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Abstract

The anisotropies of the cosmic microwave background (CMB) allow us to probe the primordial
power spectrum generated in an epoch of cosmological inflation. We derive numerically the scalar
and tensor power spectra in the Natural Inflation model (NI), which was originally proposed to
solve the Big Bang problems such as the flatness problem, the horizon problem, and the CMB
anisotropies. In this work, we perform a numerical study using the slow-roll approximation to the
Friedmann equations to show the behavior of the Power Spectrum,PS , and its value obtained with
the observational data from the Planck Collaboration in the NI model which is PS ∼ 3.51× 10−9,
and compare it with the results obtained with this model PS ∼ 2.0 × 10−9 which is in good
agreement with the observational results at 2σ confidence level.

Keywords: Inflation, power spectrum, Natural potential, scale factor, inflaton field.
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Resumen

Las anisotropías del fondo cósmico de microondas (CMB) nos permiten sondear el espectro de
energía primordial generado en una época de inflación cosmológica. Derivamos numéricamente
los espectros de potencia escalar y tensorial en el modelo de Inflación Natural (NI), que se
propuso originalmente para resolver los problemas del Big-Bang tales como el problema de
planitud, el problema del horizonte y el las anisotropías del CMB. En este trabajo realizaremos un
estudio numérico utilizando la aproximación de rodamiento lento a las ecuaciones de Friedmann,
para mostrar el comportamiento del espectro de potencia, PS , y su valor obtenido de los datos
observacionales de la Colaboración Planck en el modelo Inflación Natural el cual PS ∼ 3.51×10−9,
y compararlo con los resultados obtenidos con este modelo PS ∼ 2.0 × 10−9, el cual concuerda
con los resultados observacionales a un nivel de confianza de 2σ.

Keywords: Inflación, espectro de potencia, potencial natural, factor de escala, campo de
inflación.
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Chapter 1

Introduction

Cosmic inflation is a model within the framework of theoretical physics (standard cosmological
model) that explains the exponential expansion of the Universe at the beginning of time and solves
some of the problems of the Standard Big Bang theory such as the horizon problem, the flatness
problem, and CMB anisotropies8. For this purpose, inflation was first proposed by Alan Guth
in 1981 as a mechanism to solve these problems. Guth used de Sitter’s model that demonstrated
the existence of a highly symmetric inflationary Universe, but it did not solve any cosmological
problem mentioned before8.

Furthermore, Guth proposed that as the early Universe cooled, it was trapped with high
energy density in a false vacuum. This problem was solved with the model called "new inflation".
According to this particular model, inflation took place due to a scalar field rolling down a potential
energy hill, instead of the process of tunneling out of a false vacuum state9. Finally, Mukhanov
demonstrated that the recently proposed inflationary model does not result in a completely
symmetrical Universe10. Instead, it generates slight quantum fluctuations during the inflationary
period. These minor fluctuations served as the fundamental precursors for all structures that were
formed in the subsequent evolution of the Universe.

Natural Inflation (NI) indicates that there was a period of exponential expansion in the primal
Universe. The expansion metric of the Universe increases exponentially. The expansion rate H
(Hubble constant) is nearly constant, leading to high levels of symmetry and homogeneity11 12.
These come from the observation of the Universe in the present, suggesting that it would have to
have started from very "special" initial conditions (thermal and chemical equilibrium). Natural

1



2 1.1. PROBLEM STATEMENT

Inflation solves these problems, as well as the flatness of its geometry, through the dynamics of a
scalar field known as the inflaton13.

In natural inflation, the sinusoidal function that describes the inflaton potential arises naturally
from the symmetries of a hypothetical high-energy theory of particle physics. Thus, this potential
allows the inflaton to slowly roll down its potential hill, driving to an exponential expansion of
the Universe, where the duration and amplitude of this period can be simplified by fine-tuning
the parameters of the potential in order to have consistency with the observational data obtained
by the Collaborations Planck14, COBE15, and others.

Although Natural Inflation has been demonstrated to be a very good theory, because it
can tackle the flatness problem in a simpler manner than other theories and due to its primary
advantage which is the ability to generate primordial density perturbations consistent with cosmic
microwave background (CMB) observations, to describe the period of exponential expansion, it
remains a field of research in the scientific community (into the field of perturbation theory).
However, it is commonly criticized for the lack of concrete connection to fundamental physics
and the difficulty of producing the necessary symmetries in realistic particle physics scenarios.
Nonetheless, Natural Inflation continues to inspire novel ideas and insights into the workings of
the Universe, and its exploration remains a fruitful avenue for future research.

1.1 Problem Statement

The current explanation for the evolution of our Universe is the Hot Big Bang Theory. However,
this theory has certain difficulties such as the flatness problem, the horizon problem, and the
cosmic microwave anisotropies, among others16 17. In order for these problems to be overcome,
a specific model of the inflation theory has been developed, the so-called Natural Inflation (NI).
The most basic versions of this theory rely on a scalar field called ϕ, which gradually moves
along a smooth potential function V(ϕ). Therefore, this thesis aims to address the issues of the
Big Bang theory with the specific model of inflation in the slow-roll regime, and the study of the
power spectrum PS for this model.
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1.2 General and Specific Objectives

1.2.1 General Objectives

Reproduce and study the power spectrum for the specific model of Natural Inflation, obtained
with the result from the observation of the Planck satellite, into the slow-roll approximation.

1.2.2 Specific Objectives

1. Perform an analysis of the scale factor a(t) in the slow-roll approximation and its time
dependence.

Throughout this work natural units will be used (c = ℏ = 1) and reduced Planck mass MPl = 1.





Chapter 2

Methodology

2.1 The Big Bang

The foundation of modern cosmology is the Cosmological Principle, which posits that the
Universe is uniform and homogeneous on a large scale17 16. This notion was first formulated
mathematically by A. Einstein in his "General Theory of Relativity"18 19, which explains the
evolution of the Universe. Initially, this model hypothesized a static universe, but subsequent
observations, such as those made by Hubble and colleagues, demonstrated its unpredictability
(i.e., the expanding Universe). Furthermore, there is more observational evidence that together
with the Hubble observations constitute the pillars supporting the Big Bang model: the existence
of the Cosmic Microwave Background (CMB) and the abundance of light elements supported by
the Big Bang Nucleosynthesis6.

