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Resumen

La ecuacion discreta de Nagumo corresponde a:
Up = d(Up_q — 2Up + Upyq) + f(uy), n €z

y en este trabajo se obtienen resultados concernientes a la siguiente
generalizacion:

U, = d(au,_q + bu, + cuyq) + f(uy), n € Z

siendo a, b y ¢ parametros tales quea+b+c= 0 cona>c>0. Se han
obtenido resultados que generalizan parte del trabajo desarrollado por
Bertram Zinner [1] y estos constituyen un punto de partida para posterior
obtencion de lo que seria existencia de soluciones del tipo ondas viajeras en
la ecuacion que consideramos.

Palabras Clave:

Ecuacion discreta de Nagumo, Solucién de Onda Viajera, Teorema de
Banach de Punto fijo, Teorema de Schauder de Punto fijo.



Abstract

The discrete Nagumo equation corresponds to:
Up = d(Up_q — 2Up + Upyq) + f(Uy), n €z
and in this work we obtain results concerning the following generalization:
U, = d(au,_q + bu, + cuy,q) + f(uy), n € Z

With a, b and ¢ being parameters such thata+ b +c=0witha>c>0. We
have obtained results that generalize part of the work developed by Bertram
Zinner [1] and these constitute a starting point for later obtaining what would
be the existence of solutions of the traveling wave type in the equation that
we consider.

Keywords:

Discrete Nagumo’s equation, Traveling wave solution, Banach Fixed Point
Theorem, Schauder Fixed Point Theorem.
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Chapter 1

Introduction

The continuous Nagumo equation [1]
du 0?u
5 = D8x2 + f(u) (1.1)
appears as a model of excitation and propagation in nerve where u is associated with the
membrane voltage, see for instance [2], [3], [4], [5]. This equation is well studied in [6] and
it has been shown, for example, that there is a function U, with U(—o0) = 0,U(c0) = 1,
and a constant ¢ > 0 such that

w(a,t) =U (\/% + ct> (1.2)

is a solution of (1.1) for all D > 0. Such a function U(z) satisfies the ordinary differential
equation

U'+cU + f(U)=0.
The kind of solution giving by (1.2) is called traveling wavefront, or simply traveling
wave.
Two discretizations of the Nagumo equation (1.1) stand out in the literature, see for
example [7],[8],

Up = d (Up—1 — 2Up + Upy1) + [ (u,), neEZ (1.3)
the spatially discretization and
Un(§ +1) = un(5) + b (d (un1 () = 200 (5) + tnsr () + f (ua(5))) . (14)

which is the Euler time-discretization of (1.3).

In both equations the existence of traveling wave solutions has been studied, but unlike the
continuous case in these scenarios this type of solution is guaranteed for a large value of d.
In particular for equation (1.3), which is perhaps the most studied discretization of (1.1),
Bertram Zinner [7] has established the existence of traveling waves for this equation.
Specifically he showed that if d is a positive real number and f denotes a Lipschitz
continuous function satisfying

f(0)=f(a)=f(1), f(z)<0, for O0O<z<a
f(z) >0, fora<z<1, and /Olf(x)dx>0.

1



School of Mathematical and Computational Sciences Yachay Tech University

Then there exists some positive number d* such that for d > d* the discrete Nagumo equa-
tion (1.3) admits a solution u,(t) = U(n + ct), where ¢ > 0, U € C*(R, (0,1)),U(—0c0) =
0,U(c0) =1, and U'(z) > 0 for all z € R.

In this work we obtain results concerning to the following generalization of (1.3)

Uy, = d (atp_1 + buy, + ctpir) + f(u,), né€Z, (1.5)

where a, b and ¢ are parameters such that a+b+c = 0. We pay attention to a finite array
of equations, i.e. n € {0,1,--- N} and then our goal is to generalize part of the work
developed by Bertram Zinner [7]. Concretely, we focus on studying the following initial
value problem
Up = d (QUp—1 + by + Clpyr) + b (uy)
up, = P (vy,) (1.6)
v,(0) =2, with 0<zx,<1lforn=0,...,N;
where P is defined by
0 for wv,<0
P(v,) =¢wv, for 0<wv,<1
1 for 1 < w,

and h : [0, 1] — R is a Lipschitz continuous function that has a unique zero in the interval
(0,1) and also satisfies the following conditions:

A(0) < 0.h(1) > 0 and | "h(s)ds > 0.

In particular, we establish invariance results, a priori estimates and other relevant proper-
ties of the problem (1.6). Thus our work leaves the door open for what would correspond
to the study of the existence of traveling waves for the equation (1.5).

This work is organized as follow.

o In Chapter 2, we present the mathematical framework in which we will work. First,
we mentioned basic concepts of Normal and Banach Space with the defined norms
as well as providing examples for a better understanding of the concepts and help for
the next steps. Then some fixed point theorems are considered so that we can figure
out which one to use later. In the end, we will mention definitions and important
theorems for the solutions of ordinary differential equations.

o In Chapter 3, we obtain generalizations from Zinner’s work [7] that correspond
to the initial value problem (1.6). In particular, we have monotonically invariant
solutions, we also define an important operator, and in this regard, we establish a
priori estimators.

o In Chapter 4, we present some conclusion and recommendation. In particular, in
addition to Zinner’s work, there is a discretization of the Nagumo equation; In our
work, with some configurations in the parameters, we believe that somehow it is
possible to study the following non linear partial differential equation of first order

ou ou
— = D— + f(u). Also, to mention a possible work where some generalizations

ot oz

are made for discrete Fisher equation.
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Chapter 2

Mathematical Framework

In this chapter we will point out definitions and results that are fundamental for the
development of this work. The chapter is divided into three sections. The first one
includes aspects concerning Banach spaces, then some fixed point theorems are high-
lighted and finally fundamental theorems on existence and uniqueness of solutions for
ordinary differential equations are stated. For this chapter our main references are [9],
[10],[11],[12],[13],[14], [15] and [16].

2.1 Banach spaces and examples

We start recalling that a linear vector space (or linear space) X over R (or C) is a
set {x,y,2,...} such that for each z,y,z € X, the sum x + y is defined, x +y € X
r+y=y+z,(r+y)+z=1x+(y+z), there is an element 0 € X such that for every
r € X x4 0=xand for a given x € X there is an element z € X such that x +x =0
Also, for each a, 5 € R (or C) and for each z,y € X, scalar multiplication ax is defined,
ar € X and 1z = z, (af)z = a(fzx) = flax), (a+f)x = ax+fz and a(z+y) = ar+ay,
we can see with more detail this definition in [9].

