UNIVERSIDAD

YACHAY
TECH

UnN1vERSIDAD DE InvEsTIGACION DE TECNOLOGIA
ExXPERIMENTAL YACHAY

Escuela de Ciencias Matematicas y Computacionales

Homotopy Theory for Finite Categories

Trabajo de integracién curricular presentado como requisito

para la obtencién del titulo de Matematico

AUTOR
Kevin Christian Chavez Cadena

TuTor

Pablo Sebastidan Rosero Pozo

Urcuqui, abril de 2025



Autoria

Yo, Kevin Christian Chdvez Cadena, con cédula de identidad 1005215361, declaro que las
ideas, juicios, valoraciones, interpretaciones, consultas bibliogréficas, definiciones y con-
ceptualizaciones expuestas en el presente trabajo, asi como los procedimientos y herramien-
tas utilizadas en la investigacién, son de absoluta responsabilidad del autor del trabajo de
integracién curricular. Asimismo, me acojo a los reglamentos internos de la Universidad
de Investigacién de Tecnologia Experimental Yachay.

Urcuqui, abril de 2025.

Firmado el ectronic

KEVI'N CHRI STI AN
CHAVEZ CADENA

Kevin Christian Chavez Cadena
CI: 1005215361



Autorizacién de Publicacién

Yo, Kevin Christian Chdvez Cadena, con cédula de identidad 1005215361, cedo a la
Universidad de Investigacién de Tecnologia Experimental Yachay, los derechos de pub-
licacién de la presente obra, sin que deba haber un reconocimiento econémico por este
concepto. Declaro ademds que el texto del presente trabajo de titulacién no podrd ser
cedido a ninguna empresa editorial para su publicacién u otros fines, sin contar previa-
mente con la autorizacién escrita de la Universidad. Asimismo, autorizo a la Universidad
que realice la digitalizacién y publicacién de este trabajo de integracién curricular en el
repositorio virtual, de conformidad a lo dispuesto en el Art. 144 de la Ley Orgénica de

Educacién

Urcuqui, abril de 2025.

Firmado el ectr6ni camente por
KEVI'N CHRI STI AN
CHAVEZ CADENA

Kevin Christian Chavez Cadena
CI: 1005215361



Para Pablo



Agradecimientos

Primero, me gustaria expresar mi mds profunda gratitud a Pablo Rosero,
mi tutor, por proponerme este proyecto, por sus valiosos consejos, por su
confianza, y por la libertad con la que me permitié desarrollar este trabajo.
Pablo, gracias por tu amistad y por moldear mi futuro como matematico.
Soy muy afortunado de haber trabajado con el mejor matemitico de Yachay
Tech.

Segundo, agradezco de todo corazén a mis abnegados padres y a mis
hermanas. Gracias papd y mama por brindarme la oportunidad de con-
vertirme en profesional, por sus palabras de aliento y por ser la fuente
de inspiracién que ha guiado mi vida. Mamd, gracias por estar siempre
disponible para escucharme cuando sentia que todo se venia abajo. Gracias
familia por su paciencia y tolerancia a lo largo de todos estos afios.

Tercero, quiero expresar el profundo carifio que tengo por todos mis
amigos en Yachay Tech. Gracias por mostrarme el mundo fuera de las aulas
y los libros, y por ser la fuente de la tan necesaria distraccién. Mis dos mds
grandes amigos y confidentes, Fausto y Araceli, ocupan un lugar especial en
mi corazén, junto con Karen, quien nos unié en amistad. Quisiera agrade-
cer a mis compafieros de departamento, Isaac y Daniel, por su compaiiia.
En cada uno de ustedes vi una figura del hermano que nunca tuve. De
Isaac destaco su solidaridad, amabilidad y empatia, y con Daniel comparto
la apreciacién por los elementos que acompaian la vida, como el paisaje, el
atardecer, y la musica. Las conversaciones hasta altas horas de la madru-
gada son marca distintiva de nuestra amistad. Extiendo mi gratitud al Club
de Matemiticas YT por permitirme ser su lider durante el dltimo afio, a
los muchachos de las barras, quienes son un ejemplo de disciplina, y, por
su puesto a May, Gaby, y Walter, mis compafieros de aula, sin quienes la
carrera no hubiese sido divertida.

Finalmente, me gustaria agradecer a todos mis profesores que instruyen
con destreza y sabiduria, y con quienes estoy en deuda intelectual. Un gra-
cias especial para Wilman Brito y Bladismir Ruiz. A Wilman, por su pa-
ciencia en nuestras discusiones y por ensefiarme con dedicacién y esmero.
A Bladismir, por mostrarme su lado humano y por sus palabras de apoyo y
aliento cuando mds lo necesitaba. A mi profesora Consuelo Pupiales, gra-
cias por haber sembrado en mi el amor por las matematicas y por haberme
inspirado a estudiarlas. Y, por dltimo, a pesar de que no los conoci en per-
sona, quiero agradecer brevemente a todos los autores de los libros con los
que pasé la mayor parte del tiempo de mi carrera. A todos ustedes, muchas
gracias maestros.

Christian Chdvez
abril de 2025


https://youtu.be/17PqoC-ImfM
https://youtu.be/SOaDmn5Rfzs
https://youtu.be/7ea3Cb4CKlg
https://youtu.be/wd91WStJQxA
https://youtu.be/rP54yTn21rA
https://youtu.be/TazHNpt6OTo
https://christian-chavez.github.io/assets/media/pablo.jpg
https://christian-chavez.github.io/assets/media/yachay.jpg
https://christian-chavez.github.io/assets/media/fausto-ara.jpg
https://christian-chavez.github.io/assets/media/ara.jpg
https://christian-chavez.github.io/assets/media/amistad.jpg
https://christian-chavez.github.io/assets/media/isaac.jpg
https://christian-chavez.github.io/assets/media/daniel.jpeg
https://youtu.be/ZDUfC4pAEYQ
https://christian-chavez.github.io/assets/media/mathclub.jpg
https://christian-chavez.github.io/assets/media/barras.jpg
https://christian-chavez.github.io/assets/media/math-team.jpg
https://christian-chavez.github.io/assets/media/chamo.jpg
https://christian-chavez.github.io/assets/media/letras.jpg

Resumen

Reformulamos la teoria de homotopia introducida por Rosero en el con-
texto de categorias finitas. Esta teoria tiene como objetivo asociar un grupo
auna categoria finita por medio de un funtor Catgin,. — Grp de tal manera
que exhiba la mayoria de las propiedades de 7 : Top, — Grp, el funtor
inducido por el grupo fundamental de un espacio topoldgico. A pesar de
que esto se puede lograr usando el espacio clasificador de una categoria
pequena, tal método es inherentemente topolégico. En contraste, nuestra
teoria se desarrolla netamente en un contexto algebraico. Ademids de esto,
hemos replanteado los fundamentos de la versién original de la teoria para
mayor claridad y rigurosidad. Especificamente, presentamos notacién con-
sistente, resultados revisados, demostraciones originales, y generalizamos
algunos de los resultados mds importantes de la teoria. También presenta-
mos resultados nuevos que aportan a la teoria una estructura mds sélida. Fi-
nalmente, demostramos que nuestra teoria produce resultados consistentes
en cuanto a la realizacién geométrica de las categorias S! y T2, cuyos grupos

fundamentales categéricos son isomorfos a Z y Z2, respectivamente.

Palabras clave: grupo fundamental, teoria de categorias, categorias finitas,

realizacién geométrica, nervio de una categoria, espacio clasificador.
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Abstract

We develop a reformulation of the theory of homotopy originally intro-
duced by Rosero within the context of finite categories. This theory aims to
associate a group to every finite category by means of a functor Catgin. —
Grp in such a way that it has many of the properties of 71, : Top, — Grp,
the functor induced by the fundamental group of a topological space. Even
though this can be achieved using the classifying space of a small category,
such approach is inherently topological. In contrast, our theory develops
a theoretical framework from scratch based on a purely algebraic setting.
Furthermore, we have reformulated the foundations of the original version
of the theory for improved clarity and rigor. Specifically, we present coher-
ent notation, revised results, novel proofs, and the generalization of some
of the principal results of the theory. In addition, we also prove new results
that make the overall organization more robust. Finally, we demonstrate
that this theory gives consistent results regarding the geometric realization
of the nerve of a small category, for the particular cases of the categories
S! and T2, whose categorical fundamental groups are isomorphic to Z and

72, respectively.

Keywords: fundamental group, category theory, finite categories, geomet-

ric realization, nerve of a category, classifying space.
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Chapter 1

Preliminaries

'The purpose of this chapter is to present elementary concepts and fix the no-
tation and terminology used throughout our work. It consists of two main
parts: basic group theory and basic general topology. Most proofs have
been omitted because they are standard and can be found in any introduc-

tory algebra or topology textbook. Some references consulted include [8,
3,33, 23, 18].

1.1. Elements of Group Theory

A binary operation on a set X is a function from X x X to X. A set together
with a binary operation is called magma. 1f (X,-) is a magma, and - is
associative, that is x - (y-z) = (x-y) - z for every x,y,z € X, then (X, -)
is a semigroup. If, in addition, there exists an element e € X such that
x-e =e-x = xforall x € X, then (X,-) is a monoid. A group is a
monoid where every element has an inverse. To elaborate further, we have

the following definition.

Definition 1.1  Group

A group is a pair (G, -) where G is a set and - is a binary operation on G
such that

(i) - is associative,
(ii) thereise € Gsuch thatforallge G, g-e=¢-g=g,and
(iii) for every g € G thereis g’ € Gsuchthatg-¢' =g¢'-g=e.

Remark 1.2. We usually refer to the group (G, -) with the name of the underlying
set only, so we might write #be group G to mean that G has a group structure when

endowed with a binary operation, usually understood from the context.

The symbol for the operation is usually omitted, and juxtaposition is
used instead: we write ab for a - b. 'The element e is called the identity
of G and sometimes it is denoted 1. Note that if there is ¢’ such that

1



1 The trivial subgroup may be denoted with
the symbol 0 or 1, depending on whether the
ambient group is abelian or not, respectively.
However, this convention is not always strictly

followed.
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99’ = ¢'g = e, then ¢’ is unique: if there were another g € G such that
¢3¢ = ¢"g =e, then

g =8'e=g'(38") = (§'8)8" =eg" =¢".

Therefore, the element g’ is denoted by ¢~! and is called the inverse of g.

If, in addition to the conditions of Definition 1.1, the group operation
verifies gh = hg for all g, h € G, we say that G is an abelian group. In this
case, the symbol + is used instead of - to denote the group operation, and
the identity element is denoted by 0.

Let g be an element of a group. The product of g with itself n times
is denoted ¢". The product of g~! with itself n times is denoted ¢~". We
define ¢¥ = 1. If the group is abelian, we write ng instead of ¢" and —ng
instead of g~ ". In this case, we also write 0g = 0.

A group is finite if the underlying set is a finite set; otherwise it is called
infinite group. The order of a group is defined to be the cardinality of the
underlying set. We denote the order of a group G by |G|. We write |G| < oo
if G is finite and |G| = oo otherwise.

Subgroups

‘ Definition 1.3 Subgroup ‘

Let (G, -) be a group. A subgroup of G is a pair (H, %) where H is a
subset of G and x is the restriction of - to H.

Let e be the identity of G. It is clear that G and {e} are two subgroups
of G. The latter is called the #rivial subgroup of G.! We say H is nontrivial
it H # {e}. We say H is a proper subgroup of Gif H C G and H # G.
Otherwise, we say H is improper. We write

H<G

to mean H is a subgroup of G, and H < G to mean that H is a proper
subgroup of G.

Let H be a subset of G. Subgroups are characterized by the following
property: H < G if and only if both H # @ and ab™! € H foralla,b € H.

The intersection of two subgroups is again a subgroup, and in general,
if (H)) e is a nonempty family of subgroups of G, then (o H) isalso a
subgroup of G. In contrast, the union of a collection of subgroups may not
be a subgroup. However, if (H) ) e is a nonempty family of subgroups of
G such that either Hy C H), or Hy, € H) forall A, A’ € A, then Uyea Ha
is in fact a subgroup of G. On the other hand, if H and K are subgroups of
G, and if we let

HK = {hk |h € H,k € K},

then HK < G if and only if HK = KH.

2



r.1. ELEMENTS OF GROUP THEORY

Direct Products and Direct Sums of Groups

Let (G)) yep be anonempty family of groups. The direct product of (G,) oo
is the group whose underlying set is the cartesian product

[1Gx

AEA

endowed with the componentwise multiplication

(81)ren - (8 )rea = (81 &\ )ren-

If Ais finite, say A = {1,...,n}, then we write G; X - - - X Gy, for[T e Ga.
The direct product is commutative and associative up to isomorphism.

If (Gp) ) is a family of abelian groups, we define its direct sum to be
the subgroup of [T)c Gy that consist of those elements (g ) yea for which
the set {g) | g1 # 0} is finite, or equivalently, such that gy = 0 for all but
finitely many A € A. The direct sum of (G, ), is denoted @) Gy The
direct sum of a finite family of abelian groups is denoted G; & - - - & G,,. If
(Ga)aep is finite, the direct product and the direct sum are exactly the same

group.

Homomorphisms of Groups

Definition 1.4 Group-homomorphism

Let G and H be groups. A map : G — H is a homomorphism of groups
from G to H if

p(ab) = p(a)y(b)

for every a,b € G.

We refer to ¢ as a group-homomorphism for brevity, or simply as a /o-
momorphism, when there are no other algebraic structures involved, such
as rings, modules, or algebras. In those cases, we use the terms ring-
homomorphism, module-homomorphism, or algebra-homomorphism, re-
spectively.

Let G and H be groups and ¢: G — H a homomorphism. The kernel
of is

Kerp={aecG|ya) =1}

where 1 denotes the identity element of H. The image of ¢ is Im ¢ = ¢(G).
Both the kernel and image of a homomorphism are subgroups of its domain
and codomain, respectively; that is, Ker iy < G and Im ¢ < H. Moreover,
1 is injective if and only if Ker ¢ = 1, where 1 denotes the trivial subgroup
of G. For any subgroup K < G, its image 1(K) is a subgroup of H. On the
other hand, is it a basic result that (1) = 1 and ¥(g") = (¢(g))" for any
g€ Gandanyn € Z.
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An isomorphism is a bijective homomorphism. Equivalently, ¢: G —
H is an isomorphism if and only if there exists another homomorphism
¢’ H — G such that

l)[JOlP/:IdH and l/)/OIIJIIdG.

where Idy and Idg denote the identity maps on H and G, respectively. If
there exists a isomorphism from G to H, we write G = H and say that G
and H are isomorphic. In fact, = is an equivalence relation in the class of all
groups. An endomorphism of G is a homomorphism from G to itself. An

automorphism is a bijective endomorphism.

Factor Groups

Let (G, -) be a group and H < G. Fix g € G. 'The Jeft coser of H by g is
gH={gh|hecH}.

'The right coset of H by g is
Hg={hg|he H}.

'The conjugacy class of H by g is

gHg ' = {ghgil | h e H}

Proposition 1.5
Let H be a subgroup of a group G and g an element of G. The following
statements are equivalent.
(i) Foreveryg e G, Hg = gH.
(ii) Foreveryg € G, gHg ' = H.
(iii) Foreveryg € G, gHg ! C H.

(iv) There exists a homomorphism with domain G whose kernel is H.

A normal subgroup H of G is a subgroup of G such that gHg ™! = H for
every g € G, i.e., H is invariant under all conjugations. By the proposition
just presented, a normal subgroup is a subgroup that satisfies any of the
conditions listed in Proposition 1.5. The notation H < G is used to indicate
that H is a normal subgroup of G. A fact of fundamental importance is that
the kernel of any homomorphism is normal. Clearly, every subgroup of an
abelian group is normal.

Let N < G. The set

G/N={gN|geG}
is a group when endowed with the operation defined by

(gN)(¢'N) = (g¢')N
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where g,¢" € G. The fact that N is normal is equivalent to the fact that this
operation is well-defined. The group G/ N is called the quotient group of G
by N, sometimes also called factor group. The map m: G — G/N : g — gN
is a surjective homomorphism called canonical projection. It G and H are

abelian groups, the cokernel of a homomorphism ¢: G — H is defined as

Cokeryp = H/ Im .

Theorem 1.6 Fundamental Theorem of Group Homomorphisms

Let ¢: G — H be a group-homomorphism. If N is a normal subgroup
of G contained in the kernel of ¢, then there exists a unique homomor-
phism ¢: G/N — H such that ¢ = ¢ o 7.

Proof. Define
P: G/N — H : aN +— (a).

Note that § is well-defined because if aN = bN, then ab~! € N < ker ¢,
whence ¢(ab~!) = 1 and thus ¢(a) = ¥(b). Moreover

$((aN)(bN)) = p(abN) = p(ab) = p(a)p(b) = P(aN)p(bN).
By construction, we have ¢ = ¢ o 7. O

'The conclusion of the previous result can be restated by saying that there
exists a unique homomorphism : G/N — H that makes the following

diagram commute.

GLH

G/N

Remark 1.7. A diagram consists of a collection of objects and arrows between those
objects. A diagram is said to commute if, for any pair of objects, all paths obtained
by following the arrows between them are equal.? For instance, in the diagram
above, the objects are G, G/N, and H and the arrows are ¢, 7, and ¥. That this

diagram commutes means ¢ = ) o 7.

Let K and N be subgroups of a group G with N < G. Then
(1) NNK<K,
(i) NK = KN, and
(iii) if K is normal in G and KN N = {e}, then nk = kn for all k € K and
n € N.

With these facts at hand, we can now present four fundamental results that
are consequences of Theorem 1.6, called, in order of presentation, the first,

second, third, and fourth isomorphism-theorems.

2 Commutative diagrams are ubiquitous to
category theory, as we will see in Chapter 3.
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Corollary 1.8  Isomorphism theorems of groups

(i) For any homomorphism of groups ¢: G — H,
G/Kery = Imp.

(ii) If K,N < G and N < G, then

NK K
N ~ NNK’

(iii) If H,K < G and K < H, then

G/K _ G

(iv) Let N < G. 'There is a one-to-one correspondence between sub-
groups of G that contain N and subgroups of G/N. In particular,
every subgroup of G/N is of the form A/N with N < A < G.
Furthermore, for all A, B < G that contain N, it holds

(a) A<Bifandonlyif A/N < B/N, and
(b) A<Gifand onlyif A/N <G/N.

1.2. Elements of General Topology

We denote the power set of a set X by P(X).

Definition 1.9 Tvpological space

Let X be a set. A zopology T on X is a subset of P(X) such that
(i) both @ and X belong to T,

(i) if (X)) e is a family of elements of 7, then U X, € T, and
AEA

(iii) if (X1),en is a finite family of elements of 7, then N X, € T.
AeA

The pair (X, T') is called zgpological space.

Let (X, T) be a topological space. We say that X is a topological space
when the topology 7 is understood from the context. We say that U is an
open subset of X if and only if U € 7. A subset C of X is closed if X'\ C is
an open subset of X.

Let A C X. 'The interior of A, denoted A° or Inty A, is the union of all
open subsets of X contained in A. The closure of A, denoted A or ClxA, is
the intersection of all closed subsets of X that contain A. Moreover, (i) A
is open if and only if A = A°, (ii) A is closed if and only if A = A, and (iii)
A is everywhere dense if and only if A=X Aset NC Xisa neighborhood
of a point x € X if there exists an open subset U of X such that x € U C N.
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A subspace of (X, T ) is a pair (Y, Ty) where Y C X and
Ty={YNO|OeT}.

The collection Ty is called the subspace (or relative) topology on Y. A subset
of a topological space is always assumed to be endowed with the subspace

topology unless otherwise stated.

Definition 1.10  Basis

Let T be a topology on X. A subset B of T is a basis for T if for every
O € T there exists B’ C B such that

o= J B

Bep’

Example 1.11. The set of open intervals of R is a basis for the so called
usual topology of the real numbers. Thus R is a topological space, whose
open sets are arbitrary unions of open intervals. A remarkable subspace of
R that we will be using a lot is the unit interval I = [0,1].

The elements of a basis are called basic gpen sets. We can define a topol-

ogy on a set by specifying a collection of distinguished open sets.

Proposition 1.12

Let B be a collection of subsets of a set X. Then B is a basis for some
topology on X if and only if
(i) X =Ugpep B, and
(ii) for any B,B’ € B and x € BN B/, there exists B” € B such that
x € B"CBNPB.

In this case, there exists a unique topology on X for which B is a basis,

called the zopology generated by B.

Let x be a point of a topological space X. A collection By of neigh-
borhoods of x is a neighborhood basis for X at x if any neighborhood of x
contains an element of By. If there exists a countable neighborhood basis
at every point of X, we say X is first countable. A topological space is said
to be second countable if it admits a countable basis for its topology, and
separable if it contains a countable dense subset.

On the other hand, a cover of X is a family (Uy),ea of subsets of X
such that

U =X
AEA

The cover is said to be open (closed) if each U}, is open (closed). If A’ C A'is
finite and e Uy = X, we say (U ) e is a finite subcover of (Up) e -

7



Example 1.15. The circle is the set

St ={(x,y) € R* | x>+ y* = 1} considered as
a subspace of R%. A #not is an embedding

St — R3. Two embeddings ¢, ': X — Y are
equivalent if there exist homeomorphisms

¢x: X — X and ¢y: Y — Y such that

Yo px = ¢y oy'. For instance, the knots with

images

\

are equivalent. However, they are not
equivalent to the knot

O
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Definition 1.13

A space is compact if every open cover admits a finite subcover.