2.1.1 Basics of Cosmology theory

In a curved spacetime, the metric provides the measure of the physical distance between two
points, based on a particular coordinate system that may be arbitrarily chosen.20. It is possible to
use the most general metric from the Friedmann-Robertson-Walker (FRW) cosmology20 due to
the existence of a homogeneous and isotropic Universe for a large-scale distribution of galaxies
and the uniformity of the CMB temperature

5



6 2.1. THE BIG BANG

ds2 = dt2 − a(t)
[

dr2

1 − kr2 + r2(dθ2 + sin2 θdϕ2)
]
, (2.1)

where r, θ, ϕ are comoving spatial coordinates and t is the time. Here, the cosmic scale factor
a(t) is a time-dependent quantity that describes the expansion (nowadays a is taken to be 1). The
quantity k represents the curvature of a three-dimensional space: k = 0 corresponds to a spatially
flat, Euclidean universe, k > 0 to positive curvature (three-sphere), and k < 0 to negative curvature
(saddle)20.

It is useful to use the general form of Einstein’s equations in the tensor form to describe
appropriately the evolution of the Universe as

Gµν + Λgµν = 8πGTµν, (2.2)

here, it was used natural units, where c = 1. Also, G is the gravitational constant, Λ is the
cosmological constant and Gµν stands for the Einstein tensor which is given by

Gµν = Rµν −
1
2

gµνR, (2.3)

here Rµν is the Ricci tensor and R is the Ricci scalar given by R = gµνRµν.
Friedmann equations are the key equations of cosmology20, thus, applying the field equations

of GR to the FRW metric we obtain

H2 =

( ȧ
a

)2

=
8πGρ

3
−

k
a2 +

Λ

3
, (2.4)

and
ä = −

4πG
p

(ρ + 3p) +
Λ

3
, (2.5)

where H = ȧ
a is the Hubble parameter, ρ is the total energy density of the Universe (the sum of

matter, radiation, dark energy), and p is the total pressure of the universe (the sum of the pressures
of each component). Equation 2.5 is also sometimes referred as the acceleration equation.

From the first law of thermodynamics (dE = −pdV), it is possible to derive the analog for the
conservation of energy for each component (matter, radiation, dark energy) which is expressed as

d(a3ρi) = pida3, (2.6)
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the subscript i stands for matter, radiation, and dark energy. Thus, the evolution of the energy
density is governed by the equation-of-state parameter21. In the case of a constant wi

wi =
pi

ρi
= constant, , (2.7)

where ρi ∝ (1 + z)3(1+wi).
Thus, the equation-of-state parameter for each component is

wm = 0, ρm ∝ (1 + z)3, nonrelativistic matter,

wr =
1
3
, ρr ∝ (1 + z)4, radiation,

wvac = −1, ρvac =
Λ

8πG
, vacuum energy.

(2.8)

For a flat Universe, the present energy density is given by

ρc =
3H2

8πG
, (2.9)

and its present value is ρc = 8.10 × 10−47h2 GeV.
It is convenient to measure the energy density as a fraction of the critical density by defining

the density parameter as
Ωi =

ρi(t0)
ρc
, (2.10)

Ω0 > 1 results in a positively curved Universe, whileΩ0 < 1 gives a negatively curved Universe22.
The information obtained from the CMB suggests that the Universe is nearly spatially flat (Ω =
1).

Additionally, one can infer the evolution of the energy density with respect to the scale factor
as follows

ρ ∝ a−3(1+w), (2.11)

then, we can get the relation for the different constituents23 16 4

ρ ∝ a−4, radiation,

ρ ∝ a−3, matter,

ρ ∝ a0, cosmological constant.

(2.12)
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Also, the evolution of the scale factor can be effectively described by its dependence on the
dominant form of energy, as follows

a(t) ∝ t
2
3 (1+w), (2.13)

for a constant w. Therefore, we have for the radiation-dominated era, given by a(t) ∝ t1/2; for the
matter-dominated era, a(t) ∝ t2/3; and during the dark-energy dominated era, a(t) ∝ exp(Ht).

2.2 Evidences Big Bang Theory

2.2.1 Hubble law

About a century ago, a static Universe was the prevailing belief, and the idea of an evolving Uni-
verse was first proposed by Alexander Friedmann and Georges Lemaitre. Friedmann discovered
in 1922 that Einstein’s equations allowed for a dynamic Universe24, while Lemaitre derived a
non-static solution to Einstein’s equations in 1927 and suggested that the Universe was expanding
based on observational data25. Today, we have strong evidence to support the idea of an ex-
panding Universe, and Hubble’s law is one of the fundamental principles in modern cosmology
that provides support for this expansion. Hubble’s law, named after astronomer Edwin Hubble,
was established in 1929 and provided conclusive evidence for the expansion of the Universe by
showing a correlation between the recessional velocity and the distance of galaxies26. This law
is also known as the Hubble-Lemaitre Law, and it is expressed as

v = H0d, (2.14)

where v, d, and H0 are the recessional velocity, the distance to the galaxy, and the Hubble constant
at present time, respectively. This equation describes the linear relationship between the velocity
and distance of galaxies and a constant rate of expansion given by H0. Fig. 2.1 shows the Hubble
diagram, which is the graphical representation of Hubble’s Law, and it shows how the distances
of the galaxies time ago were closer than nowadays.

The value H0 denotes the unchanging rate of expansion in every direction, and it corresponds
to the present value of the Hubble parameter, H(t) = (1/a)(da/dt). The scale factor, a, is a
variable that describes the Universe’s expansion over time, and the Hubble parameter gauges the
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Figure 2.1: Hubble diagram from the Hubble Space Telescope Key project. Velocity vs. distance
for galaxies with Cepheid distances1. The black dots represent the galaxies, and the error
horizontal bars represent the measurements of the error in distance for type Ia supernovae with
respect to the measurements of type II supernovae. The values for the Hubble constant H0, are
67 kms−1Mpc−1 for type Ia supernovae (dashed line) and 75 kms−1Mpc−1 for type II supernovae
(solid line).

rate of change in the scale factor. It is conventional to assign the value of a = 1 in the present day,
and the Hubble Constant’s value is parameterized by a dimensionless factor, h, as defined below

H0 = 100h km s−1Mpc−1, (2.15)

here Mpc is a unit called megaparsec and its value is 3.0856 × 1022m. Ever since Hubble’s
measurement in 1929, the Hubble Constant’s value has undergone changes, and currently, there
is still a lack of agreement between observational measurements (Supernovae type Ia and CMB),
on its precise value, with an uncertainty of 5%27. Researchers have used various methods and
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observations to measure the value of the Hubble Constant, including analyzing Cepheids and
supernovae1 28 29, studying the cosmic microwave background radiation30 16, examining the prop-
erties of accretion disks through H2O masers31 32, and observing quasars that are strongly lensed
by galaxies33. Additionally, a combined analysis of both gravitational wave and electromagnetic
data has also been utilized to determine H0.