In this work we restrict our attention to linear spaces over R (real linear spaces). let X
be a real linear space, a norm on X is a map || - || : X — [0, 00) which satisfies

i) Ve € X :|jz]] > 0if 2 # 0,]|0|| = 0.
ii) Vo € R,Vr € X : ||az|| = |al]|z]|.
iii) Va,y € X ¢ ||z +yl| < |lz|| + ||ly|| (triangle inequality).

In this scenario we say that the pair (X, | - ||) is a normed linear space or simply, in
case there is no confusion, that X is a normed space.

Now we highlight some important facts and definitions associated with normed linear
spaces

» A sequence {z,} in a normed linear space X converges to z in X if

lim [z, — 2| =0

3
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We shall write this as
lim z,, = z.
n—oo

o A sequence {z,} in X is a Cauchy sequence if for every ¢ > 0, there isan N(g) > 0
such that ||z, —x,,|| < e if n,m > N(g). The space X is complete if every Cauchy
sequence in X converges to an element of X. A complete normed linear space is a
Banach space.

o The e-neighborhood of an element = of a normed linear space X is

{ye X :lly—=f <e}.
e Aset Sin X is open if for every z € S, there exists an ¢ - neighborhood of x which

is contained in S.

e An element x is a limit point of a set S in X if each e-neighborhood of x contains
points of S.

o Aset Sin X is closed if it contains its limit points.
o S is closed if and only if X — .S is open.

o A Cauchy sequence {z,}, in a Banach space X, which is contained in a closed set
S converges to an element of S.

o The closure of a set S is the union of S and its limit points.
o A set S is dense in X if the closure of S is X.

o If S is a subset of a normed space X, A is a subset of R and V,,a € A, is a collection
of open sets of X such that S C U,ca Va, then the collection V, is called an open
covering of S.

 If X is a Banach space, a subset S is compact if and only if every sequence {x,} , x, €
S, contains a subsequence which converges to an element of S .

o Aset Sin X is bounded if there exists an r > 0 such that S C {z € X : ||z|| < r}.

Five examples are considered here and all of them come into play during the development
of this work.

Example 2.1.1. Let X = R" be the space of real n-dimensional column vectors. For a
particular coordinate system, elements x in R™ will be written as x = (x1,...,x,) where
each z; is inR. If v = (z1,...,2,) ,y = (y1,...,Yn) are in R", then ax+ Py for o, in R
is defined to be (axy + Byy, ..., ax, + By,) . Under the previous operations R™ is a linear

space. Moreover, it is a Banach space if we choose ||z|| to be either

n n %
sup {|z;| :i=1,...,n},> |z or (wa) .
i=1 i=1

Mathematician 4 Graduation Project
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Fach of these norms is equivalent in the sense that a sequence converging in one norm
converges in any of the other norms.
A wvery useful characterization for compact sets in this Banach space is the following: A

set S in X = R" is compact if and only if it is closed and bounded.

Example 2.1.2. Let X = C ([a,b],R") be the linear space of continuous functions which
take the closed interval [a,b] into R™. If we define for a given x € X

[2]lec = sup [lz(2)]]

t€la,b]

then || - ||oo 78 @ norm on X and also X is complete with this norm. Thus, the pair

(C ([a,b],R™) ]| - HOO> is a Banach space.

Example 2.1.3. Let X as in the previous example. Given a positive number K. If we
define for a given v € X

lzllx = sup e D a(1)]

tela,b)]
it follows that || - || is a norm on X. Also X is complete with this norm. Therefore, the
pair (X, || - [|p) is a Banach space.
We remark that the norms || - ||e and || - ||k are equivalents.

Example 2.1.4. Given K > 0. We denote the set of all functions x € C(R,R") such
that

sup e M|z ()] < oo
teR
by BCK(R,R"). If we define for a given x € BCX(R,R")

2]l i = sup e” M| (2)]
teR

then || - ||k is a norm on BC*(R,R") and the pair (BCK(]R, R™), || - HK) is a Banach

space.

For the last example, let us recall that a scalar-valued function h on the interval [0, 1]
is said to satisfy a Lipschitz condition, we refer to this saying that h is Lipschitz on [0, 1],
if there is a nonnegative real number L such that

|h(s) — h(t)| < L|s —t| whenever s, ¢ € [0, 1].

Example 2.1.5. Denote by Lip([0,1],R) = {h : [0,1] — R : h is Lipschitz on [0, 1]} the

linear space of all Lipschitz functions from [0,1] to R and let

X = BLip([0,1],R) = {h € Lip([0, 1] ,R) : h is bounded on [0, 1]}.

Mathematician 5 Graduation Project
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From the fact that the interval [0, 1] is a compact subset of R it is obvious that Lip([0, 1] ,R) =
BLip([0,1],R). However, in order to be closer to the presentation given in [10], we will
keep the notation X := BLip([0,1],R). Two equivalent norms on X are the following

| 2|l max = max {Sup |M|, ||h||oo} — the max-norm
s#t s—1

(s) — h(?)

) (2.1)
||h||sum :SUP| —
s#t S t

| + ||h]lc — the sum-nom

Theorem X = BLip([0,1],R) is a Banach space with respect to any of the norms (2.1).
The proof of this result can be found in [10], Theorem 8.1.8 , page 368.

2.2 Fixed Point Theory

Let A be a subset of a Banach space X. A fixed point of a transformation 7': A — A is
a point x in A such that T'r = . Among the many fixed point theorems in the literature,
here we consider three that are classics: Banach’s fixed point theorem (also known as the
contraction mapping theorem), Brouwer’s fixed point theorem and Schauder’s fixed point
theorem.

If A is a subset of a Banach space X and T is a transformation taking A into a Banach
space Y, then T is a contraction on A if there is a A\,0 £ X\ < 1, such that

HT.Z'l — TxQHY S )\Hl’l — $2HX7 T1,T2 S A.
The constant A is called the contraction constant for 7" on A.

Theorem 2.2.1 (Banach Fixed Point Theorem). If A is a closed subset of a Banach
space X and T : A — A is a contraction on A, then T has a unique fixed point T in
A. Also, if xq in A is arbitrary and X\ is the contraction constant for T on A, then the
sequence {Tpy1 = Tx,,n=0,1,2,...} converges to T asn — oo and
A" ||y — o

1—A
The proof of this result can be found in [11], Theorem 3.1, page 5; orin [12], in the section
Banach Contraction Theorem page 159.