Continuity and Homeomorphisms

Definition 1.14  Continuous function

A map f: X — Y between topological spaces X and Y is continuous if
for any open subset O of Y, the set f~1(O) is an open subset of X.

'The image of a space under a continuous map is called continuous image.
Let X and Y be topological spaces and f: X — Y a continuous map. If
there exists a continuous map f’: Y — X such that

fofl=1y and flof=1x

then f is an homeomorphism, and X and Y are said to be homeomorphic. 1f
X and Y are homeomorphic, we write X = Y. Being homeomorphic is an
equivalence relation in the class of all topological spaces. The composition
of homeomorphisms is a homeomorphism. It must be emphasized that a
bijective continuous map is not necessarily a homeomorphism. An injec-
tive continuous map that is a homeomorphism onto its image is called a
topological embedding.

Properties of topological spaces that are preserved under homeomor-
phisms are called topological properties or invariants. For instance, cardinal-
ity, connectedness, separability, countability, and compactness are some
examples of topological properties. Topological properties are useful be-
cause, in order to show that two spaces are not homeomorphic, it is enough
to find a property that the spaces do not share.

'The following result allow us to create a new continuous map given a
family of continuous maps defined on smaller open subsets of a topological
space: continuous maps can be glued together to create another continuous

map.

Theorem 1.16  Gluing lemma

Let X and Y be topological spaces, and let (O)),ca be a finite closed
cover of X. Suppose (fy: Oy — Y),en is a family of continuous maps
such that

fA‘O)\mo/\/ = f)\/ |O/\QOA/

forall A, A" € A. 'Then there exists a unique continuous map f: X — Y
such that f|p, = f) forevery A € A.

'This result, also known as the pasting lemma, remains valid if (O))rea
is assumed to be an arbitrary open cover of X. 'The gluing lemma will

8
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play a crucial role in the next chapter, particularly when we discuss the
concatenation of paths in a topological space.

'The Product Topology

Let (X, Tr) rea be a family of topological spaces. Let X = [Tyea X). The
collection

e

AeA

OpeThforallA € Aand {A € A| O, # X, } isﬁnite}

is a basis for a topology T, called the product topology on X. 'The pair (X, T)
is called a product space. If A is finite, say A = {1,...,n}, we write X; x
-+ - X X, rather than [T ca X).

For each A € A, define the map

pa: X — X, by (xﬂ)yeA — X

We call p) the Ath canonical projection of X onto X,. It is clear that p) is
surjective. Furthermore, it is a standard result that the product topology
is the coarsest topology on X with the property that p, is continuous, for
every A € A.

The cartesian product [Ty X, can be endowed with another topology,
called the box topology, defined as the topology generated by the basis

e

AeA

O;\Eﬂforall/\EA}.

However, the box topology is not suitable for most purposes. The cartesian
product of topological spaces is always endowed with the product topology,
unless explicitly stated otherwise. Nevertheless, when the index set is finite,
both the box and product topology are exactly the same. In any other case,
these topologies are difterent.

Example 1.17. The set R" is a product space when endowed with the topol-
ogy whose basic open sets are products of open intervals of real numbers.
Some special subspaces of R” include the unit open ball, the unit n-disk,
the (n — 1)-sphere and the n-dimensional cube, defined as follows in order

of appearance:
B={(x1,...,xn) €ER" | xf+ - +x2 <1},
D" = {(x1,...,%,) ER" |22 4 -+ 22 <1},
Sl = {(xy,...,x0) ER" | X3+ +x2 =1},
I"=A{(x1,...,xy) e R"|0<x; <1, 1<i<n}.

In particular, we call D? the unit disk and S! the unit circle, and they will be
assumed to be endowed with the subspace topology of R2



CHAPTER 1. PRELIMINARIES

A product space and its projections are characterized, up to unique iso-
morphism, by the following universal property.

Theorem 1.18 Universal property of the product topology

Consider a product space [Tycx Xy. For any topological space Y and
any family (5 : Y — X)), of continuous maps, there exists exactly
one continuous map ¥: Y — [Tyea X, such that the diagram

[Then Xa
0 Pa

Y — X,
Pa

commutes for every A € A.

Quotient Topology

Definition 1.19  Quotient topology

Let (X, T') be a topological space and ~ an equivalence relation on the
underlying set X. Let 71: X — X/~ be the canonical projection. The
collection

Q= {u C X/~ ‘ niU) e T}

is a topology on X /~, called the guotient topology on X /~. The quotient
space of X by ~is (X/~, Q).

Alternatively, we could start with a partition of X and define the quo-
tient topology analogously, using the fact that an equivalence relation in-
duces a partition and vice versa.

A quotient space and its canonical projection are characterized, up to

unique isomorphism, by the following universal property.

Theorem 1.20 Universal property of the quotient topology

Let X/~ be a quotient space. If : X — Y is a continuous map such
that (x) = (") whenever x ~ x’ for all x, x’ € X, then there exists a
unique continuous map §: X/~ — Y such that the diagram

X ——Y

commutes.

10
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'The construction we have seen can be generalized in the following sense:
ifg: X — Y is a surjective map where X is a topological space and Y is any
set, then

{U cYy ‘ g 1(U) is open in X}

is a topology on Y, called the quotient topology on Y induced by 4.

Definition 1.21  Quotient map

Let X and Y be topological spaces. A quotient map from X to Y is a
surjective function q: X — Y such that Y is endowed with the quotient
topology induced by g.

It is straightforward fact that a quotient map is continuous.

Example 1.22 (Quotient spaces). (i) (Circle) We can define the circle as

the set
Slz{zeC ‘ |z|:1}

endowed with the relative topology of C. We have the homeomor-
phism
St=1/[1~0]

where ~ is the equivalence relation on I = [0,1] defined by

x~y < x=yor{x,y} =101}

(ii) (Cylinder) The cylinder is the product space S' x I, and it is homeo-
morphic to the quotient

2/[(0,8) ~ (1,1)]
where we identify points of the unit square that are at the same height.
Points that are not identified remain as singletons in the quotient.
(iii) (Torus) The 2-torus or just zorus, denoted T2, is the product space
S! x S'. We have the homeomorphism

T2 2= 12/1(0,t) ~ (1,t), (£,0) ~ (t,1)].

'The equivalence relation considered here is the one that identifies the
parallel sides of I? and leaves the inner points as singletons. In other
words, the torus can be obtained from the unit square by identifying
the points on the sides that are at the same height or in the same
vertical. The n-dimensional torus T" is just the product space S' x
-+ x S of the circle with itself n times.

(iv) (Mobius strip) The Mabius strip is defined as the quotient space
?/1(0,t) ~ (1,1 —t)].

11
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In this case, we identify the vertical sides of I? but in the opposite
direction.

(v) (Klein bottle) The Klein bottle is the quotient space
?/[(t,0) ~ (t,1), (0,t) ~ (1,1 —¢t)].

The Klein bottle can be obtained by pasting together the (single)
edges of two Mobius bands.

Connectedness

Definition 1.23  Connected space

A topological space is connected if it does not admit a cover into two

nonempty disjoint open subsets.

Equivalently, a space is connected if has only two subsets that are both
open and closed: the empty set and the entire space. A topological space

is disconnected if it is not connected.

Proposition 1.24  Properties of connectedness

(i) The continuous image of a connected space is connected.
(i) The product of a connected space is connected.
(iii) Every quotient space of a connected space is connected.

(iv) Connectedness is a topological property.

Let X be a topological space and A C X. We say A is connected if
A endowed with the subspace topology is connected. More specifically, A
is connected if we cannot find two nonempty open subsets U and V of X
such that
ACUUV and ANUNV =2.

If A is connected, then A is connected. Moreover, if both A C X and
B C X are connected and AN B # &, then A U B is connected.

A connected component of a space X is a maximal connected subset of X,
that is to say, a connected subset that is not properly contained in any other
proper connected subset of X. Equivalently, a connected component is one

of the equivalence classes generated by the equivalence relation defined by
x ~ x' <= there is C C X connected such that x,x’ € C

for every x,x’ € X. Connected components are closed. The number of
connected components is a topological invariant. A topological space is
totally disconnected if all of its connected components are singletons. For

instance, any discrete space is totally disconnected.

12
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Path Connectedness

A path in a topological space X is a continuous map from I = [0,1] to X.
If v is a path in X and ¢ (0) = p and (1) = g, we say that 7 is a path from
ptoq.

Definition 1.25  Path-connected space

A topological space is path-connected if there is a path between any pair
of points of the space.

Proposition 1.26  Properties of path connectedness

(i) The continuous image of a path-connected space is

path-connected.

(ii) The product of finitely many path-connected spaces is

path-connected.

(iii) Every quotient space of a path-connected space is also

path-connected.
(iv) Path connectedness is a topological property.

(v) Path connectedness implies connectedness.

A path-component is a maximal nonempty path-connected subset, or
equivalently, a path-component is one of the equivalence classes generated
by the equivalence relation that identifies pairs of points connected by a
path. Unlike the case of connectedness, path-components are not neces-
sarily closed. As in the case of connectedness, path-components of a space
form a partition. Finally, the number of path-components is a topological
invariant, and any path-component of a space X is contained in a single

connected component of X.

13






Chapter 2

Classical Homotopy Theory

Algebraic topology originated from the attempts to construct algebraic in-
variants of topological spaces. The classical and widely known ones being
the fundamental group and the homology groups. We devote this chapter to
the study of the former: the fundamental group of a pointed space. Alge-
braic invariants are helpful in the classification of topological spaces. For
instance, homeomorphic topological spaces have isomorphic fundamental
groups; the converse is not necessarily true. Thus, we can determine if two
spaces are not homeomorphic by showing that their fundamental groups
are not isomorphic.!

Throughout this chapter, I denotes the unit interval [0,1] and C(X,Y)
denotes the space of continuous functions from a space X to a space Y. The
fundamental results have been consulted in [6, 18, 30, 15, 32].

2.1. Homotopy

The main motivation for introducing homotopy is to define homotopy of
paths for then we can define the fundamental group. Homotopy formal-
izes the idea of continuous deformation, which will allow us to talk about

deformation of paths in a topological space.

Definition 2.1  Homotopy

Let f and g be two continuous maps from a topological space X into
a topological space Y. A homotopy from f to g is a continuous map
H: X x I — Y such that

Vxe X: H(x,0)=f(x) and H(x,1)= g(x).

If there is a homotopy from f to g, then f is said to be homotopic to g,

which is denoted by f ~ g. If H is such homotopy, we write H: f ~ g.

In light of this definition, if we fix t € I, we can define a mapping
hi: X — Y by hy(x) = H(x,t). This results in a change of viewpoint

15
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2 Think of t as time so that a homotopy
between f and g is a “continuous process of
deformation” at t goes from 0 to 1.

3 Symmetry of ~ permits us to state that H is
a homotopy derween f and g whenever H is a

homotopy from f to g or otherwise.
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of H.2 Indeed, we can think of a homotopy from f to g as a family of
continuous maps (h;),.; such that hy = f and iy = g. Continuity of H
implies continuity of ; for all t € I. However, continuity of each map /;
does not necessarily imply that H is continuous since it must be verified, in

addition, that the assignment (x, ) — h;(x) is continuous.

Remark 2.2. Setting X x I or I X X as the domain of a homotopy is a matter of
convenience. We stick to the former.

Example 2.3. (Rectilinear homotopy) Let X and Y be topological spaces.
Any two continuous maps f, g: X — R" are homotopic. This follows from
the fact that the map H: X x I — R" defined by the formula

H(x,t) = (1= 1)f(x) +1g(x)

is continuous since f and g are. Therefore H: f ~ g. In fact, this result

remains true if R” is replaced by any convex subset of R".

Theorem 2.4 ~ is an equivalence relation

Suppose X and Y are topological spaces. Homotopy of maps is an equiv-
alence relation on C(X,Y).

Proof. We prove that ~ is reflexive, symmetric, and transitive.

(i) (Reflexivity) Any map f € C(X,Y) is homotopic to itself, namely via
the constant homotopy H: X x I — Y : (x,t) — f(x). Continuity
of H comes from continuity of f. Thus = is reflexive.

(i) (Symmetry?) Suppose f =~ g where f, ¢ € C(X,Y). This means there
is a homotopy H from f to g with H(x,0) = f(x) and H(x,1) =
g(x) forallx € X. Then G: X xI — Y : (x,t) — H(x,1—1t)1is
continuous and satisfies G(x,0) = g(x) and G(x,1) = f(x) for all
x € X, i.e. G is a homotopy from g to f. Hence ~ is symmetric.

(iif) (Transitivity) Suppose f ~ ¢ and ¢ ~ h where f,g,h € C(X,Y).
Let H,G: X x I — Y be homotopies from f to g and from g to A,
respectively. Define the map F: X x I — Y by

Fat) {H(x,Zt) if tefol],
G(x,2t—1) if te[}1],
forall x € X and t € I. Then F is a homotopy between f and h.
Indeed, notice F(x, ) = H(x,1) = G(x,0) = g(x) forall x € X, so
F is continuous by the pasting lemma; also F(x,0) = H(x,0) = f(x)
and F(x,1) = G(x,1) = h(x) for all x € X. Hence ~ is transitive.

'The proof is complete. O

16
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By Theorem 2.4, we can split the set C(X,Y) into equivalence classes,
which we call homotopy classes. We denote by 7(X,Y) the quotient set of
C(X,Y) by ~.

‘ Theorem 2.5 Composition preserves =~

Suppose X, Y, and Z are topological spaces. Let f1, f, € C(X,Y) and
9 €C(Y,Z). It fi~ frand g1 ~ go, theng1o fi ¥ g o fr

Proof. Suppose f1 ~ f, and g1 ~ ¢» and let H and G be homotopies from
f1 to f> and from g7 to gy, respectively. Define F: X x I — Y by

E(x,t) = G(H(x, 1), 1)

forall x € X and all t € I. Then F is a homotopy from g1 o f1 to g2 © f.
Indeed, F is continuous as it is the composition of continuous functions
and for any x € X we have

F(x,0) = G(H(x,0),0) = G(f1(x),0) = g1(f1(x)) and

Therefore g1 0 f1 ~ g2 © f7. O

Sometimes we may need to work with homotopies that leave some
points fixed. Thus we must establish the notion of homotopy respect to
a subspace, where deformation does not occur.

Definition 2.6 Relative homotopy

Let X and Y be topological spaces and fix a subset A C X. A homotopy
H between maps f,g € C(X,Y) is called homotopy relative to A if

Vxe AVtel: H(x,t)=H(x,0).

We say f and g are homotopic relative to A.

Notice from the definition above that H(x,t) = H(x,0) is equivalent
to H(x,t) = f(x). Moreover, we have f|4 = g| since H(x,1) = g(x) for
all x € X.

When the homotopy between two maps is not relative to any particular
subspace, the maps are said to be freely homotopic. We will add the adjective
freely for emphasis when necessary. As shorthand, we say f and g are A-
homotopic if they are homotopic relative to A, which might also be denoted
by f ~ g (rel A). If A = {p}, we may just write f ~ g (rel p).

Example 2.7. Suppose X is a topological space, A is a subset of X and B C
R" is a convex set. Let’s show that any two continuous maps f,g: X — B
are homotopic relative to A if f|4 = g|a. Certainly, let f,¢ € C(X,B)

17



Note that it is the mapping f that is the path
and not its image f([0,1]), which is called a

curve in X.

Figure 2.1: Loops on the Klein bottle. The

base points are not shown.
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agree on A and define H: X x I — B by

H(x, 1) = f(x) + t(g(x) — f(x))

forall x € X and y € I. (H is called the straight-line homotopy between
f and g.) Note that H is continuous and takes values on B as B is convex.
Also H(x,0) = f(x) and H(x,1) = g(x) for all x € X. Then H is a
homotopy between f and g. Finally, since f(x) = g(x) forall x € A we
have H(x,t) = f(x) +t0 = f(x) forall x € X and t € I, as desired.

2.2. Paths

We have defined homotopy of continuous functions between topological
spaces. Now we consider the particular case when those continuous maps
have I = [0, 1] as domain, that is, paths. We already know that paths can be
used to study topological properties like connectedness (Section 1.2). We
will give them another purpose: paths can serve as a tool to detect holes in

a space. We will make this precise later on.

Definition 2.8 Path

A path in a topological space X is a continuous map from I to X. If f is
a path in X, we call xg = f(0) and x; = f(1) the initial and final point
of f, respectively. We say f is a path in X from x to x1.

Remark 2.9. Any continuous map f: [4,b] — X can be reparametrized to get
a continuous map with domain [0,1]. Indeed, define g: [0,1] — X by g(t) =
f(a+t(b—a))forall t € [0,1]. Thus, using [0,1] in Definition 2.8 is a matter of

convenience.

Example 2.10. (i) (Constant path) The constant pathat x € X is the map
ex: I — X defined by ex(t) = x forall t € I.

(ii) (Inverse path) Let X be a topological space. For any path f € C(I, X)
we define the inverse path of f by f: I — X : t — f(1—t). Note
that? = f. Moreover, if y: X — Y is continuous, i o f is a path in
Y, and

pof(t)=yof(l—t)=yof(t)
forall t € I, whence ¢o f = ¢o f.

Definition 2.11  Loop

A loop f in a topological space X is a path in X with same initial and
terminal point. This common point xg is called the ase point of the loop.
We say that f is a loop based at xp.

18
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The set of loops in a space X based at a point xg is denoted by O (X, xq).
We will be interested in those homotopies of continuous maps [0,1] —
X that fix 0 and 1. This notion constitutes a stronger relation than mere

homotopy.

Definition 2.12  Homotopy of paths

Suppose f and g are two paths in X. A path-homotopy between f and g
is a homotopy from f to g relative to 0I = {0,1}. If there exists such
a homotopy, we say that f and g are path-homotopic and denote it by

f~g

In other words, a path-homotopy is one that fixes the endpoints of
paths. Thus we may reformulate the definition as follows. Two paths f
and g in X are path homotopic if and only if they have the same initial
point xo and same final point x; and, in addition, there is a continuous
map H: I — X such that

H(s,0) = f(s) and H(s,1) = g(s),
H(0,t) =x9p and H(1,t)=1x,

for every (s, t) € I2. Intuitively, we would think of s and t as space and
time variables, respectively.
A null-homotopic loop is a one that is path-homotopic (and not just

homotopic) to a constant loop.

Theorem 2.13  ~ is an equivalence relation

Let X be a topological space. Homotopy of paths is an equivalence
relation on C(I, X).

Proof. Notice this does not follow from Theorem 2.4 as path-homotopy
is a stronger notion than homotopy alone. Nevertheless, we only need to
modify the proof to verify that path-homotopies fix the endpoints of paths.

(i) (Reflexivity) Any path f in X is homotopic to itself via the constant
homotopy, which trivially fixes the endpoints of f. Thus ~ is reflex-

1ve.

(ii) (Symmetry) Suppose f ~ g where f and g are paths in X such that
xo = f(0) = g(0) and x; = f(1) = g(1). This means there is
a homotopy H from f to g relative to {0,1}. Then G: I> — X :
(s,t) — H(s,1—t) is a homotopy from g to f which satisfies

G(0,t) =H(0,1—t)=xp and G(1,t) =xy,

meaning it is relative to {0,1}. Thus ¢ ~ f. It follows that ~ is

symmetric.
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(iii) (Transitivity) Let f, ¢ and h are paths in X with same starting point
xo and same terminal point x1. Suppose f ~ ¢ and g ~ h. Let
H,G: I> — X be path homotopies from f to g and from g to I,
respectively. Define the map F: I — Y by

Fs.t) H(s,2t) if telol]
s, t) =
G(s,2t—1) if te[}1],

foralls € I and t € I. Then F is a homotopy between f and h, by
Theorem 2.4. Because H and G are relative to {0,1}, we also have

F(0,t) =x9 and F(1,t) = xq,

for all t € I. Therefore f ~ h, whence we conclude = is transitive.

'The proof is complete. O

Remark 2.14. We call the equivalence classes under ~ path-homotopy classes. If f
is a path we denote its path-homotopy class by [f].

Lemma 2.15

Suppose f is a path in X and ¢: I — I is a continuous map that fixes 0
and 1. Then f o ¢ ~ f. We call f o ¢ a reparametrization of f.

Proof. Define H: I x I — I by
H(s,t) = s+ t(¢(s) —s).

That is, H is the straight line homotopy from the identity map on I to ¢.
See Example 2.7. Let us verify that the continuous map f o H is a path-
homotopy from f to f o ¢. We have

f(H(s,0)) = f(s),  f(H(s,1)) = f(g(s)),

and
f(H(0,t)) = f(te(0)) = £(0), f(H(L,t)) = f(1).
The claim follows. O

Multiplication of Paths

Definition 2.16  Product of paths

Let X be a topological space. Suppose f and g are paths in X with
f(1) = g(0). In this case we say f and g are composable. Define the
product of f and g as the map f - g: I — X given by

L) f@y if telo0,3],
fgm_{gmniftq;u
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It is clear that f - g is a path in X. Note that f - g is continuous since
f(1) = g(0), thanks to the gluing lemma, Theorem 1.16. Figure 2.2 illus-
trates the product of two paths.

®
r

Figure 2.2: A path can be thought of as the motion of a point. The moving point
in f - g starts at p = f(0), then traverses f at twice speed up to g = f(1) = g(0),
where the point now follows g also at twice speed and finally arrives to r = g(1).