Currently, the value of H0, often represented as h, is estimated to be around 0.7. This value
has been derived from the analysis of multiple sources of data, which have helped to refine and
improve our understanding of the Universe’s expansion rate34. Despite this progress, there is still
ongoing research and debate surrounding the exact value of the Hubble Constant, as different
methods of measurement can lead to different results, as those reported for the Ia supernovae
where the value of H0 was found to be ranging from 54 ± 5 to 60 ± 635, and on the other hand,
for the CMB observations, it was found through best-fit 67.3214. Nonetheless, scientists continue
the efforts to refine our understanding of the Universe’s expansion and help to further clarify the
value of this important cosmological constant.

2.2.2 Big Bang Nucleosynthesis

The Big Bang theory is corroborated by three major historical proofs: the Universe’s expansion,
the cosmic microwave background, and primordial nucleosynthesis36. Big Bang nucleosynthesis
(BBN) is the process that occurred in the first few minutes of the Universe’s existence, where
light elements ( D,3He, Li, and especially 4He) were created through nuclear reactions. BBN is
a crucial event in the history of the Universe as it laid the foundation for the formation of the first
stars and galaxies.

During the early evolution of the Universe, before nucleosynthesis occurred, the Universe was
at a high temperature and density. This allowed particles such as electrons, positrons, photons,
neutrinos, nucleons, and heavier nuclei to be in chemical and thermal equilibrium due to high
interaction rates4 (weak, strong, and electromagnetic interactions).

BBN theory involves studying the weak and nuclear reactions in the context of a Universe that
is expanding and cooling. In fact, it can be understood as the competition between the cosmic
expansion rate and the particle reaction rates2. From the usual Friedmann equation, we can
express the expansion rate as
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Figure 2.2: Time-temperature evolution of the neutron-proton ratio (n/p). The solid and dashed
lines show the true and equilibrium variation of the n/p ratio, respectively. The dotted gray line
indicates the free-neutron decay2

H2 =
8πG

3
ρ where, H =

ȧ
a
, (2.16)

where ρ is defined as the energy density, which in the early Universe was dominated by radiation
(relativistic particles)

ρrad =
π2

30

(
2 +

7
2
+

7
4

Nν

)
T 4 =

π2

30
g∗T 4. (2.17)

where Nν stands for the neutrino flavors which in the standard BBN Nν = 3. The production of
light elements was sensitive to the physical conditions present during the early stages of the BBN
at temperatures T ⩽ 1 MeV. Thus, above this temperature, weak interactions were in thermal
equilibrium, particularly the processes3
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Figure 2.3: Nuclear network used for BBN calculations3. The BBN chain reaction goes from
left, starting from the reaction of light elements (D, He); to the right, to form heavier elements
(Li, C, B, etc.)

n + e+ ←→ p + ν̄e,

n + νe ←→ p + e−,

n←→ p + e− + ν̄e,

(2.18)

where n, p, e−, e+, νe, and ν̄e stands for the neutron, proton, electron, positron, electron neutrino,
and anti-electron neutrino particles, respectively; and these processes set the neutron to proton
ratio fixed, so that n/p = exp−Q/T , where Q is the neutron-proton mass difference and it is equal
to 1.293 MeV3 2. At temperatures greater than 1 MeV (T ⩾ 1 MeV), the neutron-proton ratio
is almost the same (n/p ≃ 1). Then, as the temperature drop down, the neutron-proton rate fell
faster than the Hubble expansion rate, resulting in the breaking of the chemical equilibrium at a
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temperature T f r ≃ 0.8 Mev, where the neutron fraction n/p ≃ 1/6. Then, the two-body reactions
among neutrons, protons, e±, and νe (ν̄e) continue to influence the ratio of neutrons to protons
causing it to continue decreasing, and leaving the neutrons to go free β-decay, until n/p ≃ 1/7.
The variation of the n/p ratio is shown in Fig. 2.2 where n/p varies as T goes below 1 MeV.

The formation of deuterium, D (2H), marks the beginning of the nucleosynthesis chain, such
process is

n + p←→ D + γ, (2.19)

at this stage, the photon temperature is below the deuterium binding energy BD = 2.2 MeV. The
deuterium production is delayed because of the high amount of photons per baryon, where the
baryon-photon ratio is given by

η =
nb

nγ
∼ 10−9. (2.20)

Thus, when T drops well bellow BD, the nuclear chain began, that is at T = 0.1 MeV3.
Additionally, due to the relatively low density at this point, the only significant reactions are
those involving 2-body. Fig.2.3 shows the beginning of the nuclear chain reaction to form light
elements starting from D.

Once the BBN starts, neutrons and protons begin to combine to form heavier nucleons than
D. Hence, in Fig.2.4 it is shown that the formation of helium started almost immediately after
the formation of D, and then as time passes neutrons, protons, D and helium start to combine
to form heavier elements like Lithium, Beryllium, and even Boron and Carbon. So now, it
is easier to calculate the final density (n) of 4He as it is very sensitive to the whole nuclear
network, and consequently, we can express the mass fraction of the helium as the simple counting
argument4 3 2 37

Yp =
2(n/p)
1 + n/p

≃ 0.25. (2.21)

Since now each of these abundances can be measured, the BBN is one of the key cosmological
tools used to test the Hot Big Bang model.
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Figure 2.4: Time evolution of some nucleon abundances produced during the BBN4. The
evolution of light nuclide abundances as a function of the temperature of the plasma starting from
2H and H, until the formation of heavy nuclides C, B, etc.