[0 — 2] <

Theorem 2.2.2 (Brouwer Fixed Point Theorem). Let T a continuous mapping of the
closed unit ball in R™ into itself. Then there is at least one fixed point for T'.
Note that for n = 1 the proof of the theorem results as a straightforward application of the

mean value theorem to the function
T(t)=T(t)—t, t in the interval [0,1].

Forn > 1 the proof can be found in [13], Theorem 3.3.2, page 76; or [1]], the section The
Brouwer Fixed-Point Theorem in the page 253.

Mathematician 6 Graduation Project
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The Brouwer fixed point theorem has been generalized to Banach spaces by Schauder.
First, let us recall that a subset A of a Banach space X is convex if for x;, 25 in A it
follows txy + (1 — t)xo is in A for any ¢ in the interval [0, 1]. This means that A contains
the line segment joining z; and x,.

Theorem 2.2.3 (Schauder Fixed Point Theorem). If A is a convez, compact subset of a
Banach space X and T : X — X is continuous, then T has a fized point in A.

The proof of this result can be found in [15], the subsection The Proof in page 77; or [16],
Lecture 09 in the page 43.

2.3 Fundamental Theorems of Differential Equations

In this section we present some results concerning the existence of solutions of ordinary
differential equations having the form @(¢) = f(¢,z(t)). The first of these is a simple
application of Banach’s fixed point theorem and is often referred to as the Picard-Lindelof
theorem. Before presenting this theorem, let us be more precise about the equation
&(t) = f(t,z(t)) and also give a discussion that will put us in a framework to apply the
Banach’s fixed point theorem.

In the equation

i(t) = f(t,x(t))

t is a scalar, (t,x) € I x R™ with I an interval, f: I x R® — R™ is a continuous function
and & = d—x

t
We begin with the assumption that I = [a,b]. Let z, € R™. Here, we are looking to find,
if possible, a continuously differentiable function x : [a, b] — R™ such that

(t) = f(t,z(t)) forallt € [a,b]
and such that z(a) = z,. We write this type of problem as

{ i(t) = f(t a(t)), (2:2)

zr(a) =x, tE€Ja,b]

and refer to it as an initial value problem.
It is clear that problem (2.2) is equivalent to find a function z such that

o(t) =+ | " flr 2(r))dr, (2.3)

provided f(t,z) is continuous.
Now, inspired by (2.3) we define for x € C ([a, b], R™) an operator T by means of

(Tx)(t) = x4 + /: f(r,x(1))dr.

It is clear that Tz € C' ([a, b],R") and also, provided f(¢,z) is continuous, is continuously
differentiable. Moreover, a solution of the integral equation (2.3) is a fixed point of T

Mathematician 7 Graduation Project
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Remark 2.3.1. The set of states of S C R™ (2.2) is called an invariant set of (2.2) if
for all zo € S and for allt > 0,x(t) € S.

Theorem 2.3.2 (Picard-Lindelof). If f : [a,b] x R™ — R" is a continuous function and
satisfies the Lipschitz condition
£t 2h) = f(t.2*)] < Lll=" — 27|

for all t € [a,b] and z',2? € R"; where L is a positive constant. Then the initial value

problem

@(t) = f(t,2(t))

z(a) = x,, tE |a,b]
has a unique solution.

Proof. Consider the Banach space (X = C ([a,b],R™) || - ||K), example 2.1.4, with K > L
a fixed constant.
We define for z € X

(To)(t) = wat [l (r))dr
If T1,T9 € X, then

D) 6) ~ (Te) (O] < [ I (raa(m) - f (7 2a() dr

¢

< Ly — x2||K/ e K=" qr
L

< Ve |21 — 22|l -

L
| Tz — Tl < §||$1 — X[ -

Hence

Thus, as % < 1, it turns out that T is a contraction and there exists a unique fixed point

x which is the only solution of the initial value problem. O]

Now, we consider an initial value problem where the ordinary differential equation is
autonomous and f is globally Lipschitz. In this scenario we have the following

Theorem 2.3.3. If f : R® — R” is a continuous function and satisfies the Lipschitz

condition
1f(z") = f@®)I] < Lfja" — 22|
for all x*,x? € R™; where L is a positive constant. Then the initial value problem
i(t) = f(z(t))
z(0) = xg

has a unique solution defined for allt € R.
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Proof. Consider K > L a fixed constant and the Banach space given in the example 2.1.4,
ie (X = BCK (R,R"), || - ||K) Now, define for z € X

(Tz)(t) = xo + /Ot f(r,x(r))dr.

The remainder of the proof is obtained, except for obvious modifications, following the
proof of the Picard-Lindel6f theorem. O

If in the previous theorem we remove the Lipschitz condiction of f and we say that
f is a continuous function then the existence of solutions can be proved but not the
uniqueness, this leads to the Cauchy-Peano theorem, however for our purposes it does not
it is necessary to appeal to that result.
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Chapter 3

Results

3.1 Monotonically invariant solutions
Consider the initial value problem

Up, = d (aty_1 + buy, + ctpyq) + h(uy)
U, = P (v,) (3.1)
v,(0) =z, with 0<=x,<1lforn=0,...,N;

where we set u_; =0, uy11 =1, P is defined by

0 for wv,<0
P(v,) =%wv, for 0<wv,<1,
1 for 1 < w,

a,b,c,d are real numbers such that d > 0, a+b+c =0 with a > 0, ¢ > 0; and h € B,
where B is the subset of BLip(]0, 1], R) defined by

B :={h € BLip([0,1],R) : h is continuous, h(0) < 0,
h(1) > 0, h has a unique zero in (0,1)

and /01 h(s)ds > o} .

According that we seen in the previous chapter about the Lipschitz functions (Theorem
2.3.3), the initial value problem (3.1) has a unique solution which is defined for all ¢ in R.

Three invariance results associated with the initial value problem (3.1) are established
in this section. The first result shows that certain conditions on the initial values imposed
on (3.1) are preserved in the corresponding solutions.