Observe that we cannot formally define - as an operation on the set
C(I, X). This is due to the constrain that paths must agree on one common
endpoint so that their product is continuous.* Note C(I, X) is not even
closed under - if we not require f(1) = g(0).

The following theorem tell us that - is well defined on the set of homo-
topy classes of paths. This bring us closer to one of our immediate objec-
tives: to construct a set endowed with a well-defined group operation.

Theorem 2.17 Product of paths preserves ~

Let X be a topological space. Let f,¢g € C(I,X) be paths such that
f(1) = g(0). Define the product of path-homotopy classes by

[f1-181=1f-8].

Then - is well defined on C(I, X) /~. In other words, if f ~ fand g ~ &,
then f - ¢ ~ f - ¢ whenever the products are defined.

Remark 2.18. Unfortunately, the set C(I, X)/ ~ is not a group under product of
path-homotopy classes. Notice the additional condition f(1) = ¢(0). Thus - is not
defined for all elements of C (I, X) /~ but only for those whose representatives agree
on a common endpoint. We can remediate this situation by enforcing all paths to

be loops based at a common point. This is the topic of the next section.
Progf. Suppose f ~ fand g ~ ¢. Denote xg = f(0), x; = f(1) and
xp = g(1). Suppose also the product f - g is defined. Let F be a path-

homotopy between f and f. Let G be a path-homotopy between g and g.

Define H: I> — X by

F(2s,1) Vs € [0, ﬂ Vel

H(s,t) =
G(2s—1,1) Vse {%,1} Vel

Note H takes a unique value whens = 1/2as F(1,t) = x; = G(0,¢). Thus
H is well defined and it is continuous by the pasting lemma. Also f and

21
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§ are composable because f(1) = f(1) = g(0) = $(0). Lets € I. If
s € {O, ﬂ , by definition of path multiplication we get

H(s,0) = F(25,0) = f(2s) = f-g(s) and
H(s,1) = F(25,1) = f(25) = f - §(s).

Therefore
Vsel: H(s,0)=f-g(s) and H(s,1) = f-§(s),

so H is a homotopy between f - ¢ and f - §. It is in fact a path-homotopy
because it leaves the endpoints fixed: H(0,t) = F(0,t) = xp and H(1,t) =
G(1,t) = xp forallt € I. O

Not only the consideration of path-homotopy classes guarantees well-
definiteness of path multiplication, but also its associativity as the next the-
orem shows. Since we aim to construct a group endowed with such an
operation, we also need an identity element and inverses. Although the
next theorem is a step further, we also need closure under the group oper-

ation which we still do not have.

Theorem 2.19 Properties of the product of path-homotopy classes

Let X be a topological space and f,g,h € C(I, X). Suppose f(0) = p
and f(1) =q¢.
(1) (Associativity) If either [f] - ([g] - [1]) or ([f] - [g]) - [1] is defined

so is the other, and

(ii) (Identities) The constant maps e, and e; satisfy
(f]-leg] = [f] and [ep]-[f] = [f].

(iii) (Inverses) The inverse path f satisfies

f1-[f1=1lep] and [f]-[f] = [eg]-

Proof. (i) If [f] - ([g] - [1]) is defined, then h starts at g(1) and g starts
at f(1). Thus (f - g) - h exists, and so ([f] - [g]) - [1] is also defined.
'The argument also works the other way around. Now, note [f] - ([g] -

(h]) = ([f] - [g]) - [1] is equivalent to
fg-h)~(f8)h
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so it is enough to prove this statement. In regard to the description
made at Figure 2.2, the moving point in the path f - (g - 1) first fol-
lows f at half normal speed, and then follows both g and / at quadru-
ple speed. In contrast, the path (f - g) - & first follows both f and g at
quadruple speed, and last h at twice the normal rate. Thus, f - (g - h)
is a reparametrization of (f - g) - h and vice versa. Indeed, consider
the continuous map

£ ifte {0,

7

],

20—1 ifte [3,1].

N—
[E—

L [eN]

7

N[—

prl=T:tm 3t} ifte

Then we have f - (g-h)og = (f-g)-h. Since ¢ fixes 0 and 1,
Lemma 2.15 implies that f - (¢-h) ~ (f-g) - h.

(ii) Let us prove e, - f ~ f. The map H: I*> — X defined by

H(st) = {f(zzs_f) ift € [0,25],
p ift € [2s,1],

is continuous by the gluing lemma, Theorem 1.16, and satisfies

H(s,0) = f(s), H(s,1)=ey-f(s), H(0,t)=p, H(Lt)=4q.

'Thus, H is a path-homotopy from f to e, - f. Hence [f] - [¢5] = [f].

Following a similar reasoning we obtain [e,] - [f] = [f].

(iii) The map H: I> — X defined by

£(2s) ifs € [0, 5],
H(s,t) =} f(t) ifs € [£,1-£],
f(2—2s) ifse[1-41]

is a path-homotopy from e, to f - f. Thus [f] - [ f] = [e,]. Using the
same homotopy but with the roles of f and f interchanged it follows

analogously that [ f] - [f] = [e;].
The proof is complete. O

2.3. 'The Fundamental Group of a Pointed Space

The fundamental group is an algebraic invariant that we can associate to
any topological space. Studying the algebraic situation give us information
about the topological one. The following theorem is the one we have been
aiming at. It remediates the problem we left unsolved in the last section by

only considering those paths that start and end at the same point: loops.
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The fundamental group of a topological space
was introduced by Henri Poincaré. The symbol
7t is also due to Poincaré. Another name is the
first homotopy group, which is the reason for
the subindex 1 in the notation. In fact, there is
an infinite sequence of groups 7, (X, x9) with
n € Z". The definition of the higher
homotopy groups was due to Hurewicz.
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Theorem 2.20

For any topological space X and any xp € X, the set Q1(X, xp)/~ is a
group endowed with the operation of multiplication of path-homotopy

classes.

Proof. The fact that - is well defined follows from Theorem 2.17. Associa-
tivity, the existence of an identity, and the existence of the inverse of each

path class follow as a particular case of Theorem 2.19. O

Definition 2.21  Fundamental group

Let X be a topological space and x¢ a point of X. The fundamental group
of X with base point xp, denoted 71 (X, xp), is the set O1(X, xq)/ ~

endowed with the operation of multiplication of path-homotopy classes:

[a]-[B] = [a-B].

2.3.1. 'The Role of Base Point

'The fundamental group of a topological space greatly depends on the base
point chosen in the space. If another base point is chosen in the same
path-connected component, the resulting fundamental groups are isomor-
phic. However, the fundamental groups of a space at base points that be-
long to different path-connected components may have no relationship to
each other. In fact, the group 711(X, p) of a space X at a point p € X,
only gives information about the path-connected component to which p
belongs. This is the reason why the fundamental group is mainly used to
study path-connected topological spaces.

'The next result shows that there is a canonical way to change the base
point to another point in the same path-connected component. See Fig-

ure 2.3.

Figure 2.3: Change of base point. In order to change the base point from p to g,
we fix a path « from p to q. For any loop f based at p, we traverse as follows: from
g to p via &, then follow f from p back to p, and finally return to q via a. Note the
blue loop encloses a hole.
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Theorem 2.22  Change of base point

Let p and g be two points of a topological space X. Suppose « is a path
in X from p to q. Define ®,: (X, p) — m1(X, q) by

Pu[f] = [a] - [f] - [a].
'Then
(i) ®, is a group-isomorphism whose inverse is @, ! = &y,
(ii) the groups 711 (X, p) and 711 (X, q) are isomorphic,
(iii) @, is the identity map on 711 (X, p),
(iv) if « and B are path-homotopic, then @, = Py,
(v) if B is a path from g to 7, then @,.5 = @y 0 Dy, i.e., the diagram

(X, p) —2 711(X,q)

[
Dy P

m (X, 7)

commutes.

Remark 2.23. Due to Theorem 2.22, sometimes the imprecise notation 711 (X) is
used. However, we must be careful to specify the base point even when working in
the same path-connected component. The reason is that, even tough 7y (X, p) =
711(X, q) when p, q lie in the same path-component, the isomorphism may not be
canonical. This means that different paths from p to g may give rise to different

isomorphisms.

Proof. First note that ®,[f] does indeed define an element of 71 (X, q) for
any f € Q(X, p).
(i) If « and B are path-homotopic, [¢] = [B]. Thus, for any f € Q(X, p),
Du[f] = [a] - [f] - [«] = [B] - [f] - [B] = Dplf].
Hence ®, = Dp.

(ii) Let us first show that ®, is a group-homomorphism. If f and f’ are
any loops based at p, then

Do[f] - Dulf'] = ([@] - [f] - [a]) - ([@] - [F] - [a])

'This follows from Theorem 2.19. On the other hand,
Qg 0 Dy [f] = [a] - [a] - [f] - [a] - [&] = [ep] - [f] - [ep] = [f]
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and if ¢ is any loop based at g,

Dy 0 Drlg] = [a] - [a] - [g] - [a] - [a] = [eg] - [g] - [eq] = [g]-
This shows @y is the inverse of @y, so Py is an isomorphism.
(iii) This is an immediate consequence of (i).

(iv) Let f be a loop based at p. Then

wplf] = [a- Bl[f][e- Bl
=[B-a]-[f]-[«-B]
= [B]-[a]-[f]- [a] - [B]
= Pp(Palf])

and the claim follows.

(v) This is a consequence of Theorem 2.19. Note that
D, [f] = lep] - [f] - lep] = lep] - [f] = [f].

'The proof is complete. O

’ Definition 2.24  Simply connected space ‘

A topological space X is simply connected if X is path-connected and
11 (X, p) is trivial for some p € X.

Note that if a space is simply connected, then 711 (X, p) is trivial for any
p € X. We express the fact that 711 (X, p) is the trivial group by writing
m (X, p) =0.

The idea behind simply connectedness is that any loop in X can be
continuously deformed to a point, i.e., any loop is null-homotopic to a
constant loop. For instance, the torus is not simply connected, since some

loops enclose a hole and thus cannot be shrunk to a point. See Figure 2.3.

2.3.2. Circular Loops

Recall that the circle S! is the set of points z € C such that |z| = 1. The
map w: I — S' 1 t — exp(2rrit) is a loop in S!. It traverses once around
the circle counterclockwise and maps 0 and 1in I to 1 € S! (identified with
(1,0) in R?).

A continuous map ¢ from S! to a topological space X is a circular loop
atp € X it (1) = p. The composition £ o w: I — X is a usual loop at
X based at p, in the sense of Definition 2.8. In fact, any loop in X can be
factored in this way through w.
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Proposition 2.25 Loops factor through circular loops

Let f be aloop in a space X. There exists a unique map f: S' — X such
that f = f o w, i.e., the diagram

commutes. We call f the circle representative of f.

Proof. We know S 2 1/ 1 1 through the homeomorphism
¢: St — I/ o1y  exp(2mit) — [t].

Let ¢ be the map I/191y — X : [t] = f(t), which is well-defined because
the classesin I/ 1) consist of the singletons {¢} for 0 < t < 1and the class
{0,1}, whose image under f is the base point. Then we define f = ¢ o ¢.
Therefore,

fow(t) =1oglexp(2rit)) = y([t]) = f(¢)

foranyt € I. O

‘ Lemma 2.26

Let f and g be two loops in a space X that are based at p € X. Then
f ~ gifand only if f ~ & (rel (1,0)).

Proof. (=) Suppose H: f ~ g. We can regard H as a family of continuous
functions (hy: I — X)e such that hg = f, hy = g, and 1(0) =
ht(1) = p forall t € I. It is clear that h is a loop for every t € I. By
Proposition 2.25, h; = hy o w for every t € I. Therefore

(ﬁt: st — X)
tel
gives a homotopy from hiy = f to iy = §. Moreover, /;(1,0) =
hi(w(1)) = hy(1) = p. Hence f ~ § relative to (0,1).

(<) Suppose H: f ~ g (rel (0,1)). Regard H as a family (h;: S' — X)se;
such that hy = f, hy = §, and h;(1,0) = p forall t € I. Consider the
tamily (ht ow: I — X)teg, and note that

how=fow=f, how=g§ow=g

and h; o w(0) = ht(1,0) = p. This shows f and g are path homo-
topic.

O
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2.3.3. Homomorphisms Induced by Continuous Maps

Let X and Y be topological spaces. We write f: (X,x9) — (Y,y0) to
denote that f: X — Y is a continuous map such that yg = f(xp), where
xo € X. We say f is a map of pointed spaces. 'This map induces a map

fu: (X, x0) > Q(Y,y0) : a— fou

from the set of loops in X based at x to the set of loops in Y based at y.

‘ Proposition 2.27 ‘

Let f: (X,x9) — (Y,yo0) be a map of pointed spaces. Let o, €
Q(X, xg) be homotopic loops. Then fy(a) ~ fu(B).

Progf. Let H: o ~ B. Let us see f o H{ is a homotopy of paths from f o«
to f o B. We have

foH(s,0) = fla(s)) = foals),
foH(s,1) = f(B(s)) = fop(s), and
foH(0,t) =yo = foH(1,1)

forall s, t € I. This proves the claim. O

'The map f4 induces in turn a well-defined map of fundamental groups.

Theorem 2.28

Let f: (X,x9) — (Y,y0) be a map of pointed spaces. The map

ferm(X,x0) = (Y, yo) : [a] = [foa]

is well-defined.

Proof. Follows from Proposition 2.25. [

‘ Proposition 2.29 ‘

Let f,g: (X,x0) — (Y,y0) be maps of pointed spaces that are homo-
topic relative to xg. Then f, = g..

Proof. Let H: f ~ g (rel xp). Let’s see that foa ~ gouw for any a €
Q(X, x0). Define G: 1> — Y by (s, t) — H(a(s),t), and note that

=goua(s), and
Hence G: foa ~ goa. Therefore fi[a] = [foa] = [goa] = g«[a] for all

a € Q(X, xg), whence f = g«. The proof is complete. O
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2.3. THE FUNDAMENTAL GROUP OF A POINTED SPACE

As a result of Theorem 2.28, any continuous map f: X — Y induces a
well-defined map f.: m1(X, p) — 7(Y, f(p)) for any point p € X, simply
by setting f.[a] = [f oal, for & € Q(X,p). Moreover, f, preserves the

group structure.

‘ Theorem 2.30

Let f: X — Y be a continuous map and fix p € X. 'Then f; is a group-
homomorphism.

Proof: Let a ~ B in Q(X, xq). It is easy to see that fo («-B) = (foa)-
(f o B), as follows from the definition of product of paths. Then

This proves the result. 0

Moreover, the induced morphism has functorial properties, as stated in
the next result. We will discuss what functorial properties are in the next

chapter when we arrive at the definition of functor.

Theorem 2.31  Functorial properties of *
Let f: (X,p) — (Y,q) and g: (Y,q) — (Z,r) be maps of pointed

spaces. Then
(i) (g0 f)x =8xofx
(ii) (Id(X,p)> . Idﬂl(X'P)

Proof. (i) Forany a« € Q(X, p) we have
(g0 f)la] =l(gof)oal =[go(foa)] = g:lfoa] =g« (fila]).

Thus (g0 f). = g o .
(i1) This is obvious.
O
As aresult, the next corollary highlights one of the important aspects of
the fundamental group: homeomorphic spaces have isomorphic fundamen-

tal groups. Therefore, spaces with non-isomorphic fundamental groups are
not homeomorphic.
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It should be noted that although the notation
f+ is used for both induced maps

(X, p) - 7 (Y, £(p) and

m1(X,q) = m (Y, f(q)), they are not equal
unless p = g . Thus, the notation f; is a bit
ambiguous since does not make any reference
to the base point. A more accurate notation

would be (fp)«.
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Corollary 2.32
It f: (X,p) = (Y, f(p)) is a homeomorphism, then

ferm(X, p) = (Y, f(p))

isa group—isomorphism.

Proof. Suppose f is a homeomorphism with inverse g. Then f o ¢ = Idy
and g o f = Idx. By the functorial properties of *, we obtain

fioge=(fog)s=1d and g.of.=(gof).=1d,

where Id denotes the identity of the respective groups. Therefore f is a

group-isomorphism with inverse g.. O

Theorem 2.33

Let f: X — Y be a continuous map and fix two points p,q € X. Sup-
pose 7 is a path from p to g. Then fi o @y = ®g., o fi, that is, the
diagram

(X, p) —L (Y, £(p))

‘P{ l‘bfov

7T1(X,ﬂ) T nl(er(q))

commutes.

Proof. Leta € (X, p). We have
[fo(r-a-v]=[for) (fola 7))
=[forl-[(fea) - (for)]
=[foq]-[foa]l [forl]
Since f o7y = f oy, as shown in Example 2.10 (ii), we obtain
fely-a-al=[foyl filal-[forl,

which is equivalent to fi (®y[a]) = o, (fi[]). We conclude by the
arbitrariness of a. O

'The next result states that the fundamental group is well behaved under

products, up to isomorphism. In fact, up to canonical isomorphism.

Theorem 2.34 Fundamental group of a product space

Let (X3,x1),...,(Xn, xu) be pointed spaces. Then

7T1(X1 X X Xn, (xl,...,xn)) = 7'[1(X1,x1) X X nl(Xn,xn).
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Proof. Note that (X1 x - -+ x Xy, (x1,...,x5)) is itself a pointed space. Let
pit X1 x -+ x X, — X; be the projection onto the ith factor, for each
1 <i < n. Each projection induces a well-defined map

pist m(Xy X oo X Xy, (x1,..0,x0)) = (X, x4)
forall 1 <i < n. Now define
¢: i (Xy X X Xy, (X100, 20)) = 1 (Xy,x1) X0 X 70y (X, X))
[a] = (pr.]al,-- ., pn,la])

Let us see that ¢ is a group-isomorphism. Since each p;, is a group-
homomorphism, so is ¢. Injectivity of ¢ follows from the fact its kernel

is trivial. Indeed, suppose ¢[a] equals the identity of
7T1(X1,x1) X X nl(Xi’l/ xi’l)/

namely ([ex,], ..., [ex,]). Expressing a in terms of its component functions
as a(t) = (ar(t), ..., an(t)), we have

(prlal, o pn,a]) = (lexi], - lex, ),

whence

pi.la] = [pioal = [a] = [ex]
forall 1 < i < n. Now we can take homotopies H;: a; ~ ey, for each
1 <i<n. Define H: I> = X1 x --- x X, by

(s,t) — (Hy(s,t),...,Hu(s,1)).
Note that H is continuous, and

H(s,0) = (Hy(s,0),...,Hy(s,0)) = (a1(s),...,an(s)) = a(s),
H(s,1) = (Hi(s,1),..., Hu(s,1)) = (ex,(5),-- -, €x,(5)) = €(x,,. .. x0)s
H(0,t) = (Hy(0,1),...,Hy(0,)) = (x1,...,x,) = H(1,1).

'This shows that H is a path-homotopy from « to e(y, .. Hence [a] is
the identity of 711(Xy X - -+ X Xy, (x1,...,xp)). Therefore, Kera = 0 as
indicated earlier. Let us conclude by showing that ¢ is surjective. Take
(Iv), -+, [yn]) € m(Xy, x1) X -+ X 71,(Xq, xy). Define

il =Xy X x Xy o b= (y1(8), .., (D).

Notice 7 is aloop in the product space Xj X - - - x X, based at (x1,...,x,).
Moreover, we have

lv] = (prv) - P ¥]) = (provl - lpn o)) = (1l [va])-

'This concludes the proof. O
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2.3.4. 'The Fundamental Groups of S! and T"

'The purpose of this short subsection is to highlights two basic results:

(i) The fundamental group of S'. Recall that S! is path-connected. The

fundamental group of the circle is
m (St = z.

The proof of this fact is rather involved and can be found in [18].

(ii) The fundamental group of T2. We know that T" is path-connected,
as follows from Proposition 1.26. By Theorem 2.34, the fundamental
group of T" is

T (T") 22y (SY) x -+ x my(SY) =z

In particular, 71 (T?) = Z2.

Although the Seifert-Van Kampen theorem is a powerful tool for com-
puting fundamental groups of various spaces, it is beyond the scope of this

work. The interested reader may refer to [18] or [32] for further details.

2.4. Homotopy Equivalence

In this last section we present a criterion under which a continuous map

induces an isomorphism of fundamental groups.

Definition 2.35  Homotopy equivalence

Let X and Y be two topological spaces. We say that X is homotopy equiv-
alent to Y, denoted X =~ Y, if there exists a pair of continuous maps
f: X —Yand g: Y — X such that

fog~Idy and gof ~Idyx.

Equivalently, we say X and Y have the same homotopy type. The pair of

maps f and g is called a homotopy equivalence between X and Y.

A continuous map ¢: X — Y for which there exists a continuous map
¢:Y — X such that po ¢ ~ Idy and po ¢ ~ Idx is called a homo-
topy inverse for ¢. It is evident that homeomorphic spaces are homotopy
equivalent. A homotopy invariant is a topological property that is preserved

under homotopy equivalences.

Proposition 2.36

~ is an equivalence relation on the class of all topological spaces. The
classes of spaces that are homotopy equivalent are called homotapy types.
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Proof. Reflexivity and symmetry are straightforward. In order to prove
transitivity, suppose X ~ Y and Y ~ Z. Then there exist continuous maps
f:X—=Y,g:Y—=>X,h:Y —Z,and §: Z — Y such that

gof~Idy, fog~Idy, éoh~Idy, and hod ~Idy.
Therefore

(g08)o(hof)=go(doh)of~goldyof=gof=~Idy
and

(hof)o(god) =ho(fog)od~holdyod =hod~Idy.