2.2.3 Cosmic Microwave Background

The Big Bang theory is substantiated by a significant evidential element called the cosmic
microwave background (CMB). When the temperature of the Universe was around 104 Kelvin,
which corresponds to energies of approximately ∼ 1 eV, free electrons and protons came together
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to form neutral hydrogen atoms. Before this, any hydrogen formed was rapidly ionized by
energetic photons present in the Universe. This epoch, which occurred at a redshift of z = 11006,
marked the moment when the photons comprising the cosmic microwave background ceased
interacting with any particles and started to travel freely through space. We can compute the
number density of photons in the Universe at a redshift z which is given by

nγ = 420(1 + z)3cm−3, (2.22)

where the factor (1+ z) represents the linear scale at which the Universe has expanded since then.
Additionally, the radiation temperature of the Universe is given by

T = T0(1 + z), (2.23)

where it is easy to observe how the conditions in the early stage of the Universe at high redshifts
were hot and dense38.

When looking back on them, we see the most powerful probes of the early Universe. Prior to
recombination, the Universe was not transparent to electromagnetic radiation due to the scattering
of photons by free electrons. However, as recombination took place, the density of free electrons
decreased significantly, resulting in the separation of matter and radiation. This separation led to
the Universe becoming transparent to light, allowing photons to travel freely without scattering39.

In fact, just before the last scattering, the photon-baryon plasma was at thermal equilibrium,
meaning that it should have a black-body spectrum. Then, we can calculate the intensity of a gas
of photons for a black-body spectrum as

Iv =
4πℏv3/c2

exp [2πℏv/kBT ] − 1
, (2.24)

where v is the frequency, kB is the Boltzmann constant and T is the temperature.
Fig. 2.5 shows the extraordinary agreement between the black body spectrum prediction of

the Big Bang and the observations made by Far-InfraRed Absolute Spectrophotometer (FIRAS)
instrument on the COBE satellite5.

What is more important to remark is the fact that during 25 years of study, no anisotropies
were detected in the CMB. This result conducted scientists to accept the view of a smooth Big
Bang. However, later in 1992, the satellite mission COBE discovered anisotropies in the CMB,
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Figure 2.5: CMB spectrum from Far-Infrared Absolute Spectrophotometer (FIRAS) intrument
of COBE satellite5. The plot shows a black-body spectrum with T0 = 2.728 K.

changing the idea of a completely smooth early Universe. Small fluctuations in the temperature of
the cosmic plasma were found(fractional temperature fluctuations) of the order 10−5 6. As a result,
these fluctuations led to new studies focusing on new horizons such as the CMB polarization.

2.3 The Big Bang Theory Problems

2.3.1 The Horizon problem

The horizon problem is a fundamental issue in cosmology that emerges when trying to account
for the consistent uniformity of cosmic microwave background radiation (CMB) noticed from
opposing parts of the Universe. This problem can be expressed mathematically as follows: let θ
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represent the angular size of a CMB region, and d represents the distance between two distinct
points of the observable Universe. Then, the angle subtended by this distance at the observer is
given by

θ =
d
D
, (2.25)

where D is the angular diameter distance to the point of observation. Assuming a flat Universe,
D can be expressed as

D = a(t)
∫ z

0

dz′

H(z′)
, (2.26)

where a(t) is the scale factor, z is the redshift of the observed radiation, and H(z) is the Hubble
parameter at redshift z.

The cosmic microwave background (CMB) radiation can be traced back to the last scattering
surface, which appeared at a redshift of roughly z ∼ 1100. During this period, the Universe
was considerably homogeneous, and temperature variations were roughly of the order of 10−5 6.
Nevertheless, as light moves at a finite speed, sections of the Universe that were causally separated
at the time of last scattering, i.e., separated by distances beyond the horizon distance, would not
have had adequate time to reach thermal equilibrium before the radiation was released.

To understand this scenario, let us take a quick detour to consider the comoving distance η
that light could have traveled since t = 0

η(t) =
∫ t

0

dt′

a(t′)
, (2.27)

where we can quantify the extent of this problem by computing the comoving horizon η∗ at
recombination, which is the comoving distance light could have traveled from η = 0 to η∗. Then,
for two different patches observed in the CMB, and under the assumption that at t = 0 there were
only mater and radiation, we find that the comoving horizon at recombination is

η∗ = η(a∗) ≈ 281h−1Mpc, (2.28)

and, the comoving distance between patches on the CMB sky today separated by an angle θ, when
θ is small, is defined as
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Figure 2.6: Illustration of the Horizon Problem in a η vs x diagram6, where x is a coordinate,
and for simplicity y and z were omitted. The observer detects the CMB signals coming from the
past light cones, when these cones intersect the last-scattering surface (LSS) at η = η∗, where it
is found to be uniform. Here, only the signals coming from the shaded areas below each point of
contact in the LSS could have influenced the CMB photons emitted at x∗,1 and x∗,2. Since there is
no overlapping between these 2 areas, there is no way for them to adjust to the same temperature
if they started from different temperatures.

χ(θ) ≃ χ∗θ = (η0 − η∗)θ. (2.29)

Now, η0 ≈ 14200h−1 Mpc, so that two patches in the CMB separated by

θ ≥
η∗
η0 − η∗

≈ 1.2◦, (2.30)

could not have been in thermal contact at recombination. From this, we can see that the factor
between η0 and η∗ is on the order of 50 which is more strict than that in the diagram shown in
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Fig. 2.6.
By rewriting Eq. 2.27 in terms of the ln(a′) we can see the problem from a different point of

view, so

η(a) =
∫ a

0
dln(a′)

1
a′H(a′)

, (2.31)

the comoving horizon η is now expressed in a logarithmic integral of the comoving Hubble radius,
which is the distance that light can travel during one expansion time. It provides a criterion that
tells us whether particles at that epoch can communicate with an e-fold (the measurement used
to quantify the expansion or inflation of the universe) of expansion. Under the assumption that
we made of the Universe at t = 0, where it is primarily controlled by either matter or radiation,
the Hubble parameter H will scale in proportion to a−3/2 or a−2. This means that the comoving
Hubble radius will continue to increase. As a result, the most recent epochs will significantly
contribute to the value of η.