Let u(t) = {un}szo be the unique solution of the initial value problem (3.1).
Theorem 3.1.1. Suppose that: x = {a:n}fLO € RN*! satisfies:

11
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(P) 0<azy<---<ay <1
(Py) xp, < xpyq when 0 <z, <1

(Ps) d(ax,—1 + bxy + cxpi1) + h(x,) > 0 when 0 < x,,, where xy41 =1 and x_1 =0

Furthermore suppose

h
rg=0, x= _c<d0)’ cd > —h(0) and h(1) > ad.
Thus u(t) satisfies (Py), (P2) and (P3) ¥t > 0

Proof. We have that
ty := sup{t > 0 : u(s) satisfies (P,), (P,) and (P%),Vs € [0,t]}

The hypothesis on the initial condition implies that t; is well defined. Now, to establishes
the result will be enough to show that ¢t; = co. First, we show that ¢; is strictly bigger
than zero. Using that z; > 0 and (P1) it is obtained z,, > 0 for n = 1,2,..., N . Thus,
by (P3)

0,(0) = d (axp—1 + bz, + cxpir) + h(x,) >0 for n=1,2,..., N. (3.2)

With relation to 0(0) we have that 0y(0) = 0, indeed:

0o(t) = d(au_1(t) + bug(t) + cuq (t)) + h(u,(t))
by continuity
lim (0o (t)) = lim d(buo(t) + cur () + h(ua (1))
=d(bug(0) + cuy(0)) + h(u,(0))
=d(b- 0+ cxy) + h(0)
=dcz; + h(0)

By the definition of x; we have that:
00(0) = dcxy + h(0) =0

d
Next, let us see that y(0) and %h (up(t))| = 0 exist and are equal to zero: For suffi-

ciently small At # 0 , it turns out that

ug(h) —up(0)  ug(h) ) if 4(h) > 0
h T h

Mathematician 12 Graduation Project
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The expression, due to 0y(0) = 0, tends to zero as At — 0. Hence, 1y(0) = 0. To establish

d
that —h (ug(t))| =0, we observe that
dt o

| (ug(At)) = h (uo(0))] < K [ug(At) — uo(0)],
where K, is the Lipschitz constant of h. Thus, for At # 0 we have
‘h (Uo(At)) —h (Uo(())) K Uo(At) — Up

h

~X

At At

(0)‘ — 0 as At — 0.
Now, since v1(t) = uy(t) for all ¢ small enough and v1(0) = u1(0) we have at ¢t = 0 that
10(0) = dcty (0) = devy(0) = de (d (az + bxy + cxg) + h(zy)) > 0.
Thus, for n = 0 we have obtained
00(0) =0 and (0) = 0. (3.3)

Locally, the graph of vy looks as follow

0o

v
~

Figure 3.1: vy

By continuity of v,, and u,, withn = 0,1,..., N; we can conclude that certainly ¢; > 0.
To finalize the proof of the theorem we assume that ¢; < oo and we will obtain a contra-

diction. If ¢; < oo, then either
i) up(t1) = Upy1(t1) for some 0 < u,(t;) <1
ii) 0,(t1) = 0 for some u,(t;) > 0

Let us start supposing that (i) occurs. From the fact that uy,1(t) = 1 , we may choose

n such that u,(t1) = ups1(t1) < tpso(t1). Now,

d

%(Uml — V) |t=t; = dla(un(t1) — up—1(t1)) + c(uny2(t1) — un(t1))] >0
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Thus, the function v, 1 — v, is increasing on the open interval (t; — e, 1), for € > 0. This

implies that we can find ¢ € (t; — €, 1) such that:
0= Un+1(t1) — Un<t1) > Un+1<t1 — 6) — Un<t1 — E)
In tl

Unp1(t1) =unia(t)
Un(t1) =un(tr)
Then
Unt1(ty — &) > v,(t; — €) = ups1(ty — ) > uy(ty — )

This leads to the contradiction w,(t) > w,11(%).
Now, we pay attention to u,(t) on the interval [0,¢;]. If exist ¢ty € (0,¢;) such that
un(ty) = 1, then v, (t) decreasing on [0, t1], we have that u,(t) = 1 Vt € [to, t1]. one of the

following cases occurs:
(a) un(t) = v,(t) forall t € [0, ]
v, (t)  for all ¢t € [0, to]
1 forall t € (o, ]
(¢) u,(t)=1 forallte|0,t].

(b) un(t) =

Figure 3.2: Possible Scenarios

In any of these case, the derivative by left of u, (t) exist for all ¢ € (0, ¢;] and we denote
by W, (t7).

Suppose that 0,(¢;) = 0 for any wu,(¢1) > 0.

We have that u,(t7) =0

n(t) = On(ty) = d(ain1(t) + clinga (1))
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Then:
U, (t7) = d(att,—1(t) + ctiny1(t)) (3.4)

where 1,1 (t;—) > 0 and @, (t;—) > 0. Let us see that o, (t;—) = 0. In fact, if
Uy, (t1—) > 0, then 9,(t) would be increasing on an interval of the form (t; —e,1) ,
with € > 0 sufficiently small. This implies that we can find ¢ € (¢; — €,¢;) such that
Uy, (t) < O, (t1) = 0, which is impossible.

From the equation (3.4), we obtained
Up—1(t7) =0 and U,y (t7) =0 (3.5)

We know that a + ¢ = —b, and note that v, (t;) > 1 would imply that u, 1 (t;) =
Uy (t1) = tp1(t) = 1 and thus

Uy (1) =d(a+b+c)+ h(1)
h(1) >0,

Which is not possible. This leads us to conclude that v, (t1) < 1.

If 0 < v,-1(t1) <1, then v,—1 (t1) = u,—1 (t1) and from (3.5) results 9,1 (¢;) = 0. We
are as at the beginning, when it was assumed that (ii) occurs, only now instead of having
U, (t1) = 0 with u, (t1) > 0, the situation is v,_1 (t;) = 0 with u,_; (¢;) > 0. Thus,

reasoning as before, analogous to (3.5), we obtain that
ﬂn_g (tl—) =0 and Up, (tl—) =0.

If v,_1 (1) <0, then u, 1 (1) = 0 and this equality, from the definition of t;, can only
occur when n = —1.

Now, by induction we can conclude that
4 (ti;—) =0 for j=0,1,...,n+1. (3.6)
If v,41 (t1) > 1, then w,,1(t) = 1 for ¢ sufficiently close to ¢; and therefore by (P1)
Upy1 (t1—) = -+ =un (t1—) = 0. (3.7)

If v,y (1) < 1, then 0,41 (t1) = tyy1 (f1—) = 0 and we may repeat the arguments which
lead to (3.5). In either case we will arrive at (3.7) which together with (3.6) gives

U, (t1—) =0 for n=0,1,...,N. (3.8)
We now consider the number n; given by

ny =max{n € {0,1,...,N} 1 u,(t) <1 forallte[0,t)}.
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Let us see that n; is well defined, in fact: If for all n in the set {0,1,..., N} one has
that wu, (fn) = 1 for some t, € (0,t;), then u,(t) = 1 for all t € (fn,tl). It follows that
up(t) = 1 for alln € {0,1,...,N} and all ¢t € (f,tl), where t := max{fo,fl,...,f]v}.
Consequently, for all t € (f, tl) it follows that

vo(t) =d(b+c)+ h(1) and 01(t) =..... =o0n(t) = h(1).
But this, because v, (1) = 0 for some n, is not possible. Thus, n; is well defined.
Now, from the definition of n; it follows that w,(t) = v,(t) for n € {0,1,...,n;} and
furthermore there exists ¢ty € [0,t;) such that u,,41(t) = 1 for all t € [to,t1]. Then, for

n=20,1,...,ny the equation
Un(t) = d (a1 () + bu, (t) 4+ ctny1(t)) + h (uny(t))

becomes
Un(t) = d (atn_1(t) + buy () + ctns1(t)) + h (u,(t))

and by (3.8) it follows that 1, (t1) =0 for n =0,1,...,n;.