Thus, X ~ Z by definition. O

We conclude this chapter with the following result, whose proof can be
found in [18].

Theorem2.37 X ~Y — m(X,x) 2 m(Y,y)

Let f: X — Y be a homotopy invertible map between spaces X and Y.
Fix any point x € X. Then

fur m (X, x) = m (Y, f(x))

is a group-isomorphism.
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Chapter 3

Basic Category Theory

Category theory is essentially a theory about functions, or rather an ab-
straction of the widely known concept of function. Yet, this abstraction is
fundamentally different from its set theoretical definition.

The importance of the subject must be emphasized. It was born in
the field of algebraic topology in an attempt to define the idea of natural
transformation [27, 10]. However, it has reached and found applications in
areas far beyond algebraic topology. In fact, it can be used as a foundational
theory for mathematics and thus it can replace set theory on this purpose.
Fundamentally, the importance and popularity of this theory is due to the
fact that functions are everywhere.

In what follows we do not expose a treatment of category theory as an
alternative foundational framework for mathematics, nor we aim to present
mathematical foundations for category theory. Our objective is to present
the theory from an axiomatic point of view by leaving some things unde-
fined. For instance we rely on the (undefined) notion of collection of objects,
which must not be taken as a synonym of set. A formal treatment of the
foundations of category theory can be found in [20, 17, 11, 5, 24, 21].
Discussing such matters is beyond the scope of this work. Nevertheless,
a final comment must be said. The Zermelo-Frankel axiomatic set the-
ory together with the axiom of choice (ZFC) is the most popular theory
to provide foundations to do mos# of mathematics, but it is not powerful
enough to develop category theory because we will need to talk about /arge
structures like the “category of all sets,” which have no place in ZFC. This
justifies the approach we have taken here.

In this chapter we state the essential concepts and terminology needed
in future chapters. Mainly, we lay down the basic requirements for a cat-
egorical interpretation of the fundamental group, defined in the previous
chapter. This will lead us to the foundation of a theory of homotopy for
finite categories. The exposition is intentionally brief and not meant as a
full introduction to category theory. The primary references consulted in
the preparation of this chapter include [1, 4, 27, 19, 20, 28].
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2 'This is of fundamental importance. A precise
treatment of this idea is given by the Yoneda
Lemma: an object is completely determined by

its relationships to every other object.

CHAPTER 3. BASIC CATEGORY THEORY

3.1. Categories

In order to define a category, some constituents must be specified and then
show that they satisfy certain conditions. We never define what they are,
but we fully specify all the properties that we want those entities to have by
stating how they relate to each other.? This approach is illustrated in the

tollowing definition.

Definition 3.1  Category

A category C consist of the following data.

(i) A collection Ob(C), whose elements are called C-odjects and de-
noted by A, B, C, etc.

(ii) A collection Mor(C), whose elements are called C-morphisms and
denoted by f, g, h, etc.

(iii) For each C-morphism f, there exist unique associated C-objects

dom(f) and cod(f), called the domain and codomain of f, re-

spectively. We write f: A — B or A L4 B to indicate that

A = dom(f) and B = cod(f). We say that f is a C-morphism
from A to B.

(iv) For any two C-morphisms f: A — Band g: B — C, there is a
C-morphism from A to C denoted g o f, called the composition of
f and g. In addition, if h: C — D is any other C-morphism,

ho(gof)=(hog)of.

(v) For each C-object A, there is a C-morphism from A to A called
the identity morphism of A, denoted by 14, such that for every
C-morphisms f: A — Band g: B — A,

folp=f and l1p09=g.

'The definition of a category is broad enough so that many stuff can be
regarded as a category. In fact, neither the objects of a category have to be
sets nor the morphisms have to be functions in the traditional context of
mathematics.

We may omit the prefix C when it is clear what is the category in context
and just talk about objects and morphisms. Synonyms for morphism include
arrow and map. Usually, as a notational convention, some authors write
A € Cand f € C to mean that A is an object of C, i.e. A € Ob(C),
and that f is a morphism of C, i.e. f € Mor(C), respectively. We shall
avoid this convention and, whenever possible, use the adjectives C-object
and C-morphism in each case.

If f and g are composable C-morphisms, their composition f o g is also
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denoted fg. We shall avoid this convention since some authors write fg
to mean go f.

Given any two C-objects X and Y, the collection of C-morphisms from
X to Y is denoted Hom¢ (X, Y). It is called the Aom-set of C-morphisms
from X to Y.3 Any two elements of Homc(X,Y) are called parallel mor-
phisms since they have the same domain and codomain. A morphism
from a C-object X to X is called an endomorphism of X. 'The collection
Hom¢ (X, X) is denoted End¢(X). When the category C is clear from the
context, we just write Hom(X, Y).

Below we present some examples of categories. Many of these will be
used and explored in future chapters. The usual way to declare a category
is to specify what the objects and morphisms are and then show that the
remaining properties of Definition 3.1 hold.

Example 3.2.

(a) The category Set has (i) sets as objects and (ii) functions of sets as
morphisms, which (iii) have a clearly specified domain and codomain

as required by the usual set-theoretical definition.

(iv) (Composition) Given functions f: A — B and g: B — C be-
tween sets A, B and C, define go f: A — C : a — g(f(a))
as the composite of f and g. This is the usual composition of

functions.

(v) (Associativity) Let f: A — B, g: B — Cand h: C — D be
functions between sets A, B, C and D. By definition, we have

ho(gof)(a) =h(go f(a))
= h(g(f(a)))
=hog(f(a))
= (hog)o f(a)
for every a € A. 'Thus, the set theoretic definition implies & o
(gof)=(hog)of.
(vi) (Identity morphisms) Every set A has a unique identity function
defined by 14: A — A : a — a. Such function is the identity

morphism of A. Moreover, for any function f from a set A to a
set B it holds

folaa) = f(1a(a)) = f(a), and
1go f(a) = 1p(f(a)) = f(a)
foralla € A. Hence foly = f=1p0of.
(b) Categories of structured sets.

Top 'The category of topological spaces as objects and contin-

uous functions as morphisms.
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3 The name hom-set was inherited from
algebra by historical reasons, where the term
homomorphism is used to refer to the structure
preserving functions. However, the hom-sets
do not have to be sets, and the morphisms may
not be functions.

“In the beginning every axiomatic theory is poor in
theorems and rich in definitions which must be

clarified by examples.” [31]



Figure 3.1: Diagrams corresponding to 1,
2, || and 3, shown in sequential order from
top to bottom. The empty category has an
empty diagram. The objects are depicted
as points but this does not mean they are
equal. We do not draw the identity arrows
and we keep this convention from now and

on.
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(c)
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Top.  The category of topological spaces with a base point as
objects and base-point-preserving continuous functions
as morphisms.

Grp The category of groups as objects and homomorphisms
of groups as morphisms.

Ab The category of Abelian groups as objects and homomor-
phisms of groups as morphisms.

Rng The category of rings as objects and homomorphisms of
rings as morphisms.

K-Vect The category of vector spaces over a field K as objects and
linear maps as morphisms.

Pos 'The category of partially ordered sets as objects and order
preserving functions as morphisms.

Met The category of metric spaces as objects and contractive
maps as morphisms.

R-Mod 'The category of modules over a ring R (with 1, associative
and commutative) as objects and homomorphisms of R-
modules as morphisms.

These examples have in common that they are all derived from Set.
Indeed, in each case the objects are sets with additional structure and
the morphisms are functions that preserve such structure. There are
many more examples of this kind. Note that the composition of
continuous functions is a continuous function, the composition of
group homomorphisms is a group homomorphism, the composition
of monotone maps is monotone, and so on. In fact, the remaining

properties that define a category are immediately inherited from Set.

Some finite categories.

0 'The empty category. It contains no object and hence no mor-
phism.
It consist of exactly one object and exactly one morphism.

2 It consist of exactly two objects and exactly one morphism in
between, in addition to the identities.

3 It consist of exactly three objects

1l The category with exactly two objects and exactly two arrows

with same domain and codomain, i.e., with two parallel arrows.

These categories share the property that there is only one way to com-
pose any pair of arrows in each case. We provide the precise definition
of a finite category below.

Every preorder naturally defines a category. Let (P, <) be a preorder.
We can specify a category P as follows. The objects of P are the ele-
ments of P. We declare that there is an arrow from object p to object



3.1. CATEGORIES

g whenever p < q. Denote this as p — g. In this way, every mor-
phism has an unequivocally determined domain and codomain. On
the other hand, note that we have p < r whenever p < gand g < r
by transitivity of <. Thus, for any pair of morphisms p — g and
q — r, we define their composite as p — r. Reflexivity of < ensures
there is an identity morphism for every object, since p < p for any
p € P. Finally, given that there is only one morphism between every
pair of objects, associativity holds trivially. Unitality (well-behaved
identities) comes from the fact that p < p < g < ¢ is equivalent to
p =< g. Therefore P is a category. We say P is a category induced by
(P, ).

(e) Every poset induces a category. Every poset is a preorder, and thus
determines a category by the last example. Note this kind of category
is not of structured sets. For instance, it is very different from Pos,
the category of partially ordered sets.

(f) Every monoid induces a category. Let (M, -) be a monoid. We can
specify a category M as follows. Take any mathematical object and
denote it *. We declare that Ob(M) consist only of . We also state
that Mor(M) = M. In other words, M is a category with only one
object and the morphisms are the elements of M. Since we only
have one object, there is only one possible way to associate to each
morphism a domain and codomain: every morphism has * both as
domain and codomain; in this way, condition (iii) of Definition 3.1
holds. On the other hand, Given any two elements 2 and b of M,
we know a - b is also an element of M. Thus, we define the compos-
ite of the morphisms 2 and b as a - b. 'The identity morphism of
is the identity element of M. Finally, associativity and unitality fol-
low directly from the associativity of the monoid operation and the

definition of identity element, respectively.

(g) Every group induces a category. Every group is a monoid and thus
it can be regarded as a category. Be careful not to conflate this kind

of category with Grp, the category of all groups.

(h) The homotopy category. The category hTop whose objects are topo-
logical spaces and whose morphisms are homotopy classes of contin-  Figure 3.2: A group as a category.

uous functions.

(i) The opposite category. If C is any category, we can build a new cat-
egory named the opposite of C and denoted C°P. 'This category has
the same objects as C, but whenever f: A — B is a C-arrow, we have
foP: B — A as a C°P-arrow. Thus C°P has the same data as C, but

the arrows are (formally) turned around.

(j) Product category. We define the product of two categories C and
D, denoted C x D, as the category whose objects are pairs (C, D),
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where C is a C-object and D is a D-object, and whose morphisms
are pairs (f,g) where f: C — C’ is a C-morphism and g: D — D’
is a D-morphism. We write (f,g): (C,D) — (C’,D’). Composi-
tion of C x D-morphisms is done component-wise, and the identity

morphisms are pairs of the corresponding identities.

Definition 3.3 Subcategories

Let C be a category. A subcategory D of C is a category where every
D-object is a C-object, and every D-morphism is a C-morphism In
addition,

(i) the identity morphism of every D-object is a D-morphism,

(ii) the domain and codomain of every D-morphism are D-objects,

and

(iii) the composition of every pair of (composable) D-morphisms is a

D-morphism.

Remark 3.4. For any pair of D-objects X and Y, we always have
Homp (X,Y) € Hom¢(X,Y).

If Homp(X,Y) = Homc¢(X,Y) for any D-objects X and Y, we say D is a full
subcategory of C. 'Thus, in order to specify a full subcategory, it is enough to state

what its objects are.

Example 3.5.
(a) 0is a subcategory of any category.

(b) The category whose objects are sets and whose morphisms are injec-
tions (or either surjections or bijections) is subcategory of Set.

(c) The category Ab of Abelian groups is a subcategory of Grp. In fact,
it is a full subcategory of Grp.

(d) We have seen that a group can be regarded as a category. Thus any
subgroup of a group determines a category itself, namely a subcate-
gory of the underlying group regarded as a category.

(e) The category of finite sets is a full subcategory of Set.

(f) The category whose objects are sets and whose morphisms are bijec-
tions is not a full subcategory of Set.

(g) If Kis a field, the category of K-vector-spaces is a full subcategory of
K-Mod.

There are foundational concerns regarding the size of categories. Ac-

tually, what we have defined as a category corresponds to the concept of a
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meta-category. In the most rigorous sense, a category is is a meta-category
whose axioms are interpreted within set theory. This will not be discussed
here and we will not use such terminology.

In order to distinguish between categories of different size, we employ

several adjectives.

Definition 3.6  Small and large and categories

A category is said to be
(1) small if both its collection of objects and morphisms are sets,
(ii) large if it is not small,
(iii) Jocally small if every hom-set is a set,
(iv) locally finite if every hom-set is a finite set,

(v) finite if both its collection of objects and morphisms are finite sets.

Locally small categories are very common to the extent that that many
authors require local smallness to be part of the definition of a category.
This avoids the foundational problems mentioned above. Note that finite
implies small, which in turn implies locally small. On the other hand, note
that in the definition of a finite category, the condition that the collection
of objects must be finite can be dropped. This is due to the fact that a finite
collection of morphism forces the collection of objects to be finite, as there

exists at least one morphism for each object, namely, its identity.

Example 3.7.

(a) Cat is the category of all small categories, which is itself a large cate-
gory. A morphism in Cat is a functor, a concept to be defined in the

next section.

(b) Set is a large category. For instance, the collection of all sets is not
a set—as otherwise Russell’s paradox comes up. Similarly, Grp, Pos,
Top, K-Vect, R-Mod are large.

(c) A category is small if and only if it is locally small and its class of
objects is small. Likewise, a category is finite if and only if it is locally

small and its class of objects is finite.

(d) Set is a locally small category since Hom(X,Y) = Y* is a set for any
pair of sets X and Y. It follows that any category of structured sets is

also locally small.

(e) Any category induced by a preorder is small. The same is true for

categories induced by posets, monoids and groups.
(f) The categories 0, 1, 2, 3, and || are finite.
(g) We define Catp, to be the category whose objects are finite cate-

gories and whose morphisms are functors between finite categories.
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Special arrows are often used for monos and
epis. Monos are decorated with — and epis

with —».

It is interesting to mention that in Set, the
statement that every surjection has a section is
equivalent to the axiom of choice. The reason is
that specifying a section of a surjection

¢: X — Y requires choosing an element of

Y~ 1({y}) foreachy € Y.

CHAPTER 3. BASIC CATEGORY THEORY

3.1.1. Monos and Epis

The concepts covered here serve as reference material only and are not re-
quired for future work. They explore abstractions of injectivity and surjec-

tivity.

Definition 3.8  Monomorphism, Epimorphism

Let C be a category.
(i) A morphism f € Homc¢ (X, Y) is a monomorphism if for any g, h €
Homc (W, X), f og = f oh implies g = h.

(i) A morphism f € Homc(X,Y) is an epimorphism if for any g, h €
Homc¢(Y,Z),go f = ho f implies g = h.

A monomorphism (or mono for short) is the generalized analogue of
injection in set theory. Likewise, an epimorphism (or epi for short) is the
generalized analogue of surjection. The adjectives used to refer to a mono
and to an epi are monic and epic, respectively. The composition of monos is
monic and the composition of epis is epic.

A morphisms that is both monic and epic is is called dimorphism. It is
not necessarily an isomorphism (defined below).

Recall that in set theory a function is injective if and only if it has a
left inverse and it is surjective if and only if it has a right inverse. We can
settle these characterizations of injectivity and surjectivity in the context of

category theory.

Definition 3.9  Section, Retraction

Let C be a category.
(i) A morphism f € Homc(X,Y) is a section if there exists a mor-
phism ¢ € Homc(Y, X) such that go f = 1x.
(i) A morphism f € Homc(X,Y) is a refraction if there exists a mor-
phism ¢ € Homc(Y, X) such that f o g = 1y. The object Y is
called a retract of X.

Note thatif go f = 1x, then f is a section and g is a retraction. In this
case, f is said to be a section of ¢, and g is called a retraction of f. A more
appropriate name for a section is right inverse; likewise a better name for
retraction is Jeft inverse. Thus, a section is a map with a left inverse and a
retraction is a map with a right inverse. Every section is a monomorphism

and every retraction is an epimorphism.
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Definition 3.10  Lsomorphism

Let C be a category. A morphism f € Homce(X,Y) is an isomorphism
if there exists f' € Homc(Y, X) such that

fof'=1y and f'of=1x.

'Thus, an isomorphism is a morphism that is both a section and a retrac-
tion. In the sense of this definition, the morphism f is unique: if f’ and

f" satisfy f'o f =1x and fo f” = 1y, then
fr=foly=fo(fof)=(fof)of'=1xof"=f"

We thus call f' the inverse morphism of f and denote it f~!. If f €
Homc¢(X,Y) is an isomorphism, we say X and Y are isomorphic, which
is denoted X = Y. It is easy to verify that the composition of isomor-
phisms is again an isomorphism and that = is an equivalence relation. The
collection of all isomorphisms from a C-object X to X is denoted Autc(X).
The elements of Autc(X) are called automorphisms of X.

When we say a object X is unique up to isomorphism regarding certain
property, we mean that if X’ is any other object that satisfies such property
then X = X’. If there is exactly one isomorphism between X and X', we

say X is unique up to unique isomorphism.

3.1.2. [Initial and Terminal Objects

'The following is an abstract characterization of the empty set. Let us recall
that for any set A there is exactly one function from @ to A, namely @. If
A = @, this function is precisely @ itself.

’ Definition 3.11  Initial object

An object X in a category C is initial if for any C-object Y there is a

unique morphism from X to Y.

In other words, X is an initial object if Hom¢ (X, Y) is a singleton for

every C-object Y. Necessarily, Homc (X, X) contains only the identity 1x.

Example 3.12.
(a) As noted at the beginning, the empty set is an initial object in Set.
(b) In Grp, the trivial group is an initial object.
(c) In Top, any empty space is initial.
)

(d) Z is an initial object in Ring.

A category may not have an initial object, but if it does, then it is unique

in a very special way.
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Theorem 3.13

Initial objects are unique up to unique isomorphism.

Proof. Suppose a category C has two initial objects 1 and //. Since ¢ is initial,
there is a unique morphism : ¢ — //. Since /' is initial, there is a unique
morphism ¢’: /' — 1. Note that ¢ o i is a morphism from ¢ to 1. However,
as ¢ is initial there is exactly one morphism from ¢ to 1, which necessarily
has to be 1,, because identity morphisms always exist. The uniqueness then
implies ¢’ o p = 1,. By the same reasoning, ¥ o ' = 1,. Thus ¢ is an
isomorphism and it is unique since is the unique morphism from s to /. [

Now we turn to the analogous concept of an initial object. Let us make

the observation that if « is a singleton, then given any set X there is exactly

one way to build a map from * to X.

Definition 3.14  Terminal object

An object X in a category C is zerminal if for any C-object Y there is a
unique morphism from Y to X.

In other words, X is a terminal object if Hom¢ (Y, X) is a singleton for
every C-object Y. Note that Hom¢ (X, X) contains only the identity 1x.

Example 3.15.

(a) Asnoted before, any singleton is a terminal object in Set. In contrast,

Set has only one initial object.
(b) In Grp, the trivial group is a terminal object.
(c) In Top, any empty space is terminal.

(d) In Ring, the zero ring is terminal

A category may not have a terminal object, but if it does, then it is

unique in a very special way.

‘ Theorem 3.16 ‘

‘ Terminal objects are unique up to unique isomorphism. ‘

Proof. Dual to the proof of Theorem 3.13. [

‘ Definition 3.17  Zero object ‘

‘ An object that is both initial and terminal is called a zero object. ‘

Again, there are categories that do not have neither an initial nor a ter-

minal object. This is the case, for instance, in the category of fields, in

44



3.2. THE DUALITY PRINCIPLE

which there are no homomorphisms between fields of different character-
istic. A zero object, if it exists, is denoted by 0.

Example 3.18.
(a) In Grp, the trivial group is a zero object.
(b) In Top, any empty space is a zero object.
(c) In K-Vect, the zero dimensional vector space is a zero object.
)

(d) The zero ring is not a zero object in Ring since it is not initial (because
it does dot have an identity).

3.2. 'The Duality Principle

We have already defined the opposite C°P of a category C. It is the category
whose objects are the same as those of C and whose morphisms are those
of C but formally turned around, that is, f°P: Y — X is a C°P-morphism
ifand only if f: X — Y is a C-morphism. Identities in C°P are the same
as in C. Composition is defined by ¢°P o f°P = (f o ¢)°P for any pair of
composable C-morphisms f and g. Note that (C°P)°P = C.

'The principle of duality states that every categorical concept has a dual,
obtained by reversing all the arrows around. The importance of this prin-
ciple relies in the fact that if a statement is true in C, then it also holds in
C°P. Thus, since every result has two dual formulations, only one of them
needs to be proved, as the other will follow immediately by the principle
of duality.

We have already encountered several concepts and their dual notions,
such as monomorphism and epimorphism, section and retraction, and ini-
tial and terminal objects. We will meet more throughout the remainder of
this chapter. Usually, the dual notion of a categorical concept is named by

adding the prefix “co” at the beginning.

3.3. Functors

The concept of category was born as an auxiliary step towards the formal
definition of functor and natural transformation. This resembles the situ-
ation in topology where the definition of a topology was born in order to
formalize the idea of continuous function.