2.3.2 Flatness Problem

In order to have a better look at the flatness problem, we have to rewrite the Friedmann equation
in terms of the density parameter Ω, ignoring the cosmological constant, as

ΩK ≡ −
K

a2H2 = 1 −Ω, (2.32)

where Ω = 8πρ
3H2 . Then, we can get

dΩK

dlna
= (3w + 1)(1 −ΩK)ΩK , (2.33)

with w = P/ρ being the equation of state parameter. Next, we can easy integrate it when
w = constant, so

ΩK0

ΩK(a)
= (1 −ΩK0)

(
a
a0

)−1−3w

+ ΩK0. (2.34)

Here, ΩK0 represents the curvature today. Since the observations40 constrain it to |Ω − 1| ≲ 0.01,
it implies that at radiation-matter equality and at a Planck time
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|Ω(aeq) − 1| ≲ 3 × 10−6,

|Ω(ap) − 1| ≲ 10−60,
(2.35)

respectively. Thus, for a flat Universe Ω = 1, it remains flat for all time; otherwise, the density
parameter Ω evolves.

The flatness problem is simply that during the radiation and matter domination era, aH is
decreasing with time, so that

|1 −Ω| ∝ t2/3,

|1 −Ω| ∝ t,
(2.36)

for matter-dominated and radiation-dominated eras, respectively. Ω0 at the present time is not
hugely different from 1, which implies that in the early time of the Universe, it had to be extremely
close to 116. Thus, to obtain our present Universe, it is necessary that certain conditions were
met when the Universe was approximately 1s old, then

|Ω(tnuc) − 1| ≲ 10−16, (2.37)

and, at prior times, Ω must be closer to 1.
The flatness problem states that the precise initial conditions required for a flat Universe

are highly improbable. The majority of initial conditions result in either a closed Universe that
collapses rapidly or an open Universe that enters a curvature-dominated phase41 16 and rapidly
cools to below 3K within the first second of its formation.

2.4 Inflation

The theory of inflation suggests that a phase in the Universe’s history happened before the
established Big Bang timeline. Observations of the products of Big Bang Nucleosynthesis
(BBN)42 indicate that the Universe was radiation-dominated between approximately t ∼ 1−100 s
after the Big Bang. These observations provide strong evidence that inflation must have occurred
prior to this time period. During this period, inflation was supposedly governed by a type
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of energy with w ≃ −1 or H ≃ constant. Therefore, by combining the Friedmann-Lemaître
equations and assuming K = 0, one obtains the necessary conditions for inflation to take place.

The first condition is a decreasing comoving Hubble length with time (H−1/a), which is given
by the relation

d
dt

(
H−1

a

)
< 0. (2.38)

This result is fundamental in solving the horizon and flatness problems, and moreover, it is key
for the mechanism to generate CMB fluctuations

The second condition, an accelerated expansion, where from Eq. 2.38, we have

ä > 0. (2.39)

And, the third condition, by which matter with a negative pressure is needed in order to have
an accelerated expansion, so

ρ + 3p < 0 or p < −
1
3
ρ, (2.40)

where p and ρ are the pressure and energy density, respectively.
We can measure the amount of expansion during inflation in terms of the number of e-folds43,

N, defined as

N(t) = ln
[
a(t)
ai

]
, (2.41)

where ai stands for the scale factor at the beginning of inflation.
The motivation for the inflationary paradigm is strong because it offers a solution to all of the

issues present in the standard cosmological model that have been previously mentioned.

2.4.1 Horizon problem solution

The conundrum of causally disconnected isothermal regions in the CMB observed at recombina-
tion can be explained naturally by inflation, provided that there was a significant number of e-folds
of expansion. This is because a primordial phase of inflation would have caused even previously
disconnected regions to become causally connected due to exponential expansion. Then, with
the assumption of an exponential expansion during inflation
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a(t) = aieH∆t, (2.42)

we can calculate the number of e-folds (N) needed to solve the horizon problem. The size of the
current observable Universe dH0 at the end of inflation, has to be smaller than the size of a causal
region at the beginning of inflation dHi

dH0(t0)
aend

a0
< dHi

aend

ai
= dHi(ti)eN , (2.43)

where aend represents the scale factor at the end of inflation. By assuming that inflation finishes
at the Grand Unification scale (ρ1/4 ∼ 1016 GeV), then we need

N ∼ ln
[

T0dH0(t0)
TenddHi(ti)

]
≳ 57, (2.44)

where T0 is the temperature today, and where we have assumed dHi(ti) ∼ lplTpl/Tend, where lpl

and Tpl are the Planck length and the Planck temperature, respectively. If the condition is met,
the entire observable Universe originates from a single causal region prior to the initiation of
inflation.

2.4.2 Flatness problem solution

Consider the curvature density
ΩK ≡ −

K
a2H2 = 1 −Ω, (2.45)

in order for ΩK to decrease, there must be an epoch in which 1/aH decreases with time, which
means that we got to have an accelerated expansion

d
dt

(
H−1

a

)
< 0 → ä > 0, (2.46)

as we saw before, if the comoving Hubble length decreases with time, the Universe is driven
toward flatness. Along with the exponential growth of inflation, we get

|Ω − 1| ∝ e−2Ht, (2.47)
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where it is clear that in time |Ω − 1| tends to 0 exponentially. This enables a Universe that is
exceedingly flat. In fact, if we make the assumption of H ≃ 1 during inflation, we have

|ΩK(aend)| = |ΩK(ai)|e−2N , (2.48)

and additionally, with N ≳ 70 and a curvature of the order of unity at the Planck scale, this
conducts the flatness problem to solve itself naturally.

2.5 Physics of inflation

2.5.1 Scalar fields

The most basic model that can lead to a period of inflation involves a sole scalar field called ϕ,
which is referred to as the inflaton.