Finally, because of the uniqueness of the solutions of the initial value problem (3.1), it

follows that u, (t) = u, (t;) for all t € [to,t1],n =0,1,...,ny. This contradicts the choice

of ¢1, one should have that if ¢ < ¢, and wu,(t) > 0, then v,(¢) > 0. O
The proof of theorem 3.1.1 leads us to define two sets that are associated with the

initial value problem.

Definition 3.1.2. For dc > —h(0) and N € N define

—h(0)

C(a,b,c,h,d,N) :={zx c¢ RN 1 2y = 0,2, = y
C

n
S@S"'S@VSLWLUZ%L:N’
form=1,2-.-- N}

O (a,b,c,h,d,N) :={x € RN*' : d(ax,,_ + bz, + 1) + h(z,) >0
form=1,2--- N where xnyq =1}
We will write C,0 instead C (¢, h,d, N),O (a,b,c,h,d, N). The space we are interested
in is CN O for suitable chosen a,b,c,h,d and N.

Definition 3.1.3. Define t* : CN O — (0, 00] by

t* = sup{t tug(xst) < hc(((i)>}

and define

T:{xECﬁO:t*<oo}—>]RN+1
by
0 forn=0

(Tx), =
Up_1 form=1,--- N.
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Theorem 3.1.4. T{z € CNO:t*(z) < o0} C O

Proof. Let us first observe that ug (x;t*(x)) > 0. Indeed: If ug (z;t*(z)) = 0, then for

h
c(il)} = o0 and

all t > 0, up(x;t) = 0 . This would imply that sup {t Sug(zt) < —
consequently we would have z is not in the domain of T.
Consider the case where x € CNO and z satisfies (P) of theorem 3.1.1. Then by theorem

3.1.1 and the definition of ¢*(x) we have that

Ta = (0, uo (; (), ua (3" (x)) ... Sy (2517(2))
= <07 —hc(s),ul (" (), e JUN—1 (m,t*(m))) € 0.

Suppose that z € CN O. Let ny be the largest n € {0,1,--- , N} for z,, < 1 and define
fore >0

Ty forn=0,1
T, =% x,+en forn=2,--- mn

Tp form=mny+1,---, N.

For ¢ sufficiently small 2° € CNO and ° satisfies (P) of theorem 3.1.1. Thus u(2%;t*(x))
satisfies (Ps) of theorem 3.1.1.

Since u depends continuously on its initial conditions, 2° — x as ¢ — 0, one conclude
that :

y:=u(x;t*)  satisfies d(ay,—1 + by, + cyns1) + h(y,) >0  whenever y,, > 0

Using the same argument as in the proof of theorem 3.1.1 (i7), we suppose that d(ay,_1 +

byn + cYns1) + h(y,) = 0 and we obtain a contradiction.
Therefore d(ay,—1 + by, + cYni1) + h(yn) > 0 whenever y,, > 0, thus Tz € O.

For the general case where x € C N O is also by approximation. There exists a sequence
{#'} in C N O such that 2! — x as [ — 0. Since u(z';t*(2)) satisfies (Ps) for each [, we
conclude that u(z;t*(z)) satisfies (P3;) and Tz € O O

From now on, for technical reasons, it was necessary to introduce the following condi-
tion:
a
. >1 or a>=c

Theorem 3.1.5. For every h € B there exists a positive § such that

_ 1
T{reCNO:t*(z) <x}CC forNZS
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h(0
Proof. Let y := Tx. By the definition of t* one has yp = 0 and y; = —(d).
c

3.1.1 we have that

By theorem

ug (258" () <y (x;t"(x) < ... <uy_g (z;t7(2)) < 1.

Therefore y; < yo < ... < yn. Thus, y = Tx satisfies the first condition defining C. The

task now focuses on proving that there exists § > 0 such that y,, > % form=1,..., N,
1

whenever N > 5 In the following we will construct d explicitly. Let

h(0)
cd ’

(51 = —

dy:=max{r —A: A<z <1land B(x) < 551},

where B(z) := max h(s), with = € [A4, 1] and A € (0,1) is the unique zero of A,

A<s<x
(1
03 = min {251,52} ,

0
= 537
05 ::min{ZEi;:A—F(;gﬁsél},
and
06 := addsmin {61, ad55} ,
my Mo
where

h(s) — h(t
my :=d(a+c)+ sup |h(s)| and my :=my | 2d(a + ¢) + sup M )
0<s<1 t£s s —t
Finally, let
0 := min {61752753754755766}- (39)

Now, the rest of the discussion of the theorem focuses on proving, under the assumption

1
that N > 5 that

yn2% for n=1,2...,N.

Suppose that y, < A. Then h(y;) <0 for i = 1,...,n. Let us see that y; 11 >
1t =20,...,n. Since y € O, we have that

d(ayn—1 + byn + cYny1) + h (yn) = d (ayn—1 — (a + )Yn + Y1) + h (yn) > 0.
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Then

h(yn
a(yn—l_yn)+c(yn+l_yn) > = (d ) >0

and thus
a
Yt = Yo > (Un = Yno1) 2 Yn = Y
which lead us to the following chain of inequalities

h(0)

Now, by induction it follows that
1+ 1
N
If yv_1 < A, then Tz € C and there is nothing more to prove. If that is not the case

Yig1 = 10 =

there is an index ng such that
Yng—1 <A and y,, > A

According to the above discussion, in order to establish that Tz € C it would be necessary

to prove that
n
n = —— asan=mng+1,...... ,N.
Y N p o+

We have that

a 1
(yno - ynO*l) - ah (yno)

1
yno - yno—l - ah‘ (yno)

yn0+1 - yno > E

v

1 1
> Y1 — Y — ah (yno) = 51 - ah (yno) .