The idea of functor is so important that everything in category the-
ory could be stated in terms of functors. We could start all over again
and use functors for everything, without need to define what a category
is. Roughly speaking, a functor is a morphism between categories that pre-
serves the structure: an assignment of objects to objects and morphisms to

morphisms which preserves identities and compositions. Again, note that
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Figure 3.3: Functors preserve commuta-
tive triangles. Here ¢ = ho f. In other
words, functors preserve compositions of

morphisms.
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in the following definition we do not say what a functor is but state what

it does.

Definition 3.19  Functor

A functor F from a category C to a category D, denoted F: C — D, is a
mapping that satisfies the following conditions.

(i) To each C-object X, it assigns a unique D-object F(X).

(ii) To each C-morphism f: X — Y, it assigns a unique D-morphism
F(f): F(X) — E(Y).

(iii) F(1x) = 1p(x) for every C-object X.

(iv) F(go f) = F(g) o F(f) for all C-morphisms X L Yandy & z.

Remark 3.20. We write

f

ra L B) = Fa) 2YL

F(B)

to indicate the assignment of morphisms to morphisms described above. Some
authors write FX instead of F(X) and Ff instead of F(f). If the functor F is un-
derstood from the context, it is common to denote F(f) by f.. This conventions

simplify the notation, and we may adopt it when appropriate.

What we have defined as functor is also called covariant functor. These
terms are synonymous and we may use them interchangeably. Thus, when
the noun functor is used alone, we mean covariant functor. The additional
adjective is used in order to distinguish covariant functors from contravari-

ant functors, which we now define.

‘ Definition 3.21  Contravariant functor ‘

A contravariant functor F from a category C to a category D is a functor
from C°P to D.

'The above definition was given for the sake of simplicity, but it is worth
to mention explicitly that a contravariant functor F: C°? — D takes a C-
morphism f: A — B to F(f): F(B) — F(A) and reverses compositions,
ie.,

F(gof) =F(f)oF(g)
for all C-morphisms f: A — B.

Example 3.22.
(a) Theidentity functor. Let C be any category. We can define a functor

from C to C such that it assigns every object and every morphism to
itself. 'The defining properties of a functor are readily verified. We
denote it 1¢ and call it the identity functor of C.
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'The inclusion functor. The inclusion of a subcategory into its ambi-

ent category gives rise to a functor.

A functor F: C — D is constant if it maps each C-object to a fixed
D-object D and each C-morphism to 1p.

The forgetful functor. Let C be a category of structured sets. Define
a functor U: C — Set as follows:

(i) to every C-object, U assigns its underlying set, and

(ii) to very C-morphism, U assigns its underlying function of sets.

In other words, U removes the structure of the objects and mor-
phisms of C. Sometimes, U is called the underlying functor. For a
specific example, consider the forgetful functor U: Grp — Set. In
this case,

(G,) — G

tor every group (G, -), and
GyLm+y) S chn

for any group homomorphism f. Note that, although we use the
same symbol, the label f on the left is not the same as the one on the
right because they refer to functions that have different domain and
codomain. The former is a subset of the cartesian product of the sets
(G,-) and (H, +), whereas the latter is a subset of the the cartesian
product of the sets G and H.

Bifuctors.* A bifunctor is one whose domain is a product of two
categories. Suppose A, B, and C are categories. Given a bifunctor
F: A x B — Cand a fixed B-object B, define the map F(—, B): A —
B that sends every A-object A to F(A, B), and every A-morphism
to F(y,1g). Then F(—, B) is a functor from A to B, which follows
immediately from the fact that F itselfis a functor. Moreover, F(—, B)
is contravariant. Note that, since B is arbitrary, we obtain in this
way a family of functors from A to B. In an entirely similar manner,
given any A-object A, we define F(A, —): B — C by mapping any B-
object B to F(A, B) and any B-morphism ¢ to F(14, ¢). The functor
F(A, —) is covariant.

For each topological space with base point (X, xg), let 711 (X, xo) be
its fundamental group. If ¢: (X, x9) — (Y,yo) is a Top,-morphism,
define 711 () : (X, x0) — 71 (Y, y0) by [v] = [ o]. Then 71y isa
covariant functor from Top, to Grp.” Indeed, if f o g is defined for
Top,-morphisms f and g, then

m(feg)v]) = [fogen] =mf)[go]) = m(f) o m(g)([7])
for any loop vy € Q(X, x9).
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4 Tt s possible to define multifunctors for any
finite product of categories, in the obvious way.
This is the categorical analog of the notion of a
function of several variables.

5 We already discussed the functorial
properties of 7; in chapter 2. The functor 77 is
only one of the tools that algebraic topology
deals with. Roughly speaking, algebraic
topology studies functors from the category of
topological spaces to the category of groups.
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Proposition 3.23  Properties of functors

(1) Functors preserve isomorphisms.

(i1) Consider two functors F: A — B and G: B — C. Define the
composite G o F: A — C, of G with F, by

(GoF)(x L x) = Gr(x)) S, 6(r(x).

Then G o F is a functor.

Let F: C — D be a functor and X, Y two C-objects. Define
Fxy: Homc(X,Y) — Homp (F(X),F(Y)) : ¢ — F(y).

Note that Fx y is a map of sets.

Definition 3.24  Full and faithful functors

A functor F: C — D is
(i) faithful if Fx y is injective for every pair of C-objects X and Y,
(i) full if Fx y is surjective for every pair of C-objects X and Y,
(iii) fully faithful if F is both full and faithful,

(iv) surjective on objects if for any D-object D there is a C-object C such
that F(C) = D,

(v) essentially surjective on objects if for any D-object D there is a C-
object C such that F(C) = D.

Both faithfulness and fullness are local properties. For instance, in the
former case, we do not check whether F is injective, but rather whether the
induced function Fy y is injective for each pair of objects X and Y. The
same idea applies for the other concepts.

A functor F: C — D is injective on morphisms provided that for any pair
(f,g) of C-morphisms, it holds that

F(f)=F@g) = f=¢

It is clear that a functor that is injective on morphisms is faithful, but not
the other way around. A faithful functor that is injective on objects is called
an embedding If F: C — D is such a functor, then C is identified as a
subcategory of D. If F: C — D is a fully faithful functor that is injective
on objects, then it is a full embedding of C into D. In this case, C is a_full
subcategory of D.

Remark 3.25. The definition of a faithful functor does not state that if f and g are

distinct C-morphisms, then F(g) # F(g). This only applies when both f and g are

parallel arrows, that is, they have the same domain and codomain.
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Proposition 3.26

Let F: C — D be a fully faithful functor. For any C-morphism f, if
F(f) is an isomorphism, then f is an isomorphism.

Definition 3.27  Isomorphism of categories

Let C and D be categories.

(i) A functor F: C — D is an isomorphism if there exists a functor
G: D — A such that

FoG=1p and GoF=1c.

(ii) We say C and D are isomorphic if there is an isomorphism between

them and write C = D in such a case.

Since the functor G in the definition above is uniquely determined by
F we write G = F~1. On the other hand, 2 is an equivalence relation in

the conglomerate of all categories.

Remark 3.28. Note that a functor is an isomorphism if and only if it is full, faithful,

and bijective on objects.

Definition 3.29 Concrete category over Set

{ A category C is concrete if there is a faithful functor C — Set.

'The functor C — Set should be thought of as a forgetful functor, which
assigns to every C-object its “underlying” set and to each C-morphism its

“underlying” function.

Example 3.30. Many familiar categories are concrete. For instance,

(i) Set, (v) Ring,
(ii) Grp, (vi) K-Vect,
(iii) Ab, (vii) R-Mod,
(iv) Top, (viii) Pos,

are examples of concrete categories. An example of a non-concrete cate-
gory is hTop: despite the fact its objects are sets with additional structure,
its morphisms are classes of functions rather than actual functions between

them (with extra structure).
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3.4. Products and Coproducts

'The categorical notions of products and coproducts are abstractions of the

notions of cartesian products and direct sums, e.g., of groups.

Definition 3.31 Product

Let (X)) ca be a family of objects in a category C. A product of this
family is a pair (X, (7my)ren) where X is a C-object and (7y: X —
X)) ren is a family of C-morphisms such that if X’ is any C-object and
(7 : X' — X))ren is a family of C-morphisms, there is a unique C-
morphism ¢: X’ — X such that 77}, = 7y o ¢ for every A € A, that is,
the diagram

X 5 X,

vl

X/

commutes.

In this case X is an attracting object, because for each pair with the
described property, there is a unique arrow into X that makes the diagram
above commute. The morphisms 7, are called the canonical projections,
even though they may not be epimorphisms or projections in the traditional
sense.

'The uniqueness in this definition means that if ¢ and ¢’ are two mor-
phisms that satisfy 71y o p = 7, o ¢ for every A € A, then necessarily
v=y.

Note that we have defined a product and not the product of the family
(XA)rea- This is due to the fact that, in the strict sense, products are not

unique, but they are unique in a very special way.

Proposition 3.32  Products are unique up to unique isomorphism

Let (X)),ca be a family of objects in a category C. A product of
(X))aen, if it exists, is unique up to unique isomorphism.

Proof: Suppose (X, (7mx)ren) and (X', (77))ren ) are two products of the
family (X))rea. Since (X', (77))aen) satisfies the universal property of
Definition 3.31 respect to (X, (7ty)pen ), there is a unique C-morphism
¢: X' — X such that 1), = ) o ¢ for every A € A. Likewise, there is a
unique morphism ¢': X — X’ such that 71, = 7 o ¢’ for every A € A.

50



3.4. PRODUCTS AND COPRODUCTS

We have the following commutative diagram

X ---"e-- » X e » X
T\ ﬂﬁ\ T\
X, X, X,

Thus 71, o (Y o ¢') = m) for every A. Since 71y o 1x = 7, for every A, the
uniqueness implies ¢ o ¢’ = 1x. Inan entirely analogous manner we obtain
¢’ op = 1y. Hence i and ¢’ are inverses of each other. In particular, ¥
is an isomorphism and since is the only morphism from X’ to X, we have

proven that X and X’ are isomorphic up to unique isomorphism. O

This result permit us to speak of #be product of the family (X, ) ea. The
product of (X )aen, if it exists, is denoted by

ITXx
AEA
We must emphasize how the uniqueness stated in Definition 3.31 en-
ables us to conclude the equalities o ¢y’ = 1x and ¢’ o i = 1y, meaning
that ¢ is an isomorphism. Without such uniqueness, we cannot conclude
that an isomorphism exists, let alone a unique one.

Remark 3.33. Uniqueness is a key part of the definition of a product (in fact, of any
universal property) because it gives us a canonical isomorphism between the objects
that satisty the definition.

Example 3.34.
(a) The category 1 does not admit products.

(b) In Set, every family of sets admits a product. The product of a family
of sets is its cartesian product.

(c) In Grp, every family of groups admits a product: the cartesian prod-
uct of the underlying sets together with the binary operation of com-
ponentwise multiplication. The product of a family of sets s its carte-
sian product.

(d) In Top, the product of a family of topological spaces is the cartesian
product of the underlying sets endowed with the product topology,
the coarsest topology for which all the canonical projections are con-

tinuous.

As expected, there is a notion dual to that of a product.
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Definition 3.35  Coproduct

Let (X)), be a family of objects in a category C. A coproduct of this
family is a pair (X, (¢))ren) where X is a C-object and (g): Xy —
X)aen is a family of C-morphisms such that if X’ is any C-object and
(6 : X = X')ren is a family of C-morphisms, there is a unique C-
morphism ¢: X — X’ such that ¢}, = o, for every A € A, that is,
the diagram

X, — 5 X
, K

GA !

e

commutes.

In this case, X is a repelling object. The morphisms 77, are called the
canonical injections, even though they may not be monomorphisms or in-
jections in the traditional sense. Analogously to the case of the product, a
coproduct, if it exists, is unique up to a unique isomorphism. The proof
of this result is completely similar to that of Proposition 3.32, and, in fact,
follows directly from the duality principle.

3.5. Fibered Products and Amalgamated Sums

Definition 3.36  Fibered product

Let f: X — Z and g: Y — Z be two morphisms in a category C. A
Jibered product of f and g is a triple (P, py, p2) that consist of a C-object
P and two C-morphisms py: P — X and pp: P — Y such that

(i) fop1=gopy,and

(ii) for any C-object P’ and any pair of C-morphisms p}: P' — X
and p): P’ — Y that satisfy f o pj = g o p), there exists a unique
C-morphism ¢: P’ — P such that pj = pjop and p), = pr o,
that is, the diagram

commutes.

52
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Other names for fibered product include pullback and fibre product. 'The
dual notion of fibered product is that of amalgamated sum, also called fibered
coproduct or pushout.

Definition 3.37 Amalgamated sum

Let f: X — Y and g: X — Z be two morphisms in a category C. An
amalgamated sum of f and g is a triple (S, s1,s2) where S is a C-object
ands;: Y — Sandsy: Z — S are C-morphisms such that

(i) syof =sp0g,and

(ii) for any C-object S" and any pair of morphisms s}: ¥ — S’ and
sh: Z — S’ that satisfy s| o f = s} o g, there exists a unique C-
morphism ¢: S — S’ such that s§ = i os; and s, = ¢ osy, that

is, the diagram

commutes.

Example 3.38. In Set, the amalgamated sum of two functions

CLALB

consists of the set (BU C)/ ~, where ~ is the equivalence relation defined
by
b~c <= dacA:f(a)=bandg(a) =c¢,

and the pair of canonical injections
ii:B— (BUC)/~ and i:C— (BUC)/~

defined by x +— [x]~. In this case we have f(a) ~ g(a) for everya € A, so
iyog =ipo f. To verify that (BLUC)/ ~,ij,ip) is indeed a pushout of f
and g, suppose j1: B — D and jp: C — D satisfy j; 0o g = jo o f. Define
¢p: (BUC)/~ — Dby

(1K) k) ifk=1,
' (k) ifk=2.

Here x € BUC and k is the indexing variable. We have i o i; = j; and
P oip = jp. Note 1 is the unique function that verifies this property.
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3.6. Natural Transformations

We have given the notion of a category and the notion of map between
categories, i.e., the notion of functor. There is a further notion of a map
between functors. This concept only makes sense when considering parallel

functors.

Definition 3.39  Natural transformation

Let C and D be two categories and F,G: C — D two covariant func-
tors. A natural transformation n1: F — G is a family of D-morphisms
(nx: F(X) = G(X))xcc such that if f: X — Y is any C-morphism,
then the following diagram commutes

X F(X) —% G(X)
f E(f) G(f)
Y F(Y) — G(Y)

In other words, n7x o F(f) = G(f) o nx for every f € Hom¢(X,Y).

The morphisms 7x in the definition above are known as the compo-
nents of 7. Rather than viewing a natural transformation as a family of
morphisms, we can consider it as an assignment that, for each C-object X,
provides a corresponding D-morphism #7x : F(X) — G(X) that makes the
diagram above commute. The definition of natural transformation for con-
travariant functors is entirely similar. A natural transformation #: F — G

between contravariant functors F, G: C — D is a family of D-morphisms

(7x: F(X) = G(X))xec

such that if f: X — Y is any C-morphism, then nx o F(f) = G(f) o njy.

In other words, the following diagram commutes

X F(X) —% G(X)
f E(f) G(f)
Y F(Y) — G(Y)

Given two natural transformations #: F — G and 6: G — H between
functors either covariant or contravariant (but of the same type), we can
define their (vertical) composition @ o 7: F — H by

(Bon)x =0xonx

for all C-objects X. 'The following diagram illustrates why the definition
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3.6. NATURAL TRANSFORMATIONS

applies equally to both covariant and contravariant functors.

Ty

It F, G, H were contravariant, only the vertical arrows would be reversed.

The functor category from C to D, denoted D, consist of functors
C—D

as objects and natural transformations between them as morphisms. Thus,
it is possible to speak of natural transformations that are monos, epis, sec-

tions, retractions, etc.

Definition 3.40 Natural isomorphism

Let F,G: C — D be two functors. A natural transformation: F — G
is a natural isomorphism if nx: F(X) — G(X) is an isomorphism for
every C-object X. In this case, F and G are naturally isomorpbhic.

In this case we can define the natural transformation 7~ ': G — F given
by 7y G(Y) — F(Y) foreach Y € D. We call ! the inverse of 77. Thus,
7: F — G is a natural isomorphism if and only if there is 6: G — F such
that

no#=1p and 6Oon=1c.

It is immediate that the composition of natural isomorphism is again a

natural isomorphism.

Definition 3.41 Equivalence of categories

Two categories C and D are equivalent if if there are two functors
F:C—»D and D—C
and two natural isomorphisms
#:FoG—1p and pB:GoF —1c.

In this case, we write C ~ D and we say that F and G are quasi-inverses

of each other.
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Chapter 4

Geometric Realization of a

Category

'The geometric realization is the process of assigning a simplicial complex to
a topological space. A more precise term might be topological realization.
In this chapter, we introduce the necessary framework to associate a group
to a category. This is achieved by first linking a geometric structure to the
category, which being a topological space, allows us to apply the techniques
of homotopy theory discussed in Chapter 2 to define its fundamental group.
However, this approach relies in topological tools and, as we will explain
in the last chapter, we seek to develop a theory that leads to same results

but in a purely algebraic manner.

"The main references for this section are [25, 14, 12, 26, 22, 13, 35].

4.1. Simplicial Sets

For each nonnegative integer n > 0, we let [n] = {0,1,...,n}. When
endowed with the usual ordering of the natural numbers, [n] is a totally

ordered set. A function f: [n] — [m] is order preserving or monotone if

f(1) < -0 < fm).

We know that the composition of monotone functions is monotone, that
this composition is associative, and every finite ordinal has an identity func-
tion. Thus, the collection of all finite ordinals [n] together with the order
preserving functions between these sets naturally defined a category.

Definition 4.1  Simplex category

The simplex category, denoted A, is the category that consists of the fol-
lowing data.

(i) Objects: linearly ordered sets [n], for each n > 0.

(ii) Morphisms: monotone maps between linearly ordered sets.
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CHAPTER 4. GEOMETRIC REALIZATION OF A CATEGORY

'The category A is small.

Remark 4.2. The collection of all ordinals can be ordered by declaring [n] < [m] if
and only if n < m.

‘ Definition 4.3 Simplicial set ‘

‘ A simplicial set is a contravariant functor from A to Set. ‘

Remark 4.4. The definition of simplicial set was first introduced by [9].

There is nothing special about Set in this definition. We could go a step
turther and define simplicial objects, which is done by replacing Set with an
arbitrary category in the above definition. For example, if we consider Grp,
then we would talk about simplicial groups. If we consider covariant func-
tors instead we get the notion of cosimplicial objects: a cosimplicial object in
a category C is a covariant functor from A to C. On the other hand, there is
a category Setp of simplicial sets, that consists of the functors AP — Set
and whose morphisms are natural transformations.

Simplicial sets are particularly important for the purposes exposed in
this chapter because they help “model” topological spaces, serving as the
backbone of such spaces. We will elaborate on this idea in the remaining
of this chapter.

Odur first step is to describe simplicial objects explicitly, i.e., to identify
the essential data that constitutes a simplicial set. Given a simplicial set
X: A°? — Set and a A-object [1], we denote X, := X([n]). Thus, associ-
ated to X there is the sequence of sets (X;),cn- (Here N = Z1 U {0}.)
On the other hand, every A-morphism can be described in terms of certain
special maps, which serve as building blocks, and that we now define. The
image of this maps under X will help us to give the explicit description

mentioned above.

Definition 4.5  Coface maps

Letn € Z* and fixi € [n]. The A-morphism d’: [n — 1] — [n] defined

by

. k if0<k<i-—1,

di (k) = et
k+1 ifi<k<n-1

is called ith coface map.

Note that d' is injective. When i = 1, the map d'(j) is the inclusion. In
total, there are 1 + 1 injections d' for each positive integer n. Note that d'
depends on 1 but we omit # from the notation so that it is not overloaded.
The ith coface map deletes the ith element in the image. Analogously, we
have surjective maps that duplicate the ith element in the image.
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4.1. SIMPLICIAL SETS

Definition 4.6 ~ Codegeneracy maps
Letn € Z§ and fixi € [n]. The A-morphism s': [n + 1] — [n] defined
by
) k ifo<k<i,
(k) = PRt
k—1 ifi+1<k<n+1

is called the ith codegeneracy map.

Proposition 4.7
'The coface and codegeneracy maps satisfy the following relationships.
dod =dtlod  ifi<j,
slos =gl og/tl ifi <j,
diosiml ifi <,
sod =1¢1 ifi € {j,j+1},

di-logl  otherwise.

Proof. Straight from the definitions. O

Let us present a motivating example that illustrates why introducing

coface and codegeneracy maps is useful.

Example 4.8. The monotone map [5] — [5] given by

0 0 0 0
1>>1 1>“>0—>1
2 2 can be factored as ? ! ?
3—— 3 3/2\3
4 4 47 \4
5>>5 5 5

Note that we have decomposed the map on the left to the composition of
a surjective map followed by an injective map, both order-preserving. It
turns out that any monotone map can be decomposed as the composition

of surjections and injections.
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Lemma 4.9 Fucrorization of order-reserving maps

Any A-morphism can be factored into the composition of coface and
codegeneracy maps. More precisely, if ¢: [n] — [m] is monotone, there
exists 0 < i, < -+ < ip <mand 0 < j; < -+ < js < n with

r —s = m — n such that

wzdilo...odifosjlo...osjs'

Moreover, this decomposition is unique.