The scalar field plus gravity has the following action44 43

S =
∫

d4x
√
−g

[
M2

Pl

2
R +

1
2

gµν∂µϕ∂νϕ − V(ϕ)
]
= S EH + S ϕ, (2.49)

here, Mpl is the reduced Planck mass. Also, the first term corresponds to the Einstein-Hilbert
term present in General Relativity (GR). The second and third terms depict the effect of a scalar
field S ϕ. The potential function, V(ϕ) describes the scalar field’s self-interactions. For us to know
what happens, we need to take a look at the evolution of space-time, so we need the scalar field
stress tensor, given by

T (ϕ)
µν = −

2
√
−g
δS ϕ
δgµν

= ∂µϕ∂νϕ − gµν

(
1
2
∂ρϕ∂

ρϕ + V(ϕ)
)
, (2.50)

and the scalar field’s equation of motion

δS
δϕ
=

1
√
−g
∂µ(
√
−g∂µϕ) + V ′ϕ = 0. (2.51)

Assuming the FRW metric from Eq. 2.1, and for a homogeneous field configuration, we can
obtain the energy density and pressure, as

ρϕ =
1
2
ϕ̇2 + V(ϕ), (2.52)
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pϕ =
1
2
ϕ̇2 − V(ϕ). (2.53)

Consequently, the equation of state is

wϕ =
pϕ
ρϕ
=

1
2 ϕ̇

2 − V(ϕ)
1
2 ϕ̇

2 + V(ϕ)
. (2.54)

Thus, if the potential energy dominates over the kinetic energy, this leads to negative pressure,

ϕ̇2 ≪ V(ϕ) ⇒ wϕ ≃ −1 < −
1
3
, (2.55)

and consequently to an accelerated expansion, as reported by the Supernova Cosmology Project45

and the High-z Supernova Search Team46 back in 1998. Then, equations of motion for the
dynamics of the scalar field are obtained

ϕ̈ + 3Hϕ̇ = −
dV
dϕ
, and H2 =

1
3

[
1
2
ϕ̇2 + V(ϕ)

]
. (2.56)

The equation of motion for this is equivalent to that of a particle moving along its potential and
rolling downwards, where this particle is subjected to friction though the Hϕ̇ term.

2.5.2 Slow-roll inflation

In order for inflation to be highly effective, the potential in the equations (2.56) must greatly
outweigh the kinetic terms. The slow-roll approximation involves disregarding the kinetic terms
and the field’s second-order time derivatives, such that

ϕ̇2 ≪ V(ϕ), Φ̈ ≪ 3Hϕ̇, (2.57)

this means that
ϵ = ϵH = −

Ḣ
H2 ∼

ϕ̇2

V
≪ 1, (2.58)

which is known as a slow-roll parameter, and it is related to the evolution of the Hubble parameter.
In order to have sustained accelerated expansion, ϕ̈ has to be very small, so that

|ϕ̈| ≪ |3Hϕ̇|, |V ′(ϕ)|, (2.59)



CHAPTER 2. METHODOLOGY 25

and this requires the second slow-roll parameter to be small

η = −
ϕ̈

Hϕ̇
= ϵ −

1
2

dϵ
dN
, (2.60)

where |η| < 1 ensures a small change of ϵ per e-fold.
Another way to express the slow-roll parameters is related to the potential, as follows

ϵV =
M2

Pl

2

(
V ′

V

)2

, (2.61)

and

ηV = M2
Pl

(
V ′′

V

)
. (2.62)

In the slow-roll regime.

ϵV ≪ 1, and |η| ≪ 1, (2.63)

and the background evolution can be expressed as

H2 ≃
V(ϕ)
3MPl

, (2.64)

3Hϕ̇ ≃ −V ′(ϕ). (2.65)

The number of e-foldings N is commonly used to measure the amount of inflation that has
occurred, and it is expressed as:

N(t) = ln
[
a(tend)

a(t)

]
, (2.66)

where tend is the time at the end of inflation. Also, this can be written in terms of the potential in
the following way

N =
∫ tend

t
Hdt ≃

1
MPl

∫ ϕ

ϕend

V
V ′

dϕ, (2.67)

and in terms of the scalar potential
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N =
∫ ϕ

ϕend

dϕ
√

2ϵ
≈

∫ ϕ

ϕend

dϕ
√

2ϵV
, (2.68)

where the values of ϕend are determined by the condition ϵ(ϕend) = 1 if inflation ends due to
violation of the slow-roll condition16. Additionally, the number of e-folds of inflation required to
resolve the flatness and horizon problem is approximately 60.

2.6 Power Spectrum of Natural Inflation Model

2.6.1 The power spectrum in terms of tensor and scalar spectral index

The power spectrum is an important instrument for describing the attributes of the fluctuations of
the inflationary field. The spectra of scalar and tensor perturbations that originated in the early
Universe are expressed in terms of a pivot scale of k47 30 (the wavenumber (scale) at which the
amplitude, A, is measured), denoted by k∗. These spectra are defined by

PR(k) = As

(
k
k∗

)ns−1+ 1
2

dns
dlnk ln

(
k

k∗

)
+ 1

6
d2ns
dlnk2

(
ln

(
k

k∗

))2
+...

, (2.69)

Pt(k) = At

(
k
k∗

)nt+
1
2

dnt
dlnk ln

(
k

k∗

)
+...

, (2.70)

where As and At are the scalar and tensor amplitude, respectively. ns, nt, dns/dlnk, dnt/dlnk, and
d2ns/dlnk2 are the scalar and tensor spectral indices, and the running of the scalar and tensor
spectral indices, respectively. Additionally, with the 2 spectral indices defined, the tensor-to-scalar
ratio can be expressed as47

r =
Pt(k∗)
PR(k∗)

. (2.71)

For the slow-roll regime, Eq. 2.69 and Eq. 2.6.1 can be expressed, for the single field model48,
as

PR(k) ≃
2

3πM6
Pl

V3

V ′2
, (2.72)
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and

Pt(k) ≃
16V

3πM4
Pl

, (2.73)

under the consideration of the power spectra up to the lowest powers of the slow-roll parameters48.
On the other hand, by using the relation

d
dlnk

≃ −M2
Pl

V ′

V
d

dϕ
, (2.74)

we can obtain the scalar and tensor spectral indices and their corresponding running terms in
terms of the slow-roll parameters up to the first-order in the slow-roll parameters, ϵV and ηV , as

ns(k) ≃ 1 − 6ϵV + 2ηV , (2.75)
dns

dlnk
≃ 16ηVϵV − 24ϵ2V − 2ξ2

V , (2.76)

d2ns(k)
dlnk2 ≃ 192ϵ3V − 192ϵ2VηV + 32ϵVη2

V + 24ϵVξ2
V − 2ηVξ

2
V − 2ϖ3

V , (2.77)

and

nt(k) ≃ −2ϵV , (2.78)
dnt(k)
dlnk

≃ 4ϵVηV − 8ϵ2V , (2.79)

stands for the scalar and tensor perturbations, respectively, where

ξ2
V = M4

Pl
V ′V ′′′

V2 , and ϖ3
V = M6

Pl
V ′2V ′′′′

V3 . (2.80)