1
Thus, if A <y,, <A+ dy, then ypo11 — Yn, > 5(51. Therefore,

1 1
Yng+l = Yno Tt 551 > ngdy + 551

n0+1
N .

> npdy + 03 > (ng +1)d >
Then, as far as case y,, > A + d, is concerned, it is sufficient to show that

for y,> A+ 6s.

==

Yn =

Suppose the contrary and let n; be the smallest index for which
ni

Yny 2 A+ 53 and Yny < N
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Then
ny—2 n
1N < Tpi—2 X Tpy—1 < Upy—1 (:L“,t*(l‘)) =Y < Nl
and
nq-—-l ny 1 1
1 = —— —>A - —
Tpi—1 N N N > + (53 N
03 03 1
— A+ B4 (B
+ 2 + 2 N)
03
> A+ =
+ 2
Now, from the definitions of § and d5, it follows that
1 }l($n _1)
— <5< 0 < M
N ° dad
Then
< 1 n1—2_ 2 <9 <h<l'n1_1)
'Tnl—l xn1—2 N N - N X 5 X 26Ld
Thus,
h (xnlfl)
ni—1 = 4ni— S . 310
Tpy—1 — Tny—2 Sad (3.10)

Next, we give a general discussion that later will be applied to n = n; — 1. Suppose
0 <u,(0) <1land 0 < u,(t) <1. Then

U (t) = d (aty—1(t) + bun(t) + cny1(t)) + b (ua(t)),

(O = |4 (@ (@r(8) = a(t)) + ¢ (s () = 0o (6)) + B (1)
< dafun(t) = -1 (8)] + defun g () = un(t)] + B (ua(t))]
< d(a+c¢)+ sup |h(s)| =my,

0<s<1

U (t) = n(0) = da (un-1(t) = up—1(0)) + db (un(t) — un(0))
+dc (Up41(t) = tn11(0)) + R (un(t)) — h (u1(0))
= dalt,—1 (§—1) + dbli, (&) + detiy i1 (§nt)
+h (un(t)) — h (u,(0)), where &,-1,&0, &1 € (0,1),
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and

’un(t) - un<0)| < dat’un—l(gn—l)’ - dbtwn(fn” + dCt’unH(fn—s—l)’
+Gwm@‘“my%m—wmn

tAs |5 — 1
= dt (alin-1(§n-1)] = blwn(§n)] + clitni1(§nsa)l)

H&wm@‘“my%@ﬂ

trs |s—

< tmy d(a—b+c)+supM = tme.
trs |5 —

It follows from the above that

and thus . 1 (0)
U
n t ;;‘7 n f g;t‘\ =
Up (1) u,(0)  for 0 2
This gives
t 1 t 1
Un(t) — un(0) = / lin(s)ds > S (0) / ds = 5titn 0) (3.11)
0 0
for 0 < t < (0
L)

We now continue the discussion with n = n; — 1. We have that

tn,—1(0) = da (tn,2(0) = tn,-1(0)) + de (u, (0) = tp, ~1(0)) + o (1, -1(0))
= —da (l‘m_l - $n1—2) +dc (xm - xm—l) +h (l’nl—l)
> —da (SL'm,1 — $n1—2) +h (mm*l)

and using (3.10) we obtain

. 1 1
um*l(o) > _ih (xmfl) + h<xn1*1> = §h (xM*l)'

Now, from this estimate, using (3.11) , we obtain that
1 1
Upy—1(t) — Tpy—1 = Zth (Xp,—1) for 0 <t < —h(zp,—1). (3.12)
mo

Next, we obtain an estimate for ¢t*. Using that

h(0) )
—— = uo (t*) — up(0)

t*
= / Uo(s)ds < t* sup p(s)
0

0<s<1
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and

d (bug(s) + cui(s)) + h (uo(s))

deuy (s) + h (uo(s))
dC‘l‘h(UQ( )) < mq,

to(s)

NN

it follows that

)
> L
ml

Since Uy, 1 (t*) = Uy, —1(t), we infer now from (3.11) that

u’l’b1—1 (t*) - xnl—l 2 7th (Inl—l)

4
h((L’n _1>
= adt | ——=
¢ < dad )
= Gdt55.
Now, setting t = min { 01 , ad55} it is obtained that
myi Mo

Upy—1 (t*) — Tpy—1 2 56 2 5

and thus

Yny = Up;—1 (t*) P Tpy—1+ J =

n
This is a contradiction to y,, < Nl ]

3.2 Priori Estimates

In this section, we will obtain a priori estimates and properties that are associated with
the operator T already defined in the Definition 3.1.3.

Theorem 3.2.1. Suppose x is a fized point of T, and let T := t*(x). Let

e(h) == min —hls) m(h) == min{a(élh),e(h)}

and M(h) :==d(a+ c) + sup ||h(s)]|

0<s<1

Then T > 19(h) == ——= >0
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Proof. In order to establish this result, we paid attention to two cases. First suppose that
there exists an integer n such that 1 <z, < 7 Since x = Tz € O by theorem 3.1.4,we
have that

d(ax,—1 + bxy, + cxyiqr) + h(z,) > 0.

Then,
h(z,
Tptl — Ty > — Eﬁd ) +E(xn_xnfl>
> _h (22)
cd

Thus, in this case
Tpi1 — Ty = e(h) = m(h).

A
The second case corresponds to the fact that there is no index n such that 7 <z, < 7
In this scenario there is n such that z,,; — x, > 1 > m(h). In either case there exists
an integer n such that
A
Ty < 5 and T4 — x, = m(h). (3.13)

Suppose now that x,,x,41 are in the interval (0,1). Then

Un(0) = un(0) = 2y, V(7)) = Up(T) = Ty and wu,(t) =v,(t) , 0 <t < 7.

0 < y(t) =d(aup—1(t) + bu,(t) + cuni1(t)) + b (un(t))
<d(a+c)+ h(uy(t))
= —bd + h (un () < M(h).

Since 1, (t) < M(h) for all ¢ in the interval [0, 7] we obtain

m<h) S Tpp1 — T
= Un41(0) — un(0)
— () — un(0) < / i (t)dt < 7M(R).
0
This implies that
< m(h) (h)
T > ——= =19(h).
M(h)
Finally, in the extreme cases x, = 0 and x,,1 = 1, , = 0 and x,.1 < 1 or x, > 0
and x,.1 = 1, it is also observed that 1, (t) < M(h) for all ¢ in the interval [0, 7]. Then,
proceeding as before, the desired result is obtained.