Proof. See [25]. O

Let X be asimplicial set. We denote d; = X(d') ands; = X(s'). The im-
age of any monotone map under X is the composition of d;’s and s;’s. Note
that since X is contravariant, we have d;: X,, 1 — X, and s;: X;; — Xj;11
for every 0 < i < n. We call d; the ith face map and s; the ith degeneracy
map. Face and degeneracy maps satisfy the following relationships dual to
those of coface and codegeneracy maps presented in Proposition 4.7:

dod =dod  ifi<],

slosl =slos/t! ifi <j,
diosl=1 ifi<j,

slod =41 ifie{jj+1},
di=los/  otherwise.

By Lemma 4.9, we can describe a simplicial set X explicitly if we know
the collection of sets (X, ),eN, and the image under X of the coface and
codegeneracy maps. In fact, this information together with the relation-
ships between face and degeneracy maps characterizes completely any sim-
plicial set. Thus, we could have defined a simplicial set as the data consist-
ing of

(i) asequence of sets (Xy)y>0,
(ii) amapd;: X411 — Xu, foreachn > 0andi € [n],
(iii) amaps;: X, — Xy41, foreachn > 0and i € [n],
subject to the following relations:
dodl =dod  ifi<],
§os =gl og/tl ifi <j, (4.1)
diosi=l ifi<j,
slod =41 ifie{jj+1},
di=los/  otherwise.

Let us now look into a particular example of a simplicial set.
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Definition 4.10  Simplex

A simplex is a contravariant functor Homa (—, [1]) where # is a nonneg-

ative integer. We denote A" = Homa (—, [n]) and call A" n-simplex.

Note that A” is a contravariant functor from A to Set, so A" is a sim-
plicial set. Following our convention, we denote A}, = Homy ([m], [n]).
Relations (4.1) are readily verified. Therefore, using the characterization of
a simplicial set given above, we can specify A" by describing

(i) the sequence of sets (A},) >0,
(ii) the face maps
di: Al A s s pod

for everyn > 0 and i € [n], and

(iii) the codegeneracy maps
sit Al ALy s Y pos

tor everyn > 0 and i € [n].

4.2. Geometric Realization of a Simplicial Set

Simplices are important because they are the backbones over which the
geometric realization of an arbitrary simplicial set is constructed. First, we
have to give the n-simplex A" a geometry. In other words, we associate to
A" a topological space. Recall that I = [0, 1].

Definition 4.11 Standard n-dimensional simplex

'The standard n-dimensional simplex is the topological space that consist
of the set

|An|:{(x(]/~.-,x;1)EI”+1:XO+...+xn:1}

endowed with the subspace topology of R".

Remark 4.12. An alternative definition of |A"| can be given as the convex hull of

n+ 1 points in R" with zeros every where but a single 1 in some component.

The standard n-dimensional simplex is the geomerric realization of the n-
simplex. As particular examples, |A?| is the singleton {1}, whereas |A!] is
the unit interval, |A?| is a triangle, and |A®| is a tetrahedron. See Figure 4.1.
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Definition 4.13  Geometric realization of a simplicial set

Let X be a simplicial set and endow every X, with the discrete topology.
'The geometric realization of X, denoted | X], is the topological space

1X| = (goxn X !A"|> /N

where ~ is the equivalence relation given by

(di(x), (o, - tn)) ~ (x,df (to,...,tn)>,
(sj(x), (to, .- tn)) ~ (x,sj (to,...,tn)) )

Here |X] is endowed with the quotient topology.

Remark 4.14. Recall that when working with the disjoint union of topological
spaces, we omit the last component corresponding to the label to where the point
belongs to. For instance, we should actually have written (d;(x), (to, ..., tn), 1)
instead of just (d;(x), (to, ..., tn)). However, this omission should cause no confu-

sion.

4.3. Geometric Realization as a Functor

The geometric realization of a simplicial set can be regarded as a functor
from Sety, the category of simplicial sets, to Top, the category of topolog-
ical spaces.

We have seen that | - | assigns a topological space to every simplicial set.

Moreover, given a morphism
F:X=Y

of simplicial sets, there is a naturally induced morphism of topological

spaces, that is, a continuous map
[ Fl: X = Y]

defined by
[(x, to, ... tn)] = [(F(x),to, ..., tn)]

'The properties of this functor are treated in [25].

62
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CATEGORY

4.4. 'The Nerve and the Classifying Space of a Small
Category

We now present a method to associate a simplicial set to a small category,

called its nerve.

Definition 4.15 Nerve

'The nerve of a small category C is the simplicial set given by

(i) the sequence of sets (N'Cy),,~o where
NCy = {(¢1,...,¥n) | Yir10¢; is defined, 1 <i<n—1}.
We write an element of N'C,, as a finite chain

Ac P A oA, oA, A,
(ii) Face mapsd;: NC, — NC,_1 defined by

(W1, n) = (1, i1, i1 O Pi i, Pn)
foralli € [n].
(iif) Degeneracy maps s;: NCy, — N'C,11 defined, for all i € [n], by

(lpl,...,lpn) — (l[]1,...,l/)i,1l',l[]i+1...,lpn)

where 1; is the identity of the ith object of the chain, i.e., A;.

Remark 4.16. When i € {0,n}, the composition ;.1 o ¢; does not make sense
as neither 1y nor 1,1 exists. However, the convention is that d; misses ¥; in this

case. Thus

do: (l/)l,...,l/Jn) — (lpz,...,l/)n) and dni (l/]l,...,lpn) — (1,01,...,1/Jn71).

It is readily verified that the relationships between face and degeneracy
maps are satisfied. On the other hand, since the nerve of a small category
is a simplicial set, we can compute its geometric realization. The geometric
realization of the nerve of a small category C is called the classifying space
of C, denoted BC. Thus

BC = |NC|.

'The classifying space of a small category is a CW complex. Moreover, B is
a functor from Cat, the category of small categories, to Top. In fact, B can
be regarded as the composition of the functors A and | - |. Furthermore,
given a functor F: C — D of small categories, it is induced a continuous
cellular map of topological spaces BF: BC — BD [25]. We will not go
into the details here.
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Examples

We define special categories and describe the geometric realization of its
nerve. Our purpose is not to give a detailed exposition of the computa-
tions, but to illustrate the geometric aspect that arises out of a category by
tollowing the constructions we have described so far. Specific details can
be found in [22] and [25]. The following examples were first introduced
by Rosero in [29]. Proofs have been omitted.

The Interval Category I7,

Let m < n be even integers. The interval category Iy}, consist of
(i) objects: integers k fork € {m,...,n};

(i) morphisms: arrows k — k foreveryk € {m, ..., n}, and arrows i — j

for each even integer i and each j € {i —1,i,i 4+ 1}.

'The morphisms of I?, are formal arrows between integers. Alternatively,

we could define Ij}, as the category induced by the following preorder on

{m,...,n}:
m=<n <= m=mnormisevenand |m—n|=1.

'This category is represented by the diagram

AN S

where identity arrows have been omitted.

Remark 4.17. Despite its name, I}, should not be confused with the category that

consists of exactly two objects and precisely one morphism between them.

Proposition 4.18

The classifying space of I, is homeomorphic to the unit interval:

BI};, = [0,1].

The Disk Category D?

The elementary disk category, denoted D2, is the category given by the fol-

lowing commutative diagram.
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Formally, D? consists of exactly three objects and three non-identity
morphisms that make this diagram commute. More explicitly, as shown in
Figure 4.2, its objects are 2, B, €, and its morphisms are the identities of
these objects together with the arrows f: 2 — B, g: B — ¢, and h: € — 2,
with the additional conditions that

hogof=1ly fohog=1n and gofoh =1

Proposition 4.19

The classifying space of D? is homeomorphic to the unit disk:

BD? >~ D2,

The Circle Category S'

The circle category, denoted S1, is the category given by the diagram

N

N

Formally, S! consists of exactly two objects and two parallel non-identity
arrows. More explicitly, the objects of S! are 2,%B, and its morphisms
are the identities of these objects together with the arrows f: 20 — %8 and
g: A — B. See Figure 4.3.

Proposition 4.20

'The classifying space of S! is the unit circle:

BS' >~ sl

The Torus Category T?

The nth torus category, denoted T", is the product category S! x - - x St
of S! with itself n times. When n = 2, we just call T" the torus category.

Proposition 4.21

'The classifying space of T" is the n-dimensional torus, that is

BT" = T".

In particular, BT? = T2, This result follows from the fact that the func-
tor induced by the geometric realization preserves products and BS! = S1.
As described in [29], there is a similarity between T? and T? regarding
their plane representations, as a commutative diagram and as quotient of

the unit square 12, respectively. See Figure 4.4.
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N
A B
N

Figure 4.3: Labeled diagram of st
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/
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Figure 4.4: Flat representation of the torus

category T2. Arrows with the same label

are identified.
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Remark 4.22. By the results just presented, we have

1 (BD?) = 711 (D?) =0,
m(BSY) = my(S') =2, and
1y (BT") = 1y (T") = Z".

We will compare these results with those obtained at the end of Chapter 5.
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Chapter 5

Homotopy for Finite Categories

In this chapter we develop a novel theory that aims to associate a group
to a finite category in such a way that the framework resembles that of
classical homotopy theory presented in Chapter 2. We have seen that this
can be achieved by means of the classifying space of a category, as exposed
in Chapter 4. However, the key difference is that this will be done in a
purely algebraic manner, without relying on any topological method. To
begin with, we define the categorical analogs of many concepts of the clas-
sical homotopy theory of topological spaces and establish the foundational
framework. Subsequently, we demonstrate that the theory gives consistent
results with some of the examples presented in Chapter 4. For instance the
fundamental group of the topological circle is isomorphic to the funda-
mental group of the categorical circle as defined in the context of category
theory. We show a similar result regarding the fundamental groups of the
topological and categorical torus.

The work presented here builds extensively on the original work of
Rosero [29], where the fundamental concepts and ideas were introduced.
However, we have reformulated most of the definitions and statements
due to lack of coherence, well-definiteness and some erroneous proofs. A
short attempt in providing a correct formulation of the theory was done
by Ajila [2], but not in an exhaustive manner as done here. Apart from
that, we present revised results, coherent notation, novel proofs, and gen-
eralizations of some of the angular results of the theory. Moreover, we have
reorganized the concepts so that the presentation now resembles more that
of the classical theory of homotopy, as presented in Chapter 2.

Even though the work of Rosero [29] is based on the work by Larose
and Tardif [16], as the author acknowledges, it is nevertheless the original
formulation of the theory we explore here. Anything wise and brilliant
must be credited to the masterworks that have been revised to write this
thesis such as [21, 6, 32, 16, 19, 34, 13, 25, 33, 18, 1, 7]. Anything foolish,

assume it is my error.
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5.1. 'The Preordered Category A

Odur first step is to build a category that will play a similar role to that of
the unit interval I when we talked about homotopy of paths in Chapter 2.
Recall from section 3.1 that any preorder naturally defines a category.

Lemma5.1

Let < be the binary relation on Z defined by
m<n <= m=mnormisevenand |m—n|=1.

Then < is a preorder on Z.

Proof. We prove < is both reflexive and transitive. On one hand, n < n
since n = n for any n € Z. To see that < is transitive, suppose m < n and
n < p where m,n,p € Z. If either m = n or n = p, it is clear that m < p.
If this is not the case, then m is even and |m — n| = 1, and n is even and
|n — p| = 1. However, it cannot be true that both m and n are even and
|m — n| = 1. It follows (vacuously) that m < p. Therefore < is a preorder
on Z. 0

Observe that < is not a linear order. For instance, < is neither symmet-
ric nor strongly connected. We write i < j whenever i < jand i # j.

Remark 5.2. Note that if i < j and j < k for some k € 2Z, then i < k. Indeed,
since this is true when i = j, assume i # j. Theniisevenandj=i—1lorj=i+1,
0 j < k because j is odd. Thus j —1 < j+1 < k, whence i < k. Similarly, i < j
and j > k for some k € 2Z imply i > k. It should also be noted that if i < j, then
—i = —j. It does not make sense to ask whether < is preserved under addition since

< is not strongly connected, meaning not every pair of integers can be compared.

‘ Definition 5.3  Category A ‘

‘ We define A to be the category induced by the preordered set (Z, ). ‘

Notice that both the collection of objects and morphisms of A are count-
able. Thus, A is a small category. We denote any A-arrow by i — j where
i,j € Z. Observe that the domain of any nonidentity arrow is an even inte-
ger. An odd integer is the domain of exactly one arrow, namely its identity.
The domain and codomain of a nonidentity arrow are consecutive integers.
Thus any A-arrow is of the form n — n, 2n — 2n—1, 0r2n — 2n+1
with n € Z. Further, if i — j is any arrow, there are three possibilities:
i=j,i=j—1,ori=j+1. This fact implies i — j = 1 if and only if
i = j = k. The following diagram is a visual representation of A, where the
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5.2. HOMOTOPY OF FUNCTORS

identity arrows have been omitted.

-2 -1 0 1 2

On the other hand, two A-arrows m — n and p — g are equal if and
only if m = p and n = g. Finally, note that there are no composable
nonidentity arrows; i.e., except by identities, A does not have composable
arrows. In categorical terminology, this means that A is a thin category
[28]. Hence it is not necessary to verify that a functor from A to any other
category preserves compositions of arrows. In other words, condition (iv)
in Definition 3.19 follows immediately from the fact that a functor maps

morphisms to morphisms.

Remark 5.4. Whenever m — n is used, we implicitly assume m < #n, otherwise

writing m — n makes no sense because such an object does not exist.

5.2.  Homotopy of Functors

Recall, from Example 3.22 (e) of section 3.3, that a bifunctor is one whose
domain is a product of two categories. For clarity, we restate the definition
below.

Suppose A, B, and C are categories. Given a bifunctor F: A x B — C
and a fixed B-object B, define the map

F(—,B):A—B

which sends every A-object A to F(A,B), and every A-morphism ¢ to
F(¢,1p). Then F(—,B) is a functor from A to B. Moreover, since B is
arbitrary, we obtain in this way a family of functors from A to B. In an
analogous manner, given any A-object A, we define F(A,—): B — C as
the map that sends any B-object B to F(A, B) and any B-morphism ¢ to
F(1a, ¢).

Let C and D be finite categories.

Definition 5.5

Let F,G: C — D be covariant functors. A homotopy from F to G is a
functor H: C x A — D such that, for some even integers m < n,

(i) H(—,k) = F for every k < m, and
(i) H(—,k) = G for every k > n.

If there is a homotopy from F to G, then F is homotopy equivalent to G,
which is denoted F ~ G.

We write H: F ~ G to indicate that H is a homotopy from F to G.
Sometimes we say H is a (m,n)-homotopy to make emphasis on the pair
of even integers stated in the definition.
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Proposition 5.6 allows us to say that F and G
are homotopy equivalent whenever F is

homotopy equivalent to G or conversely.

Notice that j < 0 impliesi < 0and j > 0
implies i > 0. See Remark 5.2.

CHAPTER 5. HOMOTOPY FOR FINITE CATEGORIES

Proposition 5.6

=~ is an equivalence relation over the objects of D€,

Proof. Let F,G,H: C — D be covariant functors.

(i) (Reflexivity) Let H: C x A — D be the functor defined by H(C, k) =
F(C) on objects, and by H (1, A) = F(i) on morphisms. Note that
H(—,k) =Fforanyk € Z,so F ~ F.

(i) (Symmetry) Suppose H: F ~ G is a (m, n)-homotopy. Let Z: C x
A — D be the functor defined by Z(C,k) = H(C, —k) on objects
and by Z(y, A) = H (9, A) on morphisms. It follows that

I(—k)=H(—,—k)=Gifk < —n
and
H(—, k) = H(—,—k) = Fifk > —m.
ThusZ: G~ F.
(iii) (Transitivity) Let H: F ~ Gand Z: G ~ H be (m,n) and (m’,n’)
homotopies, respectively. Define 7: C x A — D by
H(C k+n) if k<O,
Z(C,k+m") otherwise,

J(C, k) :{

on objects, and by

H(p,i+n—j+n) if j<0,

I(p,i+m' — j+m') otherwise,

J(ll)/i—U')Z{

on morphisms, whenever i < j. Then J(—, k) = H(—,k+n) = Fif
k<m—mn,and J(—,k) =Z(—,k+m') = H whenever k > n’ —m’'.
Hence J: F ~ H.

O

Theorem 5.7 =~ preserves o

Suppose F ~ G and F' ~ G’ where F,G,F/,G’ are functors between
finite categories. If F' o F is defined, so is G’ o G, and

FoF~GoG.

Proof. Let H: F ~ G be an (m, n)-homotopy and let H': F' ~ G’ be a
(m’,n")-homotopy. Define Z(—,k) = H'(—,k+ m') o H(—,k + n) for
eachk € Z. If k < m —n, then H(—,k+n) = F since k+n < m and
H'(—,k+m') = F' because k < 0. Thus Z(—,k) = F'o Fwhenk < m —n.
Ifk > n' —m', then H'(—, k+m’') = G';and H(—,k+n) = Gask > 0.
Thus Z(—,k) = G’ o G when k > n’ —m/'. It follows ' o F ~ G o G. [
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5.3. Paths

Suppose throughout that C is a finite category.

Definition 5.8 Path

Let A and B be C-objects. A pathin C from A to B is a functor a: A —
C such that, for some even integers m < n,

(1) a(i = j) =14 ifj < m,and

(i) a(i —j) =1gifj > n.

By a C-path we mean a path between objects of C. The set of C-paths
from A to B is denoted ®¢ (A, B), or just ®(A, B) if the category is known
from the context. A loop based at A is a path from A to A. We say C is path
connected if there is a path between any two C-objects.

The integers m and # in this definition are lower and upper bounds for
a, respectively. More precisely, a lower bound for « is an even integer / such
that

a(i —j) =14 for j<I.

Similarly, an upper bound is an even integer u such that
a(i — j) =1p for j > u.

In order to emphasize the lower an upper bounds we sometimes say « is a
lu-path. This terminology will ease up the upcoming proofs. Note these
integers are not unique: any even integer less than [ is also a lower bound,
and any even integer greater than u is also an upper bound for «. However,
if the sets of lower and upper bounds for « are bounded above and below,
respectively, we define mina to be the greatest lower bound and max a to
be the least upper bound, that is,

mina = max{l € 2Z : a(i — j) =14 forall j <1}, and

maxa = min{u € 2Z : a(i — j) = 1p forall j > u}.

It is clear that min « and max« are unique.

The information contained between min « and max « is called the non-
trivial part of w, that is, the objects a(k) for mina < k < maxuw, and the
morphisms (i — j) for mina < j < maxa. We define the lengzh of a
path & to be the cardinality of the set of arrows contained in its nontrivial
part, that is, max « — min .

We shall illustrate how paths are represented by means of diagrams.

Since we are interested only in the nontrivial part, any path a can be given

a representation as follows, where 7 = min« and 7 = maxa.!
a(m) a{momtl) a(m+1) +— - — a(n—1) alnnl) a(n)
(m) (m+1) (n=1) (n)
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Keep in mind Remark 5.2: i 5 jand j < m
imply i < m. Likewise, if i < j and j > n, then
i>n.

1 'We omit the objects and arrows that do not
belong to the nontrivial part. Identities are also
omitted. The position of the objects is

indicated in parentheses below them.
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Example 5.9.

The first and third examples are the categorical
analog notions of constant and inverse paths of
classical homotopy theory.

2 Notice that there is no problem of definition
on the objects when k = 1 because

a(n) = B = B(p). A similar argument shows
this functor is well-defined on morphisms.

(i) (Constant path) A constant functor a: A — C is a path in C as it
can be verified from the definition. We call w a constant path at A,
where A is the C-object corresponding to the constant value of . It
is denoted A.

(ii) (Functors preserve paths) If « is a path in C and F: C — D is any
functor, then F o« is a path in D.

(iii) (Inverse path) If a: A — C is a path, then the functor from A to C
defined by k — a(—k) on objects and by (i — j) — a(—i — —j) on
morphisms is also a path in C. We call this functor the inverse path
of «, and denote it w. Note that if w is a mn-path from A to B, then
wis a (—n, —m)-path from B to A. On the other hand, note that if
F: C — D is any functor, then Foa = Fom.

(iv) (A nonexample) Let A be a C-object and f: A — A. Let a be
the functor that maps every A-object to A and every A-arrow to f.
'Then  is not a path since it does not satisfies the finiteness condition,
namely that a path must become eventually constant to the left and
to the right.

(v) (Concatenation of paths) If « is a path from A to B and B is a path
from B to C, we say a and 8 are composable, or able to be concatenated.

In other words, & and B are composable if a(maxa) = B(minp).
Suppose « and p are composable paths. Let
(m,n,p,q) = (min«, max «, min , max f).
Define a functor from A to C by?
k ifk <mn,
ko {40 nEeT (5.1)
Blk+p—mn) ifk>n,
on objects and by
C i<,
i—j a(i =) Br=n (5.2)
Bli+p—n—j+p—n) ifj>n,

on morphisms.

Remark 5.10. By construction, this functor is unique, and it follows from

the definition that it is a (m,q — p + n)-path from A to C.

Definition 5.11  Product of paths ‘

The product o - B of two composable paths « and f is the path defined
by (5.1) and (5.2).
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Remark 5.12. With this “operation” we are headed to the categorical notion of the
fundamental group of a finite category. Observe that - is not an actual operation on
the set of C-paths since it is not defined for every pair of elements of this set. Rather,
it should be thought of a way of producing new paths from old ones whenever the

concatenation is possible.

