)|

Now, let D C PW,, be a bounded set and recall that S(D) = (S;(D), S2(D)). Then, for
S, we consider hypothesis E2) and the following cases:

i) Let l1,ly € (0,%1] such that 0 <l; <ly <ty

[$1(2,u) () = Su(z )W) < Ul 0){0(0) = hlzry, - 2,)(0)}
N /Dbz,{(zg,S)B(sxm(z,u))(s)ds
b [ U, 5) (5,2 uls)ds
— UL, 0){p(0) = h(2ry,s - - s 2r,)(0)}
b [ U )BE) (T2 ) )ds
+ /Ohu(ll,s)f(s,zs,U(S))ds
< U(12,0) — UL, )| 0(0) = Alzn,. .. 22,)(O)
b0 )~ ) IB) (Too(z, ) (5) | ds
[ B) ool )5 ds
N /0’1,|u<z2, ULy, 5) 1 /(5. 2 uls)) || ds
N /:Han,s>y|y|f(s,z3,u(s))Hds
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ii) Let us take ly,ly € (tg, sk] such that t, <l <y < sp

181 (2, u)(l2) = Si(z,w) (L[| = |[Grlla, 2(t5)) — Gilh, 2(t;)|
< dp|ly — 1]

iii) 11,1y € (Sk,tgr1] such that s, <y <y < tpyy
181 (z,u)(la) = Su(zw)(L)]| < [Ula, 51)Crlsr, 2(t5))
¥ /:U(ZQ,S)B(S)(Tkﬂk(z,u))(s)ds

+ /12 U(la, ) f(s, zs,u(s))ds —U(ly, sk)Gr(sk, 2(t5))

Sk

l1
+ / ULy, s)B(s)(TrLr(z,u))(s)ds

Sk

+ /ll Z/{(lhs)f(s,Zs,u(S))dS

Sk

< Nl si) — U, sll|Grlses 2(60)|
+ /S:1||U(z2, UL, )] B(s) (Tr (2, ) (5)]| ds
n /h’?Hu(z%s>|\|\5(s)(n£k<z,u))(s)Hds
b 1ed0 )~ ), 2 (5)) | ds
L
s [t s,z ) s

and

1Sa(z, u)(la) — Sa(z,u) ()| <|U(trs, 12)B(la) — U (tksr, ) B(L)|
x| Wit 7 Lz, 0)|

iv) Consider i, 1y € (—00,0] such that —oo <[ <l <0, then we get

181(z,w)(l2) = Si(z, W) (W] = |[(l) = hlzr,, - 22,) (1) — 0 (la)
+ Blzmys o 2g) (0))|
<lp(la) = e ||z - - - 2, (12)
~h(zny, s 2m) (1))
By the continuity of the evolution operator & and W, 4, ), the boundedness of h on D,

with [y and [y close enough, and 1), ii), iii), iv), the equicontinuity of the sets S;(D) and
So(D) is obtained, which at the same time implies the equicontinuity of S(D).
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Step 3 For any bounded subset D C PW,, x PW,,, S(D) is relatively compact.
Let D be a bounded subset of PW,, x PW,,. By the continuity of f, £, and Gy, it follows
that

1F ¢z w)llo < sup [f(s, 2wl W08l < Doy Gl < Thipis

s€(0,7]

kE=1,2,...,p, V(z,u)€ D,

where ||G| = supyeo 1 Gr(t, 2(t; ) IR, T1s -+ s Topra € R. Therefore, S(D) is uniformly
bounded.

Now, we consider a sequence {¢; = (y;,v;) : i = 1,2,...,} in S(D). Since {v; : i =
1,2,...,} is contained in So(D) C PW, and Sy(D) is an uniformly bounded and equicon-
tinuous family, by Arzela-Ascoli Theorem we can assume, without loss of generality, that

{vi:i=1,2,...,} converges.
On the other hand, since {y; : i =1,2,...,} is contained in S;(D) C PW,((—o0, 7];R"),
thenyl-( ]=¢—h(¢nl,¢n2,...,¢nq),2':1,2,...,.