]
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1
Theorem 3.2.2. Let ¢ := im’m{a,l —a}. Forx = {z,}{’, let #(z,e) the number of
components x,, of x such that e < x,, <1 —e. We have that for all ¢ € [0,¢¢] there exists
a bound S(e, h), independent of N, such that

#(x,e) < S(e, h)

forallz € {z € JCNO: Tz =z}
N

Proof. Let h € B,e € [0,¢0] and z a fixed point of T. We construct S(e, h) in following
steps.

Step 1. Let

and suppose that

We have that:

1>z —o = Z(l'nﬂ — )

n=1u

By the inequality d(az,_1 + bx,, + cxpy1) + h(z,) > 0, result

h(zn
ar,_1 + bx, + cry + (z ) >0
h(zn
c(Tpi1 — ) —alxy, — 1) + (2 ) >0

Then,

I q h(z,)
> bt O
- T; c (xn Tp 1) Cd
aJ J
= Z(xn —Tpo1) — = Z h(z,)
1 J
By definition of p(e, h), we have that
cd
h)— > '
ple, h)— > Wy " €000 ,]
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Step 2.

Step 3.

Then —h(zx,) > -4

- p(&,h)
Therefore

j 1 - 1
1> I i1 pe k)

22w pEn

A
That implies that the number of components x,, of vector z, with ¢ < z,, < B) is
bounded above by p(e, h)

A
Now, we have to estimate the number of components that are in the interval [5, Al
In the proof of the theorem 3.2.1 it is shown that there exists an integer ng such
that:

N[

Tpy < —, and  Tpyp1 — Tpy > m(h) (3.14)

Where m(h) is defined in theorem 3.2.1. Let ng the largest index such that the
above occurs 3.14. As in the previous theorem, starting from inequality d(az,_1 +
bx, + cxpy1) + h(z,) > 0, result that

Tnt+1 — Tn S Tn — Tp—1

A
We take n =ng+ 1,ng +2,--- ,ng + k as py11 — Tn, < m(h) for all z,, € [E,A].
Then:
k—1

> Tpgih = Tngt1 = Y (Tngtit1 = Tngri) = (K — 1)m(h)
=1

(S

A
Therefore k that is the number of elements z,, in the interval [5, A satisfies

F<ly oo
2m(h)
Let
_ h(s)
oo h) = poox. =g
(h)
bi(h) :=max{e—A: A<z <1,blx,h) < 5
ba(h) :=mazx {bl(h), m;h)}
Note that by(h) > 0, indeed:
h
If by(h) = 0, then by(h) =0 = max {x —A:A<x<1,b(z,h) < m;) . Now,

exist an integer ng such that z,,,_; > A and z,,, > A. We have that z,, > a + b;(h)
or T, > a+ by(h).
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Suppose that x,, > o + by (h), then:

In this case
m(h)

xn0+1 2 T + xno

h
>m;)+0z

Z bg(h) + o
As bi(h) > ba(h), there is at least one element in a interval (o, oo + by(h)]. Suppose
that ,, > o+ by(h). In this case z,,, > a + by(h) and x,, ¢ (o, @ + ba(h)]. In the

interval (o, o + ba(h)] there is at least one z,.
Step 4. Suppose that o + by(h) < x, < 2,11 <1 —e. Then for 7 := t*(x)
Tpil — Tpo1 = Tpgl — Ty = Up(T) — 1y (0) = /OT Un(8)ds (3.15)
For s € [0, 7], we estimate 1u,(s) as follows:

Un(s) = d(au,_1 + buy, + ctyyq) + h(uy,)
=d[a(up—1 — up) + c(tupy1 — up)] + h(uy)
> da(up—1 — up) + h(uy,)
= —da(up—1 — un) + h(uy,)

> _ _ :
> —da(up,_1 — up) + omin h(s)

Using this estimate in (3.15), we obtains

T

min  h(s))

T — Tp_1 =
el nel = 1 + adT Tn<8<Tp41

for 7 > 79, then for the theorem 3.2.1

Since that —— >
ince tha
1+adr = 1+ adn

7o(h) :
Tpy1 — Tpoy = by(h) = m (Mb?gﬂsglgh(s))

Therefore, if we suppose that

a+by <z <--- <z <l-—e¢
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then ' '
j j
2> (Tpi1 — Tao1) = Y by = (j — i+ 1)bs(h)

That means, the number of components z; of x in the interval [ + by, 1 — ¢) is

bounded above by 1 + . Summarizing;:

bs(h)

#(x,e) < ple,h) + <1 + 2?7522)) +1+ (1 + b3(2h)> = S(e, h)

[]

We know that u(t) = u(z,t) is the solution of the (3.1) with any h € B.
In definition 3.1.3, T is acting on those = such that t*(z) < oo. The following two
theorems will be used to show that for d sufficiently large t*(x) < oo for all z € CN O.

Theorem 3.2.3. Let x € CN O, u(t) = u(x,t), where u(x;t) stands for the unique
solution of the initial value problem (3.1) with h being any element in B, and D > 0.
Suppose that for alln € {1,2,..., N} such that 0 < u,(t) < 1 we have u,(t) < D. Then
for all k € N such that cd > k*(D + sup |h|), we have that A, = u,(t) — w1 (t) < 2 for
n=12,...,N.

Proof. For 0 < u,(t) <1 we have

U (1)

d (atn—1(t) + bun,(t) + cuni1(t)) + h (un(t))
d (atn—1(t) — (a4 c)un(t) + cuni1(t)) + b (un(t))
d(cApi1 — aly) + h (uy(t)) .

Now, under the assumption 1, (t) < D and cd > k*(D + sup |h|) we obtain

L.
| Bty = aln| = —[in(t) = h (un(t) |
1
< LD+ sup )
c
< —.
<
Thus,
a .
h(0) L .
If u,(t) =0, then n = 0,t = 0, and u;,(0) = g This implies that 7,(0) = 0. Now,
c

we rewrite 1o(0) = 0 as

0 =d (au_1(0) — (a + c)up(0) + cuy(0)) + h(0)
=d (CAl — (IA()) + h(O)
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Then,
h(0) 1
e = aa| = "2 < S0+ supla)
c
k2
Thus,
a 1

If u,(t) = 1, then by theorem 3.1.1

d (atp—1(t) + buy(t) + cunt1(t)) + h (un(t)) > 0.