Theorem 5.13  Associativity of -

Let o, B, and <y be paths in C. Then

(w-B)-y=ua-(B-7) (5.3)

whenever the products are defined.

Proof. Let

m=ming, p=minf, r=minvy,

n=maxq, §=maxp, s=maxq.
Suppose the products in (5.3) are defined. Note maxa - =g — p +nand
min - v = p. By definition,

- B(k) ifk<g—p+n,
(a-B)-y(k) = _
y(k+r—g+p—n) otherwise
a(k) ifk <nmn,
= Bk+p—n) fn<k<g—p+n,
Yk+r—q+p—n) else
and
(k) ifk<n,
a-(B-y)(k) =
B-ylk+p—n) else
(k) ifk <n,
= Blk+p—n) ifn<k<qg—p+n,

yk+p—n+r—q) else.

A similar computation shows that (« - ) -y and « - (B - 7v) agree on mor-

phisms too, completing the proof. O

Inview of Theorem 5.13, we will write a - B - 7y to denote either (a- B) - 7y

ora-(B-7). As a consequence of this result,

(w-B)-y~a-(B-7)

Now we embark on the task of description of paths in a finite category.
This will prove useful later when we define the fundamental group a finite
category. 'The following examples present the type of paths we will deal

with in the next section.
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3 An alternative representation is given by the
simplified diagram

A(Zn) #> B<+—B
Here the subscript (21) does not represent any
property of the object A, but it is a shorthand
to denote the position at where f is based. If
possible, we will avoid this use of subscripts.

CHAPTER 5. HOMOTOPY FOR FINITE CATEGORIES

Example 5.14.

(i) (Induced paths) Given a C-morphism f: A — B, there is a natural
way of obtaining new paths out of f. Define a functor from A to C

by

1, ifi,j<2n,
A ifk<2n, o
k — i—j = qf if(ij)=2n2n+1),
B otherwise,
15 ifi,j>2n+1,

on objects and morphisms, respectively, where n € Z. By construc-
tion, this functor, which we denote f(?") is a path from A to B.
Namely, we have “embedded” f into this path at position 2#, to the
right. We call f?") the induced path in C by f at position 2n. This

path is represented by the following diagram.’
fan o4 Ly B B
(2n) (2n+1) (2n+2)
The inverse of f(") is given by the diagram
fa . B B L 4
(—2n-2) (—2n—-1) (—2n)

which is a path from B to A.
(i) (Subpaths) Let a be a path in C, and i < j two even integers. Define

a): A — Cby
(i) ifk <i, a(i— ) ifl<i
ks {a(k) ifi<k<j, k=1 = {ak—=1) ifi<kl<]
a(j) ifk> ] a(j—j) 1>,

on objects and morphisms, respectively. We call any functor of this
torm a subpath of «. Thus, a subpath of a is a path f such that B :‘aé

for some even integers i < j. It is clear from the definition that txf is
j

a ij-path from a(i) to a(j). Note that if a is a mn-path, then a = a;

for every pair of even integers i < m and j > n. If i = min zx? and

j = maxal, we call «/ a proper subpath of a.

(iii) (Translation of paths) Let & be a C-path. Fix an integer n. Let
B: A — C be the path defined by

B(k) =a(k+2n) and PG —j)=wa(i+2n — j+2n).

We say that B has been obtained by a translation of « by 2n. We
denote B = w[2n]. It follows, by construction, that

a[n][m] = a[n + m|
for any m,n € 2Z.
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5.4. Homotopy of Paths

Suppose throughout that C is a finite category.

In this section we present a relation that allows us to identify paths
that are “almost the same.” Roughly speaking, two paths are considered
to be almost the same if they have the same morphisms contained in their
nontrivial parts, regardless of where their nontrivial parts are located, or if

one can be obtained from the other by following a commutative diagram.

Definition 5.15  Homotopy of paths

Leta, p € ®c(A,B) and (m,n, p,q) = (mina, maxa, min f, max ). A
path homotopy H from a to B is a homotopy (of functors) from a to B
that satisfies

(i) H(k,—) = Aifk < min{m, p}, and
(i) H(k,—) = Bifk > max{n,q}.

If there is a path homotopy from & to B, then « is path homotopic to j,
which is denoted a« ~ B.

As in the case of homotopy of functors, we write 7 : a ~ B to indicate
that H is a path homotopy from « to .

‘ Proposition 5.16

‘ ~ is an equivalence relation in ®¢ (A, B).

Proof. This proof is similar to that of Proposition 5.6, but here we prove
that, in addition, (i) and (ii) of Definition 5.15 hold. Fix «, B,y € ®(A, B)
and let (m,n, p,q,7,s) = (min &, max &, min B, max , min ¢, maxy).
(i) (Reflexivity*) Define H: A x A — D by H(i,j) = a(i) on objects
and by H (¢, ) = a(¢) on morphisms. By Proposition 5.6, H : a =~
. Now notice that H(i,j) = A = A(j) when k < m, and H(i,j) =
B = B(j) fork > n. Therefore, H(k, —) = Aifk < mand H(k, —) =
Bifk > n. Thus H: a ~ a.

(ii) (Symmetry) Suppose H: « ~ B. Define H': A x A — C by
H'(i, ) = H(i, —))
on objects and by
H(Gi—ji —f)=H{i—j—-i——)

on morphisms. As noted in the proof of Proposition 5.6, H': « >~ B.
Since H'(i,j) = H(i, —j) = A(—j) = A = A(j) fori < min{m, p},
we have H'(i, —) = A when i < min{m, p}. Similarly, 1'(i,—) = B
ifi > max{n, q} Therefore H': p ~ a.
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(iii) (Transitivity) Suppose a ~ B and  ~ . Let H be a path homotopy
from « to B with even integers p < g and r < s such that

{A ifk<r,

if1<p,
H—n=2" ""=P and HEk ) ={"
B ifk>s.

g ifl>gq,
Likewise, let Z be a path homotopy from p to vy, with even integers
p' < q and ¢’ <, defined analogously. Define 7: A x A — C, as
in the proof of Proposition 5.6, by

H(k, |+ if k<0,
T = D
Tk1+p) if k>0,

on objects, and with the obvious modifications on morphisms. Then
J is a homotopy from & to 7, meaning « ~ . Finally, note that
if k < min{0,7}, then J(k,1) = H(k,1+q) = A(l+4q) = A for
any ! € Z. Thus J(k,—) = A whenever k < min{0,7}. Similarly,
J(k,—) = B if k > max{0,s'}. This proves that « ~ .

O

Figure 5.1 shows the structure of A x A, and that diagram will helps
us to better understand the notion of homotopy of paths. We can think of
a functor A x A — C as a diagram that emerges from embedding A x A
into C.
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Figure 5.1: Category A x A.
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The following example is very illustrative. It shows why two paths are
path-homotopy equivalent if one of them has been obtained by a transla-
tion of the other.

Example 5.17. Let « be the path given by the following diagram.

f 8 ) P

A
(0)

B C D E

'The commutative diagram of Figure 5.2 gives a homotopy of paths from
«[2] to a. The fact that it is commutative follows from the fact that each

square commutes.

Remark 5.18.

of how to reallocate an arbitrary path to any position, but it also suggest a

(i) Notonly the functor presented in this example gives us an idea

way to eliminate pairs of identity arrows out of a path.
(i) For instance, the second row is a path which contains a pair of identities of
the form < - —, the next row was obtained out of the second by flipping the
position of ¢ and the pair <— - —, getting a new path with a pair of identities
of the form — - <—. Continuing this way until the bottom we obtain a new
path which is path-homotopic to the original but does not contain any pair

of identity arrows.

—

(o2

<

<

A A A B C D E
D AN ‘ RN /
f fooy f f g ¢ P
Nl N LY N
A—f— B B B+-¢§—C—¢—D<+—yp— E
f/ \g l g/l\g <P/ \w
/ N NS AN
A—f—B<+—3g—2C C C—¢—D<+—yv—E
AN I N /
f 8 ¢ ¢ ¢ ¢ ¢ 4
NS Nl L NS
A—f—-B<+-8—C—¢—D D D <«—vyv— E
/TN /[\ T TN
f g ¢ P ¥ P 4 P
/ N NN
A 7 B 2 C p D m E E E

Figure 5.2: Example 5.17.

Note that in order to construct the homotopy of paths given by the

diagram of Figure 5.2, we have moved each arrow one position at a time,

wherein a pair of identity arrows (either of the form — - < or the form

<+ - —) have been inserted.
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Notice that the insertion is always made to the
left of the object a (), which is the reason why
the data is moved two positions to the left.

CHAPTER 5. HOMOTOPY FOR FINITE CATEGORIES

We now generalize the idea presented in Example 5.17. To begin with,
we shall present a way to obtain new paths from old ones by inserting pairs
of identities arrows of the form — - < or the form < - —, depending
on the position at where the insertion is made. Given a path « in C and
n € Z,define'ya: A — C by

a(k+2) ifk<n-2,
Tha(k) = a(n) iftk=n-1,
a(k) else

on objects. Define I';a on morphisms as follows: if 1 is even,
a(i+2—j+2) ifj<n-2,

Tha(i—j) = Lo(n) ifj=n-1,
a(i — ) ifj>n,
if n is odd,
a(i+2—j+2) ifi<n-—3,
Fna(1—>]) = ]LX(H) 1fz:n—1,
a(i—j) ifi>n+1.
Remark 5.19. It follows, by construction, that
Fpa =a forall p < mina.

Namely, inserting a pair of identities before mina leaves the path unchanged be-

cause « is constant before min «.

Proposition 5.20

For any path « and any n € Z,

o ~Tpiqa.

Proof. Let a be a path from A to B. We do the proof for the case when n
is odd as the other case follows a similar reasoning. Let ¢ = a(n+1 — n).
Define H,: A x A — Cby H,(i,j) = T'ya(i) on objects and by

Hn(i = j,k—1)=Tha(i — )

on morphisms. Define #,,;1 analogously. The reader should notice that
., is the homotopy of paths defined in the proof of Proposition 5.16 that
proves that ~ is reflexive. Then

Hy:Tpa ~ Ty and Hyp1: Ty ~ Tyqa.
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Now define #: A x A — C on objects by
Hui, ] ifj <0,
i) = 4 0D T
Hnt1(i,j)  otherwise,
and on morphisms by
Huli —j,i' — ) ifi,j <Oori,j<n—2,
i = i =) = Haai > i = ) 38, > Lorij2nt1,
) otherwise.

Note that H(i — j,i’ — j') = ¢ precisely wheni,j € {n —2,n —1,n,n+
1} and (i',j') = (0,1). Let us prove H: I'na ~ I, qa. This follows imme-
diately from the definition. For any k < 0, we have

H(i k) = Hnli k) = Tha(i),

and also
Hi — j, 1) = Ho(i — j, 1) = Tpa(i — ).

Therefore, H(—,k) = Tya for every k < 0. In an entirely analogous
manner it follows that H(—,k) = I, for every k > 2. Up to this
point we have shown #H: I';a ~ T qa. To finish the proof, take M =

min{min &, minT, ; &} and notice that if i < M, then
N Taa(i)  ifj<0, A ifj<o0,
H(i,j) = , .= ,
I,qa(i)  otherwise A otherwise.

Thus, H(k, —) = A foreveryk < M. Let N = max{maxT,a, maxT,ja}.
Ifi > N,

N Twa(i)  ifj <0, B ifj<0,
H(i, j) = { =

[yqa(i)  otherwise B otherwise.

Thus, H(k, —) = B for every k > N. The proof is now complete. O

Corollary 5.21

For any path a and any n € Z,

o~ Ty

Proof. Let m = mina. If n < m, there is nothing to prove because of
Remark 5.19. Suppose n > m. Since & = I';,a, by Proposition 5.20 we
have

o~ T~ Tpqon~ e~ I’mHn,m)(x =T,

as claimed. O
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Suppose « is a path in C. Observe that, from a combinatorial point
of view, both « and «[2n] encode the same information, for any n € Z.
'The only difference being the position of its nontrivial parts. Naturally, we
should expect these paths to be path-homotopy equivalent and the follow-
ing result establishes this claim.

’ Theorem 5.22  Invariance of ~ under translation ‘

‘ For any path a and any n € 2Z, we have & ~ a[n]. ‘

Proof. Suppose « is a path with m = mina and p = maxa. It is enough
to prove & ~ «[2] since the result follows inductively from this particular
case. By Proposition 5.20,

v =Tpa ~Tpqa~ - ~Tpha = af2],
as desired. Now, since & was arbitrary, and using the fact that
afi][j] = afi+]]
for any i, j € 2Z, we obtain
o~ 2] ~ald] ~--~aln).

The result is established. O

The following definition characterizes paths that do not have any pair
of identity arrows of either the form — - < or the form < - — in their

nontrivial part.

Definition 5.23  Reduced path

Let a be a path from A to B. We say « is reduced it

a#Tup

for any B € ®(A, B) and every mina < n < maxa.

It follows, vacuously, that any constant path is reduced, because there
is no integer n such that 0 < n < 0.

Example 5.24. Assume the following paths start at the right of 0.
(i) The path

f f2 fa fa

Xo

X1 X X3 Xy

is reduced. Here, we are implicitly assuming that adjacent objects are
distinct.
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(i1) Neither

Xo

nor

Xo

are reduced paths. Both contain a pair of identity arrows. The first
contains a pair of the form < - — and the second contains a pair of
the form — - +.

(iif) If a is reduced, then a[2n] is reduced for any n € Z. 'This is due to
the fact that reallocation of a path does not change its combinatorial
data.

’ Theorem 5.25 Pruning

‘ Every path is path-homotopic to a reduced path.

Proof. Let a be a path. If « is either constant or reduced, there is nothing
to prove, because, in either case, « is already reduced and path-homotopic
to itself by reflexivity of ~. Suppose « is nonconstant and not reduced. We
proceed by induction on the number of pairs of identity arrows contained
in the nontrivial part of a. For the base case, if  has a pair of identity

arrows, then a = I', B for some integer n and some reduced path p. Then

x~ B,

by Corollary 5.21. Now, let k be an arbitrary but fixed positive integer, and
suppose that if a’ has k pairs of identity arrows in its nontrivial part, then o’
is homotopic to a reduced path. Let us prove the claim for the case when
« has k + 1 pairs of identity arrows in its nontrivial part. In this case, we
have & = T’y for some integer n and some path -y, where 7 has k pairs
of identity arrows in its nontrivial part. By the inductive hypothesis, v is
path-homotopic to a reduced path. By Corollary 5.21, « ~ < and thus « is
path-homotopic to a reduced path as well. The principle of mathematical

induction proves the result. O

From now and on we refer to Theorem 5.25 as the pruning theorem.

Theorem 5.26 - preserves ~

Ifa ~a’ and B ~ B/, and if o - B is defined, then &’ - B’ is defined and

a-B~a B

Proof. Let a,a be paths from A to B and B, p’ paths from B to C so that
- B is defined, where A, B, C are C-objects. If & ~ &/, then &’ is also a path
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from A to B, necessarily. Similarly, if  ~ p/, then B is a path from B to C.

Thus a' - B’ is defined. We now proceed to prove the result by considering

a special case first. The general case will follow from this case once it is

proved.

(i) Suppose maxa = maxa’ and minf = minp’. Let H: a ~ a’ be
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a aa’-path-homotopy and G: B ~ B’ a bb’-path-homotopy. Denote
n = maxwa and p = min B. Define 7: A x A = Cby

Flj) = i, f) ifi <n,
’ G(i+p—mn,j) otherwise,

on objects, and by

H(i—j,i" =] if j <mn,
Fli—ji—j)= o) o
Gli+p—n—j+p—ni —j) otherwise,

on morphisms. Let us show F: a-a’ ~ g-p'. If k < min{a,b},
then, forany i € Z,

o {a(i) i<, _
B(i+p—mn) otherwise,

and, for any A-arrow i — j,

. ifi<n
Fli— i) = {a(l—)j) itj<n

Bli+p—n—j+p—n) otherwise,

which equals « - B(i — j), by definition of concatenation of paths
(Definition 5.11). Hence,

FoR)=a-p
for every k < min{a,b}. In an entirely similar manner, we obtain

F(—,k) =a' - p for every k > max{a’,b'}. Finally, we prove

F(k,—) = (5.4)

A ifk < min{min(a - ), min(a’ - g')},
{C if k > max{max(a - ), max(a’ - B')}.
To this end, notice

min{min(« - ), min(a’ - ')} = min{mina, mina’}
by Remark 5.10. Also,
max(a-B) =maxf—p+n and max(a’-p') =maxp —p+n,

whence

max{max(a - B), max(a’ - ')} = max{max B, maxp'} — p +n.
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Thus, (5.4) becomes

Fk - A ifk< min{mina, mina’},
' C ifk > max{maxp, maxp'} — p+n.

The first equality follows from the fact min{mina, mina’} < n. To
see the second equality, note thatif k > max{max g, max '} — p +n,
then k > maxp — p+n > n, so, forany j € Z,

Fkj)=Gk+p—nj)=C,

where the last equality is due to k + p — n > max{max p, max f'}.
Similarly, we get F (1, i — j) = 1c for any A-arrow i — j. We have

proved this special case.

(ii) Suppose « ~ a’ and B ~ B'. By translating « and B to suitable
positions, we can apply the result of the case just proved. Indeed, let

m = maxa — maxa’ and # = min g — min . Then
maxa[m] = maxa’ and min B[n] = min B,
Thus, by (), a[m] - B[n] ~ /- B'. However,
a[m] - B[n] = a[m] - p = a- p[m].

Since a - B ~ (a - B)[m] by Theorem 5.22, we conclude o - B ~ o’ - B.
End of the proof. 0

Theorem 5.27

If « is a path in C from A to B, then
(i) A-a~a, and

(i) a-B~ a.

Proof: Let m = mina and n = maxa. Recall that the minimum and

maximum of a constant path are both equal to zero by convention.’

(i) Letus prove A - a = a[m]. On one hand, by definition of multiplica-
tion of paths,

A (k) = A(k) ifk <0,
a a(k+m) else.

Note thata(k+m) = A = A(k) whenever k +m < m, i.e., whenever
k < 0. This means that A - a(k) always equals a(k + m) regardless of
whether k < 0 or k > 0. Thus

A

A-a(k) =alk+m)
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for every k € Z. On the other hand, in order to see the equality on

morphisms, note that
. Ali — i ifi <0,
Aaisj =207 n=
a(i+m—j+m) else,
and use the fact that
a(i+m—j+m)=1,=A(— /)

whenever j + m < m, i.e.,, when j < 0. Then

A~

Aca(i—=j)=ali+m—j+m)=am](i—j)
for every i,j € Z with i < j. We have proven A - & = a[m]. Finally,
by Theorem 5.22, it follows A - & ~ a.

(ii) Again, by definition of multiplication of paths, we have

x B(k) = a(k) ifk<mn,
- B(k—n) else.

But B(k —n) = B = (k) for every k > n. Thus, a - B(k) = a(k) for
all k € Z. Similarly, since

. N fi<n
Wb )= ¢ S
B(i—n—j—n) else,

and B(i —n — j—n) = 1p = a(i — j) whenever j > n, it follows
w-B(i — j) = a(i — j) for any A-arrow i — j. Therefore, a - B = &
whence a - B ~ a.

'The proof is complete. O

| Lemma 5.28

Let f: A — Bbe a C-arrow. Then
@ f-f=
(i1) ff =

Proof. 'The path-homotopies that show (i) and (ii) are given by the follow-

ing pair of commutative diagrams, respectively.

A A A B B B
(2n,0)
f
J \ lf ! ‘ [\ﬁ /T
A B A B+«—— A ——8B
f f f @n20  f
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Theorem 5.29 Cancellation

Let a be a path from A to B. Then

(i) a-@= A, and
(i) @-a = B.
: : ~ g2 m+4 o on
Proof. For (i) note that, since a ~ aj™= - a7 - - - all_,,
= m-+2 m-+4 n—2 n n n—2 m+2 m42
a . ‘x ~ lxm . lxm+2 PR an_4 . wn_z . aniz . an_4 .. am . tx’n
~ gmt2 om+4 o on=2 on=2  om+2 o m+2
R S S S R | 1 R

~ aﬂ—m . a%+2

~ A

where we have used Lemma 5.28 and Theorem 5.26. The proof for (ii)

proceeds analogously. O

5.5. 'The Fundamental Group of a Finite Category

A category with base object is a pair (C, A) where C is a category and A
is a C-object. We say that (C, A) is a pointed category with base object at
A.® 'The pointed categories that we consider in what follows are finite.

Let C be a finite category. For any path a in C, we denote the path-
homotopy equivalence class of a by [«] and call it the path class of «. In
what follows, we are interested only in paths that start and end at the same
object. Recall that such a path is called aloop. If & is aloop from A to A, we
say a is a loop based at A. We call A the base object of w. The set of loops in C
based at A is denoted Q(C, A). Recall the constant loop A is the path that
maps every A-object to A and every A-arrow to 1 4. Proposition 5.16 says,
in particular, that path-homotopy is an equivalence relation on Q(C, A).
The set of path classes of loops based at A is denoted

K1 (C, A)

Let us see how to give k1 (C, A) the structure of a group. If « and p are
composable paths, it makes sense to define the product of their path classes
to be the path class of their product, that is,

This operation is only defined when a and B are composable. However,
any two loops based at A are composable and their product is again a loop
based at A. Thus, such an operation is always defined for any two elements
of O(C, A). We must, nevertheless, verify that it is well defined.
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F: (A, A) — (B, B) that preserve the base
object, i.e., F(A) = B.
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Proposition 5.30

Let - be the operation on x;(C, A) given by

Then - is well defined.