—00,—Tq
Taking into account that y; : i = 1,2, ..., } is bounded and equicontinuous in [0, ¢1], we can
apply Arzela-Ascoli Theorem to ensure the existence of a subsequence {y} : i =1,2,...,}
of {y; :1=1,2,...,}, which is uniformly convergent on [0,¢;]. Now, consider the sequence

{¢} :i=1,2,...,} on the interval [t;,?,]. On this interval the sequence {y; : i =1,2,...,}
is uniformly bounded and equicontinuous, and for the same reason, it has a subsequence
{y? :i = 1,2,...,} uniformly convergent on [0,#,]. In this way, for the intervals [to, 3],
[t3,ta], ..., [tp, 7], We see that the sequence {#"™ i =1,2,...,} converges uniformly on
the interval [0, 7].
Besides, in the interval [—-II,, 0] the function y; is piecewise continuous, then repeating
the foregoing process we can assume that the subsequence {¢? = (y? H,vf +1) 1=
1,2,...,p} converges uniformly on (—oo, 7|. This means that S(D) is compact, i.e., S(D)
is relatively compact.

Step 4.

The following limit holds

IS¢ 0l _,

||| oo [z W)

b

where ||-|| is the norm in the space PW,, x PW,. In fact, first we have to make a lot of
computations:

i) For t € (0,t;], we have that

|€o(z )] <" & + o]

+ Mlpl| + Meql|z[|" + Mta[aol| 2| + bolul

Which implies that S; and S; as follows:

|IBHM2H¢” I1B]| M
d d

M| B
12z, w0 < S0 o0+ call#|”

L 1Bl

5 ol + Doz + co]
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and,

181z, ) ()| < Mllll + Megll 2| + Mts[ao | 2™ + bollullgh + col + MI|B]| tx

M MBJ| B|| M? B|| M?
B M2t N
+””501[ AP+ .+ |

From the above inequality, we get the foregoing estimate S

8w = (81 (=) +]Saz, )]
< Eollgll + Hol|2" | + DollzI" + Folaoll 11 + bollullZ + co)

and therefore,

ISC W) _ Eollol+ao| 1|
(2, ) = [z Hfull

1
+ bollul| 2o +z|l+IIUIJ

+ Dol|=[|""" + Fo [aol|[|™ " (3.29)

ii) For t € (sg,tr+1], we got the following bound

|2z, w)]| < |21

+ Mlag]|2]|™ + cx] + M (trsr — si)[aol| ]| + bollwl|5on + co]

Which give us for operator S that

M||B B| M? .
18202, )0 < ZLBD s 4 BT o pappon 4y
Or 1)
BJ| M3t .
# BB e = 30 o 4ol + o

and, for operator S; that

Ztk+1

812, w) (O] < Mlaal| 2™ + 2] + M (tisr = sw)l|B [W”H

+W[ 1B M? (txs1 — si)
514: 514:
+ Mt — si)[aol| 2| + bollugn + col

allz||™* + ci] + [ao|| 2]|® + bol|ul|2. —I—co]]

Hence, the operator S, becomes:

ISz W)@
1Cz, w)ll

< FE akHzHa’“_l +

o ] H |zt 50

_'_
Izl el ] =1+l

Bo—1 Co ]
m + TETEENETET
SR

+ F laouzuao—l + bol|u
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iii) For ¢ € (t, sx], we have that
15102, w) ()] < allz]|™ + cx

implying that

1S (2, u) ()] a1 Ck
A < a2 (3.31)
(2, u)| [l 2|| ]l
where,
BJ|? M3t Bl M? thil — B|> M3 ||B| M?
Dy = Mcq+|! I 1cq+|| | M?cq B — M+(k+1 se)||1 Bl +|| [
do do O Ok

trog — B> M? ||B|| M
o, — (tes1 — s1) || B +|| |
S S

(ts1 — 50)°(1B]* M

and Fj, = 5
k

+ M (tpt1 — sp) +

O,

(thr — 52) || B M?]

Hence, considering the hypotheses (E1)-(E3) with the Lemma 2.3 and 0 < o, < 1, 0 <
fo<1,k=0,1,....,p,0 <n <1, it follows from (3.29), (3.30) and (3.31) that for any
t € (0,7]

ISCz,w)]|

)| =oo I(zs0)]

Now, we are ready to prove that operator S has fixed point. In fact, for a fixed 0 < p < 1,
there exists > 0 big enough, such that |S(z,u)|| < pl/(z,u)|, for all||(z,u)|| > r.
In particularly, if take ||(z, u)|| = 7, then ||S(z,u)| < pr < r. Consequently,

S(0B(0,7)) C B(0,r).

Hence, applying Rothe’s Fixed Point Theorem 2.3, we conclude that the operator S has a
fixed point (z,u) € PWy, x PW,,. ie., S(z,u) = (z,u), which prove the controllability of
system (1.2).