Now,
d (au,_1(t) +b+c) + h(1) = da (u,_1(t) — 1) + h(1)
= —dal, +h(1)>0
and
lcApi1 — al\,| = al\,
Ei) < d(D + sup |h|)
Thus,
‘Anﬂ _¢ < k12 if u,(t) =1
So far, we can conclude that in any case
Then
A, —An < A A1 < le
Now assume contrary to the conclusion that there exists ng such that
Ay, > Ii

Using that Z (Apgrio1 — Apgts) is a telescoping sum we can rewrite A, 4, as
i=1

Ano-‘:—m = Z no+i—1 — no-‘ri) .

1
It follows because of A,, > — and A, +i—1 — Apyti < e that

k
2 m
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Thus, for m = 0,1, ..., k, it turns out that

1

Apotm > T

This implies that ng + k£ < N because Ay, = 0. Then

k
kE+1 1
1 2> Ung (1) — Ung-1(t) = Z Apgpm > —— =1+,
m=0 k k

which is a contradiction. O

. . h(s) — h(t)
Theorem 3.2.4. There exists a number dy which depends only on sup |h|, sup E—

s#1 S —

1
and/ h(s)ds, such that for allx € CNO,t € [0,t*),d > dy, the following holds:
0

1 1
sup u,(t) > f/ h(s)ds
n 2 Jo
The sup here is taken over all n for which 0 < u,, < 1.

Proof. Let ny > 0 such that w,, (t) < 1 In the following, ¢ is fixed and w,(t) is written as

Uy, we have that:
Uy = d(atty_1 + buy, + cup_q) + h(u,), n=0,---,n.
That results:
h(tn) (tns1 — tn) + d(atn_q1 + bty 4 1) (Uns1 — Up) = Up(Upy1 — Up) (3.16)
and
h(wn)(tn — tp—1) + d(atn_1 + by, + 1) (Uns1 — W) = Up(Upy1 — Up) (3.17)
Adding (3.16) and (3.17), we have:

() (Uni1 — wp) 4+ h(uy) (U — tp_1) + d(at,—1 + by, + 1) (Upy1 — Up_1)

= un(un-i—l - un—l) < <0£I71La<}7(” un) (un+1 - un—l)

From this result, adding over n from 0 to n;, we obtain the following;:

ni

> h(un) (Ung1 — wn) + Y h(wn) (wn — wp—1) + > d(atn_1 + by + ctin_1)(Upt1 — Un_1)
n=0

n=0 n=0

< ( max un) (Upg1 — Un—1 — Uo)
o<n<ny
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That is equivalent:

n1

> h(un) (Ung1 — un) + i h(tn) (g — Up_1)

n=0 n=0
ny—1 ny—1 ni1+1 ni+1
2 2
+dla Z Up Uy t2 Z Uy — Upy Uny+1 | +C Z u; Z UpUpt2 — Uy Up,y 41
n=0 n=0 n=0 n=0
< | max u U — Up_1 — U
S <0<n<n1 n ( n+1 n—1 0)
h(0
Recall that ug < —(d), therefore:
c

i)h(un)(unﬂ — Up) + i}h(un)(un —Up_1) < ( max un> + h(0) +d(a —c)

0<n<n cd

By the theorem 3.2.3 Vk € N : cd < k*(D + sup |h|) we have that:

; n:1727”'7n1(aac7d)

Eral )

U (t) — up_1(t) <

Note that due of theorem 3.2.3 that

2
UO(t) — u,l(t) = UO(t) -0 < %
2
un1+1(t) — Up, <t> =1- Un,y (t> < %
The t is fixed and if we change the t, the ny; change.
Then:
ni(a,c,d) 1
h(uo) (o — 0) + > () (thnay — 1) — /0 h(s)ds| < e (3.18)
n=0
And
n1(a,c,d) 1
S Attt — 1) + h(ug) (1 = ;) — / h(s)ds| < e (3.19)
n=0 0

From (3.18) and (3.19), we have:

1 1 n1(a,c,d) n1(a,c,d)
2 (/0 h(s)ds — e — 7 Sup |h|) < >0 h(un) (s —un) + Y. B(un) (s — Un1)
n=0 n=0
2
< <max un) +L<O)+d(a—c)
o<n<ny Cd

Mathematician 30 Graduation Project



Chapter 4

Conclusions and recommendations

In this work we have studied the following initial value problem

Up = d (QUp_1 + by + Clpyr) + h(uy)
U, = P (v,) (4.1)
v,(0) =2, with 0<zx,<1lforn=0,...,N;

where we set u_1 =0, uy,1 =1, P is defined by

0 for v, <0
P(vy,)=1qv, for 0<wv,<1.
1 for 1 < v,

We have obtained results that correspond to generalizations of part of the [7] work in
which the parameters are a = c=1and b = —2. In our case a+b+c =0 with a > ¢ > 0.
Concretely the seven lemmas, which are the fundamental basis for obtaining traveling
waves in the discrete Nagumo equation, have been established and proved, emphasizing
that the condition

a>c

had to be imposed. Here we put into consideration as future works, the following:

1 Fully generalize everything that is presented in Zinner’s work and thus obtain what
would be traveling wave type solutions for an equation of the type

Uy = d(aty—1 + buy + ctinyr) + f (uy), n€Z, (4.2)
where f denotes a Lipschitz continuous function satisfying
fO)=f(A)=f1), f(xr)<0, for O0<z<A
f(z) >0, forA<z<1, and /01 f(z)dz > 0.

The idea for dealing with this problem is as follows. First, consider a simpler problem
where f is replaced by a linear function A whose only zero is in the interval (0, 1).
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Then, the initial value problem considered in this work is considered together with all
the developed machinery and the existence of solutions for the simplified problem is
addressed via the application of Schauder’s fixed point theorem. To conclude, more
sophisticated tools such as homotopy theory and degree theory should be resorted
to.

2 If we place in (4.2) ¢ = 0, we obtain the equation
Uy = —ad (Upt1 — Up) + f(un), NEZL

This can be viewed as a discretization of the nonlinear partial differential equation

of first order 5 5
U U

Thus, the problem here consists of studying (4.2) when one has a configuration of
the parameters such that a + b+ ¢ = 0 and c¢ is small. This partial differential
equation of order one this is of interest in the study of some types of hyperbolic
conservation laws, see for instance [17].

3 To know the behavior of the generalized equation and compare it with the discrete
Nagumo equation from numerical analysis.

4 Just as in this work obtains some generalizations of the discrete Nagumo equation,
we can have similar results for the discrete Fisher equation:

Up = d (Up—1 — 2up + Upy1) + f (u,), n€Z, (4.3)

Where fin (4.3) is f(u) = uk(1—u), k > 0. That is different from Nagumo equation
because Nagumo is a cubic whereas in Fisher is a quadratic function [18].
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