Finally, the tensor-to-scalar ratio in terms of the slow-roll parameters is given by

r =
Pt(k∗)
PR(k∗)

≃ 16ϵV ≃ −8nt. (2.81)
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2.6.2 Power Spectrum for the Natural Inflation Model

Natural inflation is one of the best scenarios to show the inflationary expansion in the early
Universe12. The single field potential is sufficiently flat, and it is guaranteed by a shift symmetry
that is perturbatively exact, where its flatness can only be broken by non-perturbative effects (i.e.
instanton effects, string theory corrections). Inflationary potential presents "wiggles" (caused
when instead of a pure cosine-potential we thus expect a more complicated picture including
higher harmonics as subleading instanton effects7) that change the predictions with respect to the
CMB observations in which in comparison with the power-law model, the scalar power spectrum
principally deviates from it.7

Figure 2.7: Power Spectra of the Natural Inflation model (green line), and for a Modulated Natural
Inflation model (red line), compared to the Planck reconstructed power spectrum7
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The distribution of density perturbations generated during the inflationary period (scalar power
spectrum) describes the amplitude of these perturbations as a function of their wavelength49, and
it is usually represented as a plot of the amplitude logarithm versus the wavelength logarithm.

In natural inflation, the scalar power spectrum is a key quantity that can be used to describe the
model. Specifically, natural inflation predicts a certain shape for the scalar power spectrum, which
differs from other inflationary models as shown in Fig. 2.749, where we compare the pure natural
inflation power spectrum with a slightly different modulated natural inflation model (modulated
potential by instantons), which gives rise to a different behavior for the power spectrum. Thus,
showing that the exponential expansion in the early stages of inflation depends on the model of
inflation used.

Figure 2.8: Tensor-to-scalar ratio vs spectral index (r vs ns), assuming N∗ = 50 − 60. Natural
potential band and the most recent Planck results7.

Another quantity useful to characterize the inflation of the Universe is the tensor-to-scalar
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ratio r. This provides important information about the physics of the inflationary epoch and the
nature of the gravitational waves produced during this epoch7.

For Natural Inflation, this quantity is given by11

r =
8
N

sin2
(

Nϕ
f

)
, (2.82)

where ϕ is the inflaton field, f is the symmetry breaking scale, and N is the number of e-folds of
inflation. Fig. 2.8 shows the behavior of the tensor-to-scalar ratio for the natural inflation model,
which is in good agreement with the results from the Planck data at 95% confidence level7.



Chapter 3

Results & Discussion

3.1 Natural Inflation

3.1.1 Natural Inflation Potential

The paradigm that the early Universe underwent a phase of single-field slow-roll inflation is
increasingly supported by accurate measurements of the CMB radiation50. In this case, Natural
inflation was first proposed by Freese, Frieman, and Olinto12 in 1990 in order to solve the so-called
fine-tuning problem of inflationary models. Specifically, the inflaton potential V(ϕ) must possess
enough flatness to produce the necessary inflation and ensure the appropriate normalization for
the anisotropies found by observations in the cosmic microwave background. Natural inflation
uses a symmetry-breaking mechanism to generate a periodic potential with numerous hills and
valleys, thereby enabling sufficient inflation to occur. The resulting inflaton potential generates
a distinct signature in the cosmic microwave background radiation, which can be observed and
analyzed by scientists.

The potential used to provide such information has the form

V(ϕ) = M4
[
1 + cos

(
ϕ

f

)]
, (3.1)

here, M represents the mass that is obtained from the CMB normalization17, Eq. (3.9), and
f is obtained from the observational results14, and its value is f = 5.5 (dimensionless). Vϕ is

31
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Figure 3.1: Natural Inflation potential V (Eq. 3.1) as a function of the scalar field ϕ. All variables
are expressed in Planck units.

also called inflaton potential, which makes use of the Pseudo Nambu-Goldston boson particle
where its flatness is ensured thanks to shifting symmetries51. This model has been successful in
describing the features of CMB radiation such as the amplitude and the spectral index of density
fluctuations.

In Fig. 3.1 it is easy to see that inflation at the very beginning depends only on the potential
energy which slowly decreases as inflation proceeds in time, showing the shape of a hill.

3.1.2 Inflaton Field ϕ

In natural inflation, the sinusoidal shape of the potential is similar to the potential of a simple
harmonic oscillator, where the inflaton scalar field slowly rolls down the potential energy hill
towards the minimum of the potential which is located at the end of the inflation. This is the
field that drives the amount of inflation and the direction in which the expansion proceeds. In
particular, for natural inflation, the slow rolling of the inflaton field is achieved by fine-tuning the
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Figure 3.2: Behavior of the scalar field ϕ as a function of time in the slow-roll regime obtained
in Eq. (3.12). Variables are expressed in Planck units.

slope of the sinusoidal potential.
The inflaton scalar field ϕ is obtained from the equations of motion, Eq. (2.64) and Eq. (2.65),

stated in Chapter 2, where its behavior depends on the model of inflation used. As a result, for the
slow-roll approximation, the prediction of the behavior obtained for the scalar field is the almost
same as for the general regime solving the complete Friedmann equations, with some differences
at the end of the inflation.

In the slow-roll regime, the behavior of the inflaton scalar field at the end of the inflation
presents inconsistencies because it does not take into account the complete solution of the
Friedmann equations, it neglects the kinetic term which in the complete Friedmann equations
give rise to oscillations at the end of the inflation. This causes a problem when trying to describe
properly the last e-folds of the natural inflation model, leading the model to be ineffective when
trying to analyze the end of inflation.
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3.1.3 Scale factor of inflation a(t) in the slow-roll regime

As seen before, the scale factor is intimately related to the Hubble parameter, which controls
the rate at which the Universe expands16. For natural inflation, the Hubble parameter is almost
constant, which means that the scale factor increases exponentially with time as a ∝ eHt, as shown
in Fig. 3.3.

Figure 3.3: Exponential behavior of the scale factor a(t) obtained in Eq. (3.14) as a function of
time. Variables are expressed in Planck units.

This exponential growth is responsible for solving some of the problems presented in the
Standard Big Bang Theory, principally the horizon problem.