Proof. Suppose that [a] = [a'] and [B] = [p’], or equivalently, that
a ~ o' and B ~ p'. Note that & and B are composable since both are loops
at A. Then, by Theorem 5.26, it follows a - B ~ a’ - B/. Therefore

[a-p]=[a"-p']
whence [a]-[B] = [«']-[B'], by definition. O

Remark 5.31. From now and on we may abbreviate the product of path classes by

juxtaposition, that is, we write [«][B] instead of [a] - [B].

’ Theorem 5.32 ‘

The set x1(C, A) is a group under the operation of product of path classes
of loops based at A.

Proof. We have already seen that such an operation is defined o7 x; (C, A),
meaning that x1(C, A) is closed under the product of path classes of loops
based at A. Let us now prove the associativity of this operation and the

existence of an identity and inverses.

(i) (Associativity) This follows from Theorem 5.13. Indeed, if a, B, €
Q(C, A), then

([[BD[y] = [a- Blv] = [(&- B) - 7]

=[a-(B-7)] (by Theorem 5.13)
[
[

(i) (Identity) By Theorem 5.27, for any &« € Q(C, A),

~

(Alle] = [A-a] = [a] = [«- A] = [a][ A].

Thus, the identity is the constant path A.
(iii) (Inverses) By Theorem 5.29, for any a € Q)(C, A),

[w]f@] = [a-a] = [A] = [a-a] = [@][a],

whence [a] ! = [a].
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Remark 5.33. By the associativity of -, we can write [¢][B][] to denote either
([a][B)[7] or [a]([B][Y]), without any risk of ambiguity.

In light of Theorem 5.32, we call k1 (C, A) the fundamental group of the
category C with base object A.

5.5.1. 'The Role of Base Object

'The following result is the categorical analog of Theorem 2.22.

Theorem 5.34  Change of base object

Let A and B be two objects of a finite category C and let « be a path
from A to B. Define

Yo: x1(C,A) = x1(C,B) = [7] = [@]-[7] - [a].
Then
(1) if @ and B are path-homotopic, then Y, = Yy,
(ii) Yq is a group-homomorphism,

(iii) the map Yg: x1(C,B) — x1(C,A) : [y] — [a] - [7]-[&] is a
two-sided inverse for Yy, so Y, is a group-isomorphism, whence
Kl(C/ A) =K (C/ B))

(iv) if a is constant, Y, is the identity map on x1(C, A),
(v) if B is a path from B to C, then Y,.5 = Yg 0 Y4, i.e., the diagram
K1 (C, A) —s x,(C, B)
Y
Y,Hg A

K1 (C, C)

commutes.

Proof. First of all, note that if 7 is a loop based at A, then
K-y

is a path that goes from B to A (by @), then from A to B (by 7), and finally
from B back to A (by a). Hence, Y,[y] does define an element of «; (C, B)
forany v € Q(C, A).

(i) If a ~ B, then [a] = [B], so

Ya[y] = [a]-[v]-[a] = [B] - [v]- [B] = Yg["]

for any v € Q(C, A). Thus Y, = Yg.
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(ii) Foranyp, B’ € Q(C, A), it holds

= [a]-[B] - [A]- [B] - [a]
=[] [B]- [B] - [a]
= Ya([B]- [B)
Thus Y, is a group-homomorphism.
(iii) If g € Q(C, A),
Ye(Ya[B]) = [o] - ([@] - [B] - [a]) - [@] = [A] - [B] - [A] = [B]

and if ¥y € Q(C, B),

Ya(Ya[y]) = [@]- ([a] - [7] - [&]) - [a] = [B] - [7]- [B] = [4].
Thus Yy is a two-sided inverse for Y,, whence (Y,) ™! = Yz. In other
words, Y, is a group-isomorphism that exhibits x1(C, A) = x;(C, B).
(iv) If & is constant, necessarily A = B, so « = A. Moreover, for any
v € Q(C,A),
Yl =[A]-[0[A] = [A]-[7] = [7].
'The claim follows.

(v) Lety € Q(C, A). We have

Yoplr] = [a-Bllv]a-pl
=[Bp-a]-[7][a-B]
=[B]-[&]-[7]- [« [B]
=Yg (Yu[7])
The claim follows.
'The proof is complete. O

Corollary 5.35

A path-connected finite category C has isomorphic fundamental groups
for any choice of base object. In other words,

K1 (C, A) = Kl(C, B)

for any C-objects A and B.

Proof. Follows immediately from Theorem 5.34 (iii). O

In light of this observation, if C is path connected, the base object will
not be specified, and we just refer to the #he fundamental group ot C, denoted

by x1(C).
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Example 5.36.

(i) A consequence of Corollary 5.35 is that the elementary disk category
D?, which is path-connected, has trivial fundamental group for any

choice of base object. This category is given by the commutative dia-

/N

3€<—3

gram

By the uniqueness of identities, we have coboa =Ty andaocob =
1y, so a~! = cob. This fact, together with the commutativity of the
diagram and Theorem 5.29, implies that any loop at 3 is homotopic
to the constant path at 3. Therefore,

x1(D?,X) 2 x1(D?,9) = x1(D?,3) 0.

(ii) Recall that the circle category S! is given by the diagram
X )
b

This category is path-connected. Indeed, since al® is a path from %
to 9), then a(?) is a path from 9 to X. Corollary 5.35 implies that

x1(SY, %) = x1(S4, D).

Definition 5.37  Simply connected category

A finite category C is simply connected if C is path-connected and
k1(C, A)

is the zero group for some (hence any) C-object A.

5.5.2.  Homomorphisms Induced by Functors of Finite

Categories

The following constructions resemble those presented in subsection 2.3.3.
There, we saw that any continuous map : X — Y between topological

spaces induces a well-defined homomorphism

i (X, p) = (Y, ¢(p))

between the fundamental groups of the pointed spaces (X, p) and (Y, ¢(p)).
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Let F: C — D be a functor between finite categories C and D. Let A
be a C-object. Then F induces a map of between the sets of loops

Fi: Q(C,A) — Q(C,F(A)) : a— Fou.

Proposition 5.38

Let F: (C,A) — (D, B) be a functor of pointed categories. Let a and
B be two homotopic loops in C based at A. Then

Fy(a) ~ F4(B).

Proof. Let
(m,n,p,q) = (min«, max «, min , max f).
Let : « ~ B. Then there exist even integers M < N such that

H(— k) =aifk <M, H(k,—) = A ifk < min{m, p},
H(—,k)=pifk >N, H(k,—) = Bifk > max{n,q}.

Making the composition F o H gives

FoH(—,k)=Fouaifk <M, FoH(k —)=FoAifk <min{m,p},
FoH(—,k)=Fopifk >N, FoH(k,—)=FoBifk>max{n,q}.

It is clear that both F o A and F o B are the constant paths at F(A) and
F(B), respectively. Hence F o H: Fy(ax) ~ Fy(B). 0l

The map Fy induces, in turn, a map of fundamental groups defined by
F.:x1(C,A) = x1(D,F(A)) : [y] = [Fox].

By convention, we write F.[7] instead of F.([]).

Theorem 5.39

Let F: (C,A) — (C,B) be a functor of pointed categories. Then the
map of sets

F.:x1(C,A) = x1(D, B) : [y] — [Fo 9]

is well-defined.

Proof. Follows from Proposition 5.38. O

On the other hand, as expected, F is a group homomorphism.

’ Proposition 5.40 ‘

For any functor between finite categories F: C — D, the induced map
F.: x1(C, A) — x1(D, F(A)) is a group-homomorphism.
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Proof. In order to show Fy[a - B] = F.[a] - F[B], we must prove

Fo(a-p) ~ (Foa)-(Fop),

whence the result follows immediately. However, we will actually show
the stronger result that Fo (v -B) = (Foa) - (Fop). By definition of
concatenation of paths, we have

Fou(k) itk <m,

(PO%)-(FOﬁ)(k) = {poﬁ(k—n-i-l?) otherwise.

Here n = maxa and p = min . Note that this equals F((a - B)(k)) for
every k € Z, simply because of the fact that

a(k) itk <n,
w-pk) = ,
B(k—n+p) otherwise.
The same argument on morphisms establishes the result. O

Let us note that * has functorial properties since, for any functors
F: (C,A) — (D,F(A)) and G:(D,F(A)) — (E,G(F(A))),
and for any 7 € O(C, A), we have both
(GoF)[7] =[(GoF)oq] =[Go(Foy)]=Gi[Foq] = Gi(F[7])

and
(1) 1] = Miem 07 = (1] = Ty (e a) 1]

Corollary 5.41

LetF: (C,A) — (D, F(A)) be a functor of pointed categories. Suppose
F is an isomorphism. Then

E.: x1(C, A) — x1(D, F(A))

is a group-isomorphism.

Proof: Let G: D — C be the inverse of F. Note that both F, and G, are
group isomorphisms and

G* OF* = (GOF)* = <1(C,A)>* = IdKl(C,A)’

FooGi=(FoG). = (Lpray ). = 1dy ).

Therefore (F*)71 = G,. O
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Theorem 5.42

Let F: C — D be a functor of finite categories. Let A and B be two
C-objects that are connected by a C-path 7. Then the diagram

K1(C,A) — 11 (D, F(A))
le lYFov
Kl(C,B) T) Kl(D/P(B))

commutes.

Proof. Leta € Q(X, p). We have

[Fo(y-a-7)]=I[(Foy)-(Fo(a-7v))]
=[Fo7] - [(Foa) (Fov)]
=[Fo?%]-[Foa]-[Foyl.

Since F oy = F o 7, we obtain

Ff[y-a-q] =[Foy]-Fla]-[Foql,

which is equivalent to F, (Y, [a]) = Ypoq (Fi[a]). The arbitrariness of a

allow us to conclude. OJ

We saw in Theorem 2.34 that the fundamental group of a product of
topological spaces is well behaved under products, up to isomorphism. In

our theory, this is also true.

Theorem 5.43 Fundamental group of a categorical product

Let (Cy,A1),...,(Cn, AN) be pointed finite categories. Then

Kl(Cl X oo X CN, (Al,...,AN)) = Kl(Cl,Al) X oo X Kl(CN,AN).

Proof. Note that (Cy x --- x Cy;, (Ay,...,Ay)) isitself a pointed category.
Let p;: C; x --- x C; — C; be the projection onto the ith factor, for each
1 <i < N. By Theorem 5.39, each projection induces a well-defined map

Piy: K](C1 X X CN/ (Al,...,AN)) — K1<C1’,Ai)
defined by [a] — [p; o a], forall 1 <i < N. Now define

P:x1(Cp x -+ X Cn, (Ay,...,AN)) — K1(Cy, Ag) X - X x1(Cn, AN)
[a] = (pr.lal,..., pn.lal)

Let us see that B is a group-isomorphism. To begin with, since each p;,
is a group-homomorphism, so is . Indeed, given &, € O(Cy x - -+ X
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Cn, (Aq,...,AN)), we have

= (pr.la- Bl pn.[e- B])

= (p1.[a] - 1. (Bl - pnia] - P (B)

= (pr.lal, .. pn.a]) © (pr[BL - - PN (B
= PBla] © P[B].

Recall that the group operation © is defined component-wise.

Injectivity of I3 follows from the fact its kernel is trivial. Indeed, sup-
pose Pla] equals the identity of x;(Cy, A1) x - -+ X x1(Cn, An), namely
([A1],...,[AN]). In other words, (p1,[a], ..., pn,[&]) = ([A1),...,[AN]).
Let a; be the ith component of &, so that & = (ay,...,ay). Then

[pioa] =[] = [A]

whence a; ~ A;, forall 1 < i < n. Now we can take homotopies ;: a; ~
A; for each 1 < i < n. We know that there exist even integers m; < n;

such that
1% ifk < m;
Hi(— k) =1 . .
A,‘ ifk > n;

and H;(k, —) = A; whenever k < mina; or k > maxa;. (Keep in mind
that the bounds of a constant path can be taken as convenience.) Our
goal is to show that the path-class of « is the identity of x1(Cy X - -+ x
Cn, (A1,...,AN)). Define H: A x A — Cy x --- x Cy by

H(i,j) = (H1(ij),..., Hn(ij)), and
Hi—jk—=1)=Hi(i—jk—=1),....,Hn(i—jk—1))

on objects and morphisms, respectively. Let

m =min{my,..., myx}, m' = min{minay,..., minay},
n=max{ny,...,ny}, n' = max{maxay, ..., maxay}.
Note that

(ag,...,an) ifk<m,

H(— k) = (Hi(—,k),..., Hn(—,k)) = { . . ,
(A],...,AN) Isz n.

Moreover,
H(k, =) = (Hi(k,=),..., Hn(k, =) = (Ay,..., AN)

whenever k < m’ or k > n’. It is clear that (Al, ) ..,AN) is the constant
path based at (Aj,...,Ay). Therefore H: a ~ (A;,..., Ay), whence
[a] = [(A1,..., AN)]. We have proven that 3 is injective.
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Let us conclude by showing that 93 is surjective. Take
([l [aw]) € k1 (Cr, Ar) X -+ x K1 (Cn, AN)-
Define y: A — C; x --- x Cy by
k= (nk),...owk),  (=j) = (mlE—=j),.. i =)

on objects and morphism, respectively. Note that 7 is a loop in the product
Cy X -+- x Cy based at (Ay, ..., Ay). Moreover, we have

Bl = (pr.v] - opnrD) = (Uproal - pv o)) = (Il -+ [nd)-

'The proof is complete. O

Corollary 5.44

If C and D are path-connected finite categories, then

Kl(CXD)gKl(C)XKl(D).

5.6. First Computations

5.6.1. 'The Fundamental Group of st

Recall S! is the category with exactly two objects and two (distinct) parallel
arrows, whose diagram is given by

TN
X 2
N

Rosero provided a proof in [29] (p. 101) that x;(S!,X) = Z, which is

based on the following (restated but equivalent) claim.

Let C be a finite category and f,g: A — B two parallel C-arrows.
Let C,, denote the path obtained from chaining n consecutive paths of

the form A 15 B & A, as given by the diagram

AL ped A AL B8 4

Then C, = Cy, for any m,n € Zar distinct.

In other words, paths of the form C, are not path-homotopy equivalent
if they have distinct length. However, this claim is not true, as established

by the following counterexample.
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5.6. FIRST COMPUTATIONS

Example 5.45. Let C be a finite category that has a morphism with at least
two sections. We know that sided inverses do not have to be unique, so
such a category exists. More precisely, suppose C has at least two parallel
morphisms f,g: A — B and a morphism ¢: B — A such that

pof=1y and ¢@og=14.

Then, the following diagram commutes.

At g8 4 g 8 4
f g f g
A—t g8 A S g 8 4

f g 0
A By A A A

Identities are indicated with a double line. Observe that this diagram gives
a path-homotopy from C; to Cp. Hence C; ~ C; even tough this paths are
of distinct length.

As a result, the consequences of this claim as presented in [29], turn
out to be uncertain. Nevertheless, with a slight (but strong) modification
of the statement, we establish its validity within the framework presented
so far in our version of the theory. The key of the following argument is

that the choice of a morphism two right inverses is not possible.

Theorem 5.46

Let C, denote the path in S! that consist of 1 pairs of arrows of the
b . .
form A % B < 2, as in the diagram

DI QLI SR D/ LI, SR>

For any pair of positive integers m and n, if C;, ~ Cy,, then n = m. By

convention, we define Cy = A.

Proof. Notice that C;, is reduced and of minimal length, meaning that it
does not contain pairs of identities either of the form — - < or the form
+ - —, and it cannot be simplified further. Hence C, is itself its minimal
representative. Now, by a translation if necessary, we can assume that both
Cy and C,, start at the same position (by Theorem 5.22), which without
loss of generality we suppose is 0. In order to apply an inductive argument,

leave m fixed.
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We proceed by induction on n. Suppose C; ~ Cp. Then, by Theo-
rem 5.26, we have
CT -Cp~ CT “Cmp-

Since C; - Cyy ~ Cp_1, by construction, we obtain % ~ C,,_1, which is
impossible unless C,_1 is itself the constant path at 2, that is, unless m —
1 = 0. Hence, necessarily we obtain m = 1. The base case is established.

For the inductive step, fix n = k for some k € Z™, and suppose that
k = k' whenever C; ~ Cp. Let us see that Cy 1 ~ Cy, implies k +1 = m.
Assume Cy 1 ~ Cp. Then

C1-Crp1~C1-Cp <= Cr~Cp1.

By the inductive hypothesis, k = m — 1 as desired. Therefore, the principle
of mathematical induction proves the claim. Finally, since ~ is symmetric,
applying the same argument over m, the validity of the assertion is estab-
lished for every m,n € Z™. O

'The proof of the following result relies on the well-known fact from
group theory that an infinite cyclic group is isomorphic to Z, the group of
integers.

Theorem 5.47

The fundamental group of (S!,21) is isomorphic to the abelian group of
integers, that is,
K (S, 2A) = Z.

Proof. Let us prove x1 (S, 2) is an infinite cyclic group, from which the as-
sertion will follow immediately. On one hand, every element of x; (S',2)
is of the form [C,] for some n € Z, by the previous discussion. By Theo-
rem 5.46, [C,] # [Cy] for m # m. Hence, we obtain an infinite sequence
of path classes: [Co], [C1], [Ca), . - .. Thus, 1 (S!,2) is infinite. On the other
hand, since

Ci~Cho1-Cr~ G- Gy,

where the dots denote the product of C; with itself n times, we see that

[Cy] = [C1]". Furthermore, since
61'C1NQA[ and C1~61N§[,

we obtain [C1] 7! = [Cy ], and inductively we see that [C;] ™" = [C; - - C1 |
for every n € Z*. Therefore, x;(S!,2A) is cyclic with generator [Cy], that
is,

K1 (S, 21) = {[cl]k ke z} .

'The proof is complete. O
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Remark 5.48. Since S! is a connected category, it follows by Corollary 5.35 that
Kl(Sl,Q() = Kl(sl, %)

As a result, we just write 1 (S1) = Z.

5.6.2. 'The Fundamental Group of T"

The 2-torus category, denoted T?, is defined as the product category S x
S!. In general, we define T", the n-dimensional categorical torus, as the
product category S! x - -+ x S of S! with itself n times. Note that T" is
connected because S! is.

Theorem 5.49

'The fundamental group of the n-dimensional torus is the direct product
of Z with itself n times, that is,

K1 (Tn) > 7",

Proof. Since x1(S') = Z, Theorem 5.43 implies that
R (T") = xi (S x - x 81 2 (8!) x - xm(Sh) = 2",

as claimed. 0

Remark 5.50. Regarding the computations just made, we have obtained consistent
results with those presented in Chapter 4, where we discussed the geometric real-

ization of the nerve of a small category. See Remark 4.22.

5.7. Homotopy Equivalence

Recall that the identity functor of a category C, denoted 1¢, maps every
object and every morphism to itself.

Definition 5.51

Two finite categories C and D are homotopy equivalent if there exist func-
tors F: C — D and G: D — C such that

GOFZ]IC and FOG’:]ID.

In this case we write C ~ D. Equivalently, we say that C and D are of
the same homotopy type. The pair

(F,G)

is called homotopy equivalence between C and D.
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Proposition 5.52

o~ is an equivalence relation over the objects of Catjy.

Proof. (i) (Reflexivity) Every category is homotopy equivalent to itself

via the identity functor.

(ii) (Symmetry) Suppose C ~ D, meaning that there is a pair of functors
F:C — Dand G: D — C such that

GoF~1¢c and FoG ~1p,
which is equivalent to
FoG~1p and GoF~I1c.

'Thus, by definition, D ~ C.

(iii) (Transitivity) Suppose C ~ D and D ~ E. Then there are functors
F:C—-D,G:D—C,H: D — Eand I: E — D such that

GoF~1¢c, FoG~1lp, IoH~1p, and Hol~ 1f.
Therefore

(Gol)o(HoF)=Go(IoH)oF ~GolpoF=GoF ~1¢
and
(HoF)o(Gol)=Ho(FoG)ol~Holpol=Hol~1g.

'Thus, by definition, C ~ E.
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Conclusion

In this work, we have defined the fundamental group of a finite category in
a purely algebraic manner, independently of any topological method. We
have stated and proved results analogous to those in the classical theory
of homotopy. Furthermore, we discussed how our theory yields consistent
results with those obtained by computing the fundamental group of the
geometric realization of the nerve of the categorical versions of the disk,
the circle, and the torus.

This work builds upon Rosero’s [29] original approach, which, despite
its originality, lacked the rigor necessary for further development. Our con-
tribution lies in establishing a solid foundation for the theory. While we
have preserved its core ideas and spirit, most concepts have been reformu-
lated, along with many results and proofs.

A key aspect of this reformulation is the justification of the computa-
tions of the categorical fundamental groups of S! and T2, which we showed
to be isomorphic to the classical fundamental groups of the circle and the
torus, respectively. These facts were originally established by Rosero using
a statement that we have now disproved by providing an explicit counterex-
ample. Nevertheless, we have succeeded in constructing a new proof that
confirms the validity of these results within our version of the theory.

'The theory can be further expanded in several directions, of which we
highlight the statement and proof of a categorical analogue of the Seifert-
Van Kampen theorem, as well as a deeper investigation into the potential
equivalence of 7 and 71y, specifically whether

x1(C) = my(BC)

for any path-connected finite category C.
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