Moreover, from the definition of the operator S and the prove of the above theorem,
we got that letting o € §, 2! € R™ and arbitrary points 2%+ € R*, &k =0,1,2,...,p,
there exists a control u € PW,, such that

u(t) = B (U (L1 ) Wit a) Li(z, 1)

for t € (sg,tgs1], K =1,2,--- p. Replacing u into the solution (3.22), and evaluating it
at t = 0,11, txy1, we obtain that:

2(0) + h(2ry, - - -, 2x,)(0) = ©(0),
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At) = Ul Op(0) ~ hlary, 20 ) O]+ [ Ult1,) (5. 700u(s))ds

+ /Otlu(tl,s)B(s)B*(s)U*(tl, $) W) 2" = U(t1,0)[(0)

By 2 ) (0)] —/ Uty 0) f (v, 20, u(v))dv] Vs

= UL 0)[P(0) = Alzms- s 20, ) +/ (t1,5) f (s, 2, u(s))ds
+Wiot) Wioa)) 2" —U(t1,0)[0(0) = B2, - - -, 2x, ) (0)]
—/ (t1,v) f(v, 2o, u(v))dv} := 2"

() = Ut so)Galsn 2(5)) + [ S Ui, $) (5, 7 u(s))ds

tkt1
[ Ut ) B$)B (WU (b1, 8) Wi )™ Lo

tet+1

Ut 5)Gilon 2(t)) = [ U002, u(v))dv}ds

Sk

te41
_ Z/l(tkﬂ,sk)Gk(sk,z(t,:))—i—/ P Ut 8)F(5, 26, u(s))ds
+(W(Sk’tk+1])(W(Sk7tk+1])_1{ztk+1 - u(tk-i-lv Sk)Gk(sk7 Z(tl;))
lk+1
- / Ui, 0) (0, 20, u(v))dv) = 2B,
Sk

Observe that, if k = p, then z(t,,1) = 2%+ = 2!, and since t,,1 = T, we get that z(7) = z'.
This complete the proof.
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Chapter 4

Conclusions and final remarks

In this work we have successfully proved the existence and uniqueness of solutions of
retarded equations with infinite delay, infinite many non-instantaneous impulses, and non-
local conditions; by using Karakosta’s fixed point theorem, and after showing that the phase
space that we choose satisfies the axioms proposed by Hale and Kato to study retarded
equations with unbounded delay. The choice made for the phase space was a subspace of
the piecewise continuous functions due to impulses and non-local conditions. Once we have
proved the existence of solutions for this type of equation, we opened the door to study
another aspect related to this type of problem, such as the controllability, the stability,
the existence of bounded solutions, periodic solutions, almost periodic solutions, and in
general other topics of dynamical systems.

We focused on controllability, where by using the fixed point approach and Bashirov
techniques, we have proved the approximate and the exact controllability of the system,
which contains infinitely many non-instantaneous impulses, non-local conditions, and in-
finite delay. The showed proofs confirmed that impulses, delays, and non-local conditions
are, under some conditions, intrinsic phenomena that do not destroy the controllability of
a system. That is, if we consider these elements as disturbances of the system, it turns out
that the controllability is robust under these influences not taken into account in many
mathematical models that represent extremely important problems in real life.

Our future research will focus on studying the same results for evolution equations in
infinite-dimensional Banach. Those are the existence of bounded solutions of such equa-
tions, uniqueness, stability, controllability, as well as, other aspects of dynamical systems.
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Appendix A

Some bounds

In Chapter 3, section 3, some bounds in some steps are presented. This chapter’s aim is
to show the computations made in those steps. Considering the first step, we got that

1€0(2, u) = Lo(w, v)[| < Mdyqllz — wl| + Mty sup [|f(s, 25, u(s)) — f(s,ws, v(s))|

s€(0,t1]

and

1€ (2, u) = L(w, v)|| < Mdyl[z —w| + Mty sup [|f(s, 2, u(s))

Se(sk,tk+ﬂ

- f(S’ Ws;, U(5)>H (tk-H - Sk’)

In fact, for the first inequality, we get

t1

MU, 0)Go(0, 2(t7)) — / U(ts, 5) f (s, 2, u(s))ds

0

1€0(2, u)(5) = Low, v)(s)|| =

ol Uk, 0)Go(0, w(tT)) + /0“ Uk, 5)f (5, w5, 0(s))ds

< [Uh (1, O [ =Pzmrs - 22,)(0) + By, W, )(0)

R"l
t1
[t 9 s,z uls) = F(sw,0(5)] ds
< MHh(zm,...,zﬂq) — h(Wnys .o We,) 5
t1
+M [ sup [|f(s, 25, uls)) = f(s,ws, v(s)| ds
0 s€(0,t1]
< Mdy ||z — wl|ge + Mty sup 1F (s, 25, uls)) — f (s, ws, v(s))|
s€(0,t1
< Mgl = wlly+ Mt st (5. 20(s) = Fs. 0,005
se (0,1
< Mdyg ||z —wl + Mt sup 1f (s, 25, uls)) = f (s, ws, v(s))]
s€(0,t1

and for the last one, we have that
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|2k(z,w)(s) = Li(w, v)(s)]| = 2%+ = Ultisr, 58) Galsr, 2(8;)

— [ U(tgs1,9)f(s, zs,u(s))ds

Sk

W U (g1, 1) Gr(sw, wity))
+/ (trs1, 8) (5,105, v(s))ds
snuﬂh%wmk%xm»—Ga%wwmw
[ 1, G20 5) = S5, 0(5)]

< Md||z — w||
+ M sup [ f(s, 25, u(s)) — f(s,ws, v(8)|| (Ers1 — k)

SE(Sk,tk+1]

Once, we have compute these two bound, consider the bounds on the first step of the exact
controllability proof.

i) In the case of t € (sy,tx11), we had that
wwmw—&wwwm:%mm@wwm+£umwa@mww
—I—/ (t, $)B(s)(TiLr(z,u))(s)ds

Ut )Gt w(tD)) — /tu@, $)f (5, ws, v(s))ds

- / (t, $)B(s) (T (w, v)) (5)ds
ﬂWt&WW%tdiﬂ—GAMMQM

[ et S5 ) = s vl ds

+ [ U BN 1)) = Tesalw (o)
< M|z — w]

M [ s (f (s 2 u(s)) — (s, 0(s)]]ds

Sk SE(sk,thi1]

t

+ MBI [ 1B )t )| WL
Sk

X |12z, u)(s) — Lalw, w)(s)]| ds

< Mdy||z — w||
FM s o u(s) — S5 o)t — )
+ MBI 1 o)) 240, )
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M2|B|?
< wdiflz — wll + L1 g — )
k Sk
+ M sup [|[f(s,z5,u(s) — f(s,ws, v(s)|[](Era — Sk)]
SE(Sk,tk+ﬂ

+ M sup [|f(s, 25, uls)) = f(s,ws, 0(s)[[](trr1 — )

SE(Sk,tk+ﬂ

M2(|B]* (tr1 — 1)
O

< Mdyg||z — w|| + [Mdk|z — w]

+M'sm>ﬂﬂa%m@»—fuwmwwme—%4

SG(Sk,tk+1

M sup [ (s, 2 uls) — F(s,w0(s)1(tirs — 1)

SE(Sk,tk+1]

Finally getting that

H&@ww—&wmeWSM@m_wrHJFWWwH—%q

Ok
+ M sup Hf(S, ZS?“(S)) - f(57wsav($)||](tk+1 - 3k>
SG(Sk,tk+1]
XP+wmmeﬂ—%1
k

ii) Consider t € Ji, then we had

[81(2,u)(t) = Su(w, 0) () [an <[ Grlt 2(t)) = Galt, w(ty))]
< dyf|z — w|

iii) Let ¢t € (—o0, 0], then we get

181z, 1) () = S1(w, V) () [gn < [BlYrss -+ Ym, ) (B) = Blzmss -, 22, ) (1)
< Hh(ym, s Ymg) = W2y, 2,)
< dgllz — w”yyz

R

)

< dyqllz — wll,
< dqQHZ —w|

iv) For t € (0,t], we got

181 (2, u) (£) = S (w, v) () [ = [U(E, 0){(0) = hlzr, -, 22,)(0)}
+ /Otbl(t, s)f(s, zs,u(s))ds

+ /Ot U(t,s)B(s)(ToLo(z,u))(s)ds
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= U, 0){e(0) = h(Yr,, - - -, yx,)(0)}

—/Otu(t, $) (5, w5, 0(s))ds

- /O Ut $)B(5) (ToLo(w, v))(s)ds B

< et ) [Pyms Y, )(0) = Bz, 22,)(0))
+ /0 U $)B(5)[ToLo (2, u)(s) — ToLolw, v)(s)|ds

US55 = S5 s
<[ttt )[|Prss 92, )O0) = Bz 22, ) O,
+ [ e, s NIB) ol 2a(, ) — Solao, )] ds
b [ 105, 200(5)) = T, 0(5)) | ds

< M| h(Yrrs - Yny) = hzmys s 2,

t
+ MBI [ 1B @)l k)l [ Wk,

)
HSO(Z,U)

— Lo(w,v)| ds + M/OtHf(s, zs,u(8)) — f(s,ws,v(s))] ds
M2

B|*
(|5|0 H /0||£0(z,u)—£0(w,v)Hds

M?|B||"
2

< Mdy|[z = wllg, +

< Mdyql|z — wl|; + [Md,qz — w|

+ Mt S(up ]||f(8azsau(s>> - f(é’;ws,v(S)H} ty
s€(0,t1

M| B|*

< quQHZ —wl| +
do

[Mdyq]|z —wl|

s€(0,t1]

+ Mty sup | f(s,zs,u(s)) — f(s,ws,v(s)H} t1

Which implies that, for ¢t € I}:

M?|B|*
)

+ Mty sup [[f(s, 25, u(s)) — f(s,ws, v(s)|]

s€(0,t1]

2 2
XP+AHWHh]

I1S1(2, u) (t) = Si(w, V) (A)|[gn < Mdyqllz —wl[ |1+

J
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We finally let
(ters — sw)1B]° M

O '
Co = quq, Cr = Mdy, Dy = M<tk+1 - Sk)

Ch = Cull + K3, Dy, = Dy[1+ D], K, =

and we obtain the results showed in the main proof.
Let’s consider now, the bounds on the step four of the proof of exact controllability. We
st

[l
i) Consider t € (0,t,], then we have by using E1),E3) and Lemma (2.3) that the bounds
are given by

will first compute the bounds of each operator, then the bound of

Lo (2, u)|| =2 —U(t1,0)Go(0, 2(t])) — /Ot1 U(t1,s)f(s,zs,uls))ds

IA
N&#

t1
+ettr, 0)[|Go0. =) + [ dtr, )£ (s, 2 u(s)) | ds
0(0) = hems 22 )O) | + Maollzells” + bollullh + ol
+ Mgl + Mel2[[3, + Mtr{aoll=||™ + bollullg + co}

VANVAN
Nﬁh NPF

IA
I}

|+ Ml + Megll2|l}, + Mt {aoll =l + bollullgn + co}
|+ Ml + Megll=|" + Mtu{aoll 2™ + bollullgh + co}

INA
x

which implies that

82 (2 ) ()] = [ ToLo(z, u)(1)]
<||B* U (trr1, 1) Wio )~ 1€z, u) (2]

Bl M a
<L Ml + Mgl + Myl + bollul, + eo}
0
t1
MBI a2 B|llel - MR8 cqll2])”
< + +
(50 50 60
M?2||B|| t o
+@HIWﬂA°+wm$~wd
0

and that,
50 = 0. 0)0) = By 22 OO+ 20,952 )
+f Ut $)B(s) (ToSo (2, u)) (s)ds
< Ut 50| + [t O [ 20, 0)]
+ [ 17, 20 u()] s

+ [ 10 IBEN 1000z w)(s) | ds
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< Mgl + Mel|z)Z, + tiM{aq [122° + bo ull 2, + co}
t
+ M 18] [ 1B @I U 1, ) [ Wow) |10z u) )]

< M ol + Meg ||2[|% + t1M{ao | 2| + bo [|ulgn + co}
M |B|? [Hztl
(50 0
+ Mty{ao |21 + bo [|ullg + Co}]
< M|l + Meg ||2[|" + t:M {aq || 2[|*° + bo |[ullg + o}
n M ||B* t [Hztl

+ M [lpl| + Meq ||=]]"

+

+ M |lpll + Meg [|2]]" + Mty {ao [| 2™

do
+ bo [[ulld, + co)]
M2 B 2t M2 B Qt
< M ||| 1+”5H1 Meq||2]|" 1+H5H1
0 0
M?||B|]* t a
+Hfl{u|'1 o+ Mg |12 + bo [lullgn + co}
0
M2 |8
) lHnBiru]
do

Therefore,

ISGwl _ ISz u)l | [S:(z vl

[l = Tl el
<l [aeisie | asi) | el [, s M)
~ (2 )] 9 9 1z, u) 9 9
Meqlall! [, MBI MBS
o (14 -
[Exl i b
Mtfaoll2l™ + bllull, + o} [, MBIt MBS
1z, w)ll 0 0
I T 4 I O -
SUEET o |+l G
 MIB) | Mealel ], MBIt MIB|
S | e +1ul i b
Mtfaol2l™ + bllull + o} [, MBI M5
[ +lal 2 2
=] [aeusie wmusi) el [, MBI
SUEEC A o | Tl 2

Mathematician 52 Graduation Project



School of Mathematical and Computational Sciences Yachay Tech University

M?||B Ak M3cq||B||* t M?3cq||B
UL U P R
50 ||Z|| 50 (50
« 2
aol|z (| boljullg, Co M?||B||"t7  M*t||B||
+ Mt + +
2]l [ | [l 2| + ]2l do do
Bl R
|| |+l || || |+l
o Co
+ Fy [GOHZH by |t + 1
|| |+l

ii) Let t € (sg,tg+1]), then we have by using E1), E2) and Lemma (2.3) that the bounds
for this case are the following:

1L (2, w)|| = |2+ — U (trs1, 58)Gr(sk, 2 U(tkr, s)f(s, zs(u(s)))ds

< H tet1

HIA (trs1, 5) ||HGk <tk>>

[ et ), ) s

<[t + Mallzligh + Mew+ Mt — si){aoll=l5? + bollullg + co}
S H lk+1 + Mak”ZH]R" + MCk —+ M(tk+1 — Sk‘){a(]”ZHaO + bOHUHHng + CO}

which helps us to get operator Ss:

1822 ) (1) =Tz, ) ()]
< B oo

B
< H(g ﬂ’ 1| 4 May||z|lgn + Meg + M (tge1 — s){aol|z]|™
k

+ bol[ul| 2. + co}]

and also operator Sy, as it is showed below:
t
ISy u)(e)] = H““’ )GRlt,2(60) + [ UGt )75, 2 u(s))ds

+ / (t,s)B(s)(TrL(z,u))(s)ds

<[t s HHGmtk )| + / Jed(t, )£ (s 26, u(s))]| ds

+ [ U BTz, ) )] ds

< Mlar]|zllgh + eu] + Mt — s){aoll2ll5 + bollullgh + co}

M| B|? N N
s (e = sp) [Mck + M (tipr — si){aollz |5 + bollullgn + co}
k
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e

+ Ma|=]34]

< May]|z||zn +1

MP||B (ths1 — s1)
O

MP||B (ths1 — s1)

1
5 +

—l—MCk

MP||B (ths1 — s1)
O

T Mt — si){aoll201° + bollull 2, + e} 1

+WHWAMWWMH—%q

Ok

Thus, the final bound is given by:

ISl _ Sz wl | [S(z v
Izl ol Izl

tht1
el (a2 e =50, 2181
= Gl i 5
Mayl 2l [ MBI (b = 50)  IBIM |
[E%0] 3 5
Mey, | M?||B|” (tes — M||B
. Moo [MPABI (s =50 MIBI
B o i
M (tyi1 — si) o 8 M?|1B||* (trr — si)
LI ol + bollulh, + co) +1
||(Z7U)H ® 5k
L M|B|
Ok
= a8 s = s, MBI
MERL 5 5
Mayl 2|55 [ MBI (b = 5) IBIM |
[ +Tul 5 5
Mo [M2IBIP (e =), MBI
ERRE 3 5
M (1 — k) o 8 M2||B|* (trs1 — sx)
oo taollz )™ + bollullgm + co} +1
[+l : 5
L M|B|
Ok
lgt1 a
e I allg (MBI s = s IBIM
R E R R P 5 i
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MCk
2] ]

M?||B* (thr — s1) L MBI
Ok Ok

JM?’HBH2 (tgs1 — sk)*

aollz]|*° bollw %2, ¢

B Y O N
[zl el [zl +ull (2] + [l

M? (1 — Sk)||3||]

+ M(tpsr — s) +

O
Hztkﬂ 1 Ck
B [akn fex ]
Al o+
« CO
+Fk{ao|| 97 bl + }
o+

iii) Next, considering hypothesis E2) for ¢t € (, sx], we have
181 (z, ) ()] = | Gu(t, 2(t,)|
< agllz]|** + e

which implies that
IS wll _IS1(z w)l[[Sa(z, wl]

Izl 1wl Gl

calz™ e
Gl " Gl
ag|z([ ™" Ck

R CE R

< agll2 "+

- [T+l

where, Hy, E;, Dy and F}, were defined in the last section.

Ok
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