Furthermore, the scale factor also establishes a significant relation with the spectral index ns,
described by Eq. (2.75), and the tensor-to-scalar ratio described by Eq. 2.81, which describes the
dependence of the power spectrum on the scale factor. As the scale factor increases exponentially
with time during inflation, quantum fluctuations scale to cosmological proportions. These fluctu-
ations give rise to density perturbations which affect the value of r, where particularly for natural
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inflation is ≪ 1, which is in agreement with the results obtained by Planck at 95% confidence
level7.

3.1.4 Power Spectrum of Natural Inflation in the Slow-roll Regime

In the slow roll regime, for this model of Natural Inflation, the order of the power spectrum
is of 10−9, where it coincides with the results obtained with Planck satellite at 2σ confidence
level7. Moreover, this is also shown in Fig. 2.7 where the pure natural inflation model (solved
with the complete Friedmann equation) compared to the slow-roll approximation differs by a few
units, PS ∼ 3.5 × 10−9 for the Planck Collaboration results and PS ∼ 2.0 × 10−9 for the slow-roll
approximation results reported in this work, but it shows the same behavior and the same shape,
meaning that our approximation matches the real almost perfectly the real results.

Figure 3.4: Log plot of the Power Spectrum PS for the Natural Potential V(ϕ), in the slow-roll
regime

The Planck data14 30 (Fig. 2.7) shows that the amplitude of the scalar power spectrum is
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consistent with the predictions of the Natural Inflation Model, with an energy scale of inflation
of Λ = (7.8 ± +6935780.5) × 1015 GeV14 52. These results differ from other models like the
chaotic inflationary model, Large Field, etc, which give values completely different from those
for Natural Inflation. Moreover, the shape of the power spectrum changes significantly with a
small perturbation to the model as shown in Fig. 2.7.

3.2 Slow-Roll Analysis

By using the natural potential (Eq. 3.1), and the equations of slow-roll parameters (Eq. (2.61)
and Eq. (2.62)) the solution for the slow-roll parameters are given by

ϵ =
1

2 f 2

sin2
(
ϕ

f

)
(
1 + cos

(
ϕ

f

))2 , (3.2)

and

η = −
1
f 2 −

cos
(
ϕ

f

)
1 + cos

(
ϕ

f

) , (3.3)

where we have used for this calculations MPl = 1. These are all increasing functions that depends
on the field, ϕ. Thus, it is easy to see that they evolve increasingly during inflation. By the fact
that at the end of inflation ϵ = 1

ϵ =
1

2 f

sin2
(
ϕ

f

)
(1 + cos

(
ϕ

f

)
)2
= 1, (3.4)

then, we can get the expression for ϕ at the end of the inflation as

ϕend = f arccos
(
1 − 2 f 2

1 + 2 f 2

)
. (3.5)

Now, we can easily compute the number of e-foldings which has the following form

N = f 2 ln

1 − cos
(
ϕend

f

)
1 − cos

(
ϕ

f

)  . (3.6)
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In order to calculate the scalar potential of the natural inflation, by observational evidence, it
is suggested that the number of e-foldings N at the end of inflation has to be N ∼ 50 − 60. Thus
now, we compute the equations of motion, Eq. (2.64) and Eq. (2.65), in the slow-roll regime as
follows

H2 =
M4

3

[
1 + cos

(
ϕ

f

)]
, (3.7)

H =
M2

√
3

[
1 + cos

(
ϕ

f

)]1/2

, (3.8)

where M is obtained from CMB normalization17 as

M4 =
12Psπ

2 sin2(ϕ/ f )
f 2[1 + cos(ϕ/ f )]3 (3.9)

and

3Hϕ̇ =
M4

f
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(
ϕ

f

)
, (3.10)

then, by replacing Eq. (3.8) into Eq. (3.12), we get
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[
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(
ϕ

f
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M4

f
sin

(
ϕ

f

)
, (3.11)

and finally, solving for ϕ, we get the following result in the slow-roll approximation

ϕ = f arccos

2 tanh
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Then, by the definition of H = ȧ/a, Eq. (3.8) transforms into

ȧ
a
=

M2

√
3

[
1 + cos

(
ϕ

f

)]1/2

, (3.13)

so, using the solution for ϕ found in Eq. (3.12), we obtain the solution for the scale factor
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a = exp
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(3.14)

Finally, we can calculate the power spectrum with the slow-roll approximation by using
Eq. (2.72). Furthermore, the result shows that the approximated value of the power spectrum
calculated with the slow-roll approximation matches almost exactly the real value as presented in
Fig. 3.4 and Fig. 2.7 (green line).



Chapter 4

Conclusions & Outlook

In this Thesis, we have reproduced the Power Spectrum for the Natural Inflation model (NI) into
the slow-roll approximation. We have shown that the slow-roll approximation is a powerful tool
that helps to study the behavior of a model in a more simple way. Specifically for the Natural
Inflation model, the slow-roll approximation makes an almost perfect match with the predictions
of the pure Natural Inflation model solved with the complete Friedmann equations.

The results obtained from the scalar power spectrum shown in Fig. (3.4) and in Fig. (2.7)
are similar, meaning that the solutions obtained from the slow-roll approximation match almost
perfectly with the solutions of the complete Friedmann equations. Thus, showing just a variation
of a few units in the same order, PS ∼ 3.51 × 10−9 for Planck Collaboration results and PS ∼

2.0 × 10−9 for slow-roll approximation, at 2σ confidence level, with an energy scale of inflation
of Λ = (7.8 ± +6935780.5) × 1015 GeV14 52. Additionally, the behavior of the scale parameter
a(t) shown in Fig. (3.3), explains that inflation must be accelerated given that the scale parameter
increases exponentially with time as a(t) ∝ eHt.

The Natural Potential describes and makes appropriate predictions of the inflation model, and
it explains how the Universe began, more specifically, the accelerated expansion of the Universe.
This type of potential presents enough flatness by which it produces the necessary amount of
inflation, so that it is possible to explain the homogeneity, and ensures the proper normalization
for the anisotropies observed in the CMB.

We used Python in order to get a numerical solution for the inflaton scalar field (ϕ), the scale
parameter (a(t)), and the power spectrum (Ps). Then, with the data obtained, we performed the
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calculations and obtained the graphics for the observable Ps, the scale parameter a(t), and also
for the inflaton scalar field ϕ and the inflaton potential V(ϕ).

Further studies can be developed in order to have a better approach to the model, or in order
to see the behavior of the observables when they are subjected to perturbations